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PREFACE 


Since the year 1989 when India started participating in the Mathematical Olympiads, the 
interest of the school students in the country has tremendously increased in India National 
Mathematics Olympiad (INMO). Now, we find a number of really talented students in almost 
all the prestigious schools in India who are excited about this mega event and sincerely 
desire to participate in it, win a handful of medals and make the country proud. We just need 
to educate them about the competition, and provide them the relevant study material. 


The Mathematical Olympiad tests the participant's level of mastery of the methods of 
Mathematics and the strategizing and tactical skills in plenty. The Olympiad is an open 
challenge to all those who love the problem solving. 


This book has been written, keeping in mind the orientation required on the parts of 
students to face the Olympiads at national or regional level. This book has designed to give 
the student an insight and proficiency into almost all the areas of Mathematics. Exhaustive 
theory has been provided of selected and relevant chapters to clarify the basic concepts. 
Problems from recently held Olympiads have been given to increase awareness of what to 
expectin the event. 


Revised Edition of This Book Has 
1. Complete theory with support of good number of solved examples and exactly on the 
pattern and level of Indian National Mathematics Olympiads. 


2. Each chapter has two level exercises divided according to RMO Regional Mathematics 
Olympiad and INMO (Indian National Mathematical Olympiad) 


3. Solutions have been provided for selected questions. 


First of all, | would like to thank Mr Deepesh Jain, Director Arihant Group the man with a 
distinct vision, for the idea to write this book, and then bringing it to reality. | am also 
thankful to my colleagues and students for the moral support they provided. | take this an 
opportunity to thank Sunil Chugh, Director, HMA, for the inspiration to write the book of this 
nature, and Sumit Malviya for the assistance he provided in the preparation of the 


manuscript. . 

Itis hoped, this book will charge you up for the Olympiad juggernaut. | have tried my best to 
keep this book error-free. However, if any error or whatsoever is left | request the readers to 
bring forward to-my notice. Suggestions for the further improvement of the book are 
welcome. 


With best wishes 


Rajeev Manocha 
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INTRODUCTION 


MATHEMATICS OLYMPIADS 


ABOUT THE EXAM 
& HOW TO SUCCEED IN IT ? 


International Mathematical Olympiad 


International Mathematical Olympiads was created by Dr. George Lenchner, a prominent Maths 
educator, in 1977 with the aim of stimulating enthusiasm and love for Mathematics. About 1,50,000 
students from 50 states of USA and 25 other countries participate in this competitive examination 
every year. Through this examination, effort has been made to introduce important mathematical 
concepts and teach major strategies for problem solving. The examination also seeks to foster 
Mathematical creativity and ingenuity and provide satisfaction, joy and thrill through meeting 
challenges. 


Every participant team comprises 35 students. Some schools send more than one team in the 
contest. However, the rule indicates that only schools or home-school associations may participate 
individuals are barred from entering into the contest. 


Every team enters into competition in just one division. Those teams which have members from 
more than one school are called ‘district teams' or ‘institute teams’ and they are not eligible for team 
awards. The team score is the total of ten highest individual scores taken after the fifth contest in a 
series of contests which involve selection. 


The International Mathematics Olympiad invites students from 2nd to 12th class to Participate and 
excel at international level. 


Indian National Mathematical Olympiads 


In India, National Board for Higher Mathematics (NBHM) started National Mathematics Olympiads in 
1986. It worked with Homi Bhabha Centre for Science Education, Mumbai, for this purpose. One aim 
of this activity is to support the mathematical talent among the high school students in the country. 
NBHM take the responsibility of selecting, training and grooming of Indian team for Participation in 
the International Mathematical Olympiad every year. There are certain regional bodies which 
provide voluntary service and play an important role at various stages. The country has been divided 
into 23 regions for conducting Mathematical Olympiads. 


Stages 

Stage | Regional Mathematical Olympiad (RMO) 

A regional coordinator conducts tests in each region. Regional Mathematical Olympiads (RMO) is 
held in each region between September and first Sunday of December every year. The regional 
coordinator makes sure that at least one centre in each district of the region is provided for the test. 
All the students of high school upto Class XII can appear at Regional Mathematical Olympiads. The 
qualifying test is of three hours and consists of six to seven problems. 


The regional coordinator has the liberty of making his own paper or obtaining paper from NBHM. 
The regions which choose to go for paper by NBHM conduct this contest on the first Sunday of 
December. The performance in RMO is judged and a certain number of students from every region 


are chosen to appear for the next round. There is a nominal fee to meet the expenses of the 
organising the contest. 


Stage Il Indian National Mathematical Olympiad 


The second stage of selection involves holding of the contest at the national level. Indian National 
Mathematical Olympiads is (INMO) organized on the first Sunday of every February at various centres in 
different regions. Only those students who have been selected in Regional Mathematical Olympiads can 
appear at this contest. At this level, thereisa 4-hourtest whichis common toall regions. Those who rank 
among the top 35, receive a certificate of merit. 


Stage Ill International Mathematical Olympiad Training Camp (IMOTC) 

The INMO awardees are invited to a month long training camp held in April-May each year at the 
Homi Bhabha Centre for Science Education (HBCSE), Mumbai. INMO awardees of the previous year 
who have satisfactorily gone through postal tuition throughout the year are invited again to a 
second round of training (Senior Batch). The senior batch participants who successfully complete the 
camp receive a prize of 5,000/- in the form of books and cash. On the basis of a number of selection 
tests through the camp, a team of the best six students is selected from the combined pool of junior 
and senior batch participants. 


Stage IV Pre-departure Training Camp for IMO 


The selected team of six students goes through another round of training and orientation for about 
10 days prior to the departure for IMO. 


Stage V International Mathematical Olympiad (IMO) 

The six-members team selected at the end of the camp accompanied by a leader and a deputy 
leader represent the country at the IMO, held in July each year in a different member country of IMO. 
IMO consists of two 4 and 1/2-hour written tests held on two days. Travel to IMO venue and return 
takes about 2 weeks. India has been participating in IMO since 1989. Students of the Indian team 
who receive gold, silver and bronze medals at the IMO receive a cash prize of 5000/-, 4000/- and 
3000/- respectively during the following year at a formal ceremony at the end of the training camp. 


Ministry of Human Resource Development (MHRD) finances international travel of the 8-members 
Indian delegation, while NBHM (DAE) finances the entire in-country programme and other 
expenditure connected with international participation. 


Awards and Recognition 

Participation Certificate to every student | Merit Certificate for students appearing in second 
level School Topper Medal to the class topper in each participating school (with more than 50 
students). 
Top three students from each class are awarded Gold, Silver and Bronze medals. 

» The top 500 winners (classwise) are endowed with cash prizes and scholarships, courtesy of the 
official sponsor. 
Every participant who scores 50% or more is awarded a Certificate of Participation. Toppers are 
awarded merit certificate. 
School/College of each medal winning participant is awarded the ‘Intellect Trophy’ for having 
groomed and nurtured the talent. 


Career Prospects 

Mathematical Olympiads were created to hunt out the talented students and to give them an 
opportunity to express their talent in creative and intuitive way. It reads well ona student's 
curriculum vitae to have participated in Mathematical Olympiads. Those who have participated in 
the Olympiads have a good chance of doing well in Engineering. 


The top few students from Mathematical Olympiads are selected for admission to premier 
institutions. The career of the students takes up an upwards mobility curve after participating in this 
contest. The students become confident of their performance and rich with the feeling of self-worth 
after selection to represent at Mathematical Olympiads. 


Number of Students Appearing 

* Approximately 10,000 students appear for this examination at regional level, though the number 
is only eight when they represent the country at international level. 

* Students from rural and urban areas alike participate in the regional competition. This 
competition is open for all the students from Class IX onwards. 


Month and Frequency of Examination 

International Mathematical Olympiads is held once every year in July. The qualifying rounds of 
Indian National Mathematics Olympiads is held in different months of the years starting from first 
Sunday of December. 


Craze of the Examination 

Mathematical Olympiads, whether they are held at national level or international level, attract 
interest not only from the mathematicians but also from the student community, the parents and 
society at large. Even those students who may not be participating in the contest are interested in it. 


The students who participate in the contest start preparing for it at least three months prior to the 
date of examination. The craze for the examination is not limited only to a certain region, the verve 
engulfs the entire country. Those who are selected are viewed as the promising stars of future who 
will contribute to the progress of science and technology in years to come. 


General Eligibility 

The students must be from Class IX and must be at least 14 years of age to participate in this contest 
both at national and international levels. They must pass the different rounds of selection in order to be 
eligible. 

At the first round, all students who are in Class IX are eligible to appear for the qualifying test. In the 
subsequent rounds, however, only those whom make it in the test would be eligible to carry forth. 


Skill Sets Required 

In Mathematics, the skill most required is ability to think fast, be spatially gifted and compute 
complex data without committing error. The students must develop the habit of calculating data 
mentally and simplify the methods in order to arrive at the correct answer with minimum effort. 
Another very important part is concentration; lack of concentration can cause the candidates to 
commit errors, so sufficient effort must be put into develop the power of concentration. 


Difficulty Level of Problems 


The problems of Olympiads, chosen from various areas of secondary school Mathematics, require 
exceptional mathematical ability and mathematical knowledge on the part of the contestants. 
Generally, there are six to seven questions asked and they are of extremely high level. To solve these 
questions, the students need to be thorough with their basics and have good knowledge of all the 
principles of Mathematics. Since two or three principles from different mathematical streams must 
be applied to solve the questions, the problems assume a sophistication which requires an agile and 
quick thinking mind with plenty of common sense to answer them. 


How to Prepare for Different Subjects in Stipulated Time 

The best way of dealing with this contest is to cultivate scientific thinking and to develop power of 
concentration. The students must try to deal with two or three mathematical principles 
simultaneously so that they become adept at solving complex problems which require application 
of higher mental faculty. Ther2 are many books in the market but Arihant books are the best as they 
help in development of scientific temper along with providing reading material and solution. 


General Mental Set up Required for the Examination 


The candidates must have a positive frame of mind and they must be able to deal with stress that 
comes as a package with these examinations. They must have the desire to succeed and ability to 
work for long lasting success. The candidates must be well versed in all the fundamentals of the 
principles of Mathematics. They must be original thinker and must have a scientific temperament. 
The power of concentration of the candidates must be of exceptionally high order. The calculation 
skill of the candidates must be extremely good since all Maths sums are based on reasoning and 


calculation. 


Do’s and Don’t on the Day of Examination 
On the day of the examination, the candidates must take care about a few things which are listed 


below: 
* The candidates must reach the venue of the examination at least half an hour before time. 


* The candidates must carry their admit cards to the examination hall. 

¢ The candidates must carry their own pens, pencils, erasers, sharpeners and must refrain from 
borrowing these articles from the other candidates. 

« The candidates must abstain from talking to other candidates in the examination hall while the 
examination is being conducted. 

* The candidates must hand over their answer sheets to the invigilator as soon as the stipulated 
time is over. 


How this Book is Useful for You 

This book by Arihant is the best in the market for purpose of preparation. It has many complex 
problems and tricky questions requiring sophisticated methods of calculation. 

This book coaches the students to think in multidimensional way and apply the principles of 
Mathematics to solve the most complex problems in the simplest way. It also gives tremendous 
exposure to different types of problems which exist in the realm of Mathematics. 

This book has matter for study by the students and solved problems which help in understanding of 


the subject itself. It also has previous years papers from Regional and International Olympiads along 
with their solutions. It is an excellent book to have which will prove to be the best friend to the 


contestants. 


Unit 7 Theory of Numbers 


Unit 1 


Theory of Numbers 


Natural Numbers 
The numbers 1, 2, 3, ..., which are used in counting are called natural numbers or positive integers. 


Basic Properties of Natural Numbers 


In the system of natural numbers, we have two ‘operations’ addition and multiplication with the 
following properties. 


Let x, y, z denote arbitrary natural numbers, then 


1. x + yis a natural number i.e., the sum of two natural number is again a natural number. 
2. Commutative law of addition x + y=y +x 

3. Associative law of addition x + (y + z)=(x + y)+ z 

4. x-yis a natural number i.e., product of two natural numbers is a natural number. 

5. 
6 
7 
8 


Commutative law of multiplication x - y = y -x 


. Associative law of multiplication x - (y - z) = (x.y). z 
. Existence of multiplicative identity a. 1=a 
. Distributive law x(y + Z)=xy + xz 


Divisibility of Integers 
An integer x # 0 divides y, if there exists an integer a such that y = ax and thus we write as X | y (x divides v3. 
If x does not divides y, we write as x\ y(x does not divides y) 
[This can also be stated as y is divisible by x or x is a divisor of y or yis a multiple of Xj. 


Properties of Divisibility 


1 


OnhWDND- 


x| yand y|z>x|z 


. Xl yand x|z=x| (ky + lz) for all k,] € z. z= set of all integers. 
. Xjyandy|x >x=ty 

. Xly, wherex>0,y>O>xsy 

. X|y=x| yz for any integer z. 

. X| viff nx| ny, where n # 0, 
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Test of Divisibility 


Divisibility by certain special numbers can be determined without actually carrying out the process of 
division. The following theorem summarizes the result : 
A positive integer N is divisible by 
e 2 if and only if the last digit (unit's digit) is even. 
¢ 4 if and only if the number formed by last two digits is divisible by 4. 
e 8 if and only if the number formed by the last three digits is divisible by 8. 
e 3 if and only if the sum of all the digits is divisible by 3. 
e 9 if and only if the sum of all the digits is divisible by 9. 
© 5 if and only if the last digit is either 0 or 5. 
_ 25 if and only if the number formed by the last two digits is divisible by 25. 
e 125 if and only if the number formed by the last three digits is divisible by 125. 
¢ 11 if and only if the difference between the sum of digits in the odd places (starting from right) and 


sum of the digits in the even places (starting from the right) is a multiple of 11. 
Division Algorithm 
For any two natural numbers a and b, there exists unique numbers q and r called respectively quotient 
and remainder, a= bq+r, where 0<r<b. 
Common Divisor 


If anumber ‘c divides any two numbers aand bi.e., if c| aand c| b, then cis known as a common divisor 
of a and b. 


Greatest Common Divisor 


If a number d divides a and b and is divisible by all the common divisors of a and b, then dis known as 
the greatest common divisor (GCD) of a and b or HCF of a and b. 


The GCD of numbers a and bis the unique positive integer d with the following two properties. 
(i) d|aand d|b 

(ii) If c| aand c| b, then c|d 

We write it as (@, b)=d 

For example, (12, 15)=3; (7, 8)=1 


Note 1. (a,b) =(b, a) 2. If alb; then (a,b) =a 
Properties of GCD 
1. If (b,c)=g and d is a common divisor of b and c, then dis a divisor of g. 
2. For any m> 0, (mb, mc)=m @,c) 
3. If diband dicandd->0, then (#, £)=(4.)0,c) 
4. If (b,c)=g, ten(2,£)=1 
99 
5. If (b,c)=g, then there exists two integers x and y such that g = xb + yc 
6. If @,b)=1 and @,c)=1, then (a, bc)=1 
7. Ifalbc =1 and @, b)=1, then a|c=1 
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For example a=6,b=21,c=10 
6|21 x 10 but (6, 21) =3 
and (6, 10)=2 and 6 divides neither 21 nor 10 


LCM of two integers a, bis the smallest positive integer divisible by both a and band it is denoted by 
[a, bj. 


The Euclidean algorithm can be used to find the GCD of two integers as well as representing GCD as 
in 5th property. Consider 2 numbers 18, 28 
28=1.8+ 10;18=1.10+ 8 
10=1-8+2;8=4-2+0 
(18, 28)=2 
(18, 28) = 2 = 10 - 1.8=10 - 08- 1.10) 
= 2.10 - 1.18=2 @8- 1.18)- 1.18 
= 228 -3.18=228+ 3)18 
Note The representation in 5th property is not unique. In fact we can represent (a, b) as xa + yb in infinite 
number of ways where x, y e Z 


Z =set of all integers. 
In above example, 252 is LCM of 18 and 28. 


252 = 9,28 
252 = 1418 
(18, 28) = 2.28 + (-3)-18 
= 2.28 + 252K + (—3)18 — 252K 
=(2 + 9K)28 + (-3-14K)18 
where K is any integer. 


Unit 

1 is called unit in the set of positive integers. 
Prime 

A positive integer P is said to be prime, if 


(i) P>1 


(ii) P has no divisors except 1 and P i.e., A number which has exactly two different factors, itself and 
one, is called a prime number. 


Thus, 2, 3, 5, 7, 11, ... are primes. 2 is the only even number which is prime. All other primes 
being odd. 


But the converse is not true i.e., every odd number need not be prime. 


Composite 


Every number (greater than one) which is not prime is called composite number. i.e., a number which has 
more than two different factors is called composite. For example 18 is a composite number because 2, 3, 
6, 9 are divisors of 18 other than 1 and 18. 


We can also define a composite number as : A natural number n is said to be composite, if there exists 
integers | and m such that n = Im, where 1 <1 <nandl<m<n. 


4 Indian National Mathematics Olympiad 


Remark 


¢ Aprime number P can be written as a product only in one way namely P.1 . 

« Acomposite number ncan also be written as n.1. But composite number can be written in one more way 
also as mentioned above. 

e Acomposite number has at least three factors. 


Note 1 is neither prime nor composite. 


Twin Primes 


A pair of numbers is said to be twin primes, if they differ by 2. 
e.g., 3,5 are twin primes. 


Perfect Number 
A number nis said to be perfect if the sum of all divisors of n (including n) is equal to 2n. 
For example 28 is a perfect number because divisors of 28 are 1, 2, 4, 7, 14, 28. 
Sum of divisors of n © 28)=1+2+4+7+ 14+ 28=56=2n 


Coprime Integers 
Two numbers a and bare said to be coprime, if 1 is only common divisors of a and b. 
ie., if GCD of aand b= 1 i.e., if (@,b)=1 
e.g., (4, 5) =1, (8, 9) = 1. 


Theorem 1 Ifa=qb+r, then(,b)=,r) 


Proof Let @,b)=d and @,r)=e 
(a,b)=d - djaandd|b 
d\|aandd|qb .. da\(a-qb) 
Le., d\r |. a-qb=r) 
. dis common divisor of b and r. 
* dle [. eis the GCD of band r| ...(i) 
Again «- (b, N=e 


elb and elr .«. and * 


bq 
elbqg+r ie, ea [-a=bq+r] 
-. eis a common divisor of a and b. 
eld [- d is the GCD of aand b ...(ii) 


From Eas. (i) and (ii), we have d =e 
ie., (a, b)= ,r) 


Remark 


The above result can also be stated as : 
GCD of a and bis same as GCD of b and r, where ris remainder obtained on dividing a by b. 


Corollary if (@,b)=1, then @,r)=@,b)=1 
Le., if a is coprime to b, then ris coprime to b. ris remainder obtained on dividing a by b. 
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Theorem 2 If dis the greatest common divisor of a and b, then there exists integers x and y such that 
d=xa+ yond d is the least positive value of xa + yb. 


Proof 
Case! By successive application of division algorithm to numbers a and b. 
Let ,%,..-.% be successive remainders. 


Therefore, a=bq,+n,0<4<b (Dividing a by b) 
b=NQ@2 +h, 0<H<H (Dividing b by remainder Fr, ) 
=n +h, 0<R<h (Dividing r, by remainder r,) 


; 
™™-2="-19n +h: OK <M 1 
T-1 =™49ne1 t+ on OSes 


Since r, > Fy > ... is a set of decreasing integers, this process must terminate after a finite number of step. 
ie., remainder must be zero after some stage. 


So let Me1=9 - 1 =M9no1 t+ O=M9no1 
VAT 3 CO, 1m )=ln [lf a| b, then @, b)=al] 
Now, @,b)=0,7n)=G%.m)=%.4)=..-=G_p =m i) 


ie., GCD of a and bis r,. 
From first of above equations 7, = a — bq, = ax, + by,, where x, = 1,y, =- 4, 
Putting the value of 7, = a - bq, inr, = b-7q, 

Tr, = b- 192 = b - @- ba,)q, =b — aq, + bq, 

= — @Q> + (1 + 4,42)= ax, + by, , where x, =- q, 

¥2 =1+ 442 
Similarly, r, = ax, + by; and so on F, = ax, + by, 
or % =ax + by 
where x, =X andy, =y 
ie., GCD of aand b=r, can be expressed as (a, b)= d = ax + by [By Ea. (i)] 
Case Il (a,b)=d ¢: dlaand d|b) 
-. d|(@x + yb) for all values of x and y. 
-. Jan integer k such that xa + yb = kd ii) 
But least value of k is 1. 
Putting k = 1 in Eq. (ii), least value of xa + yb is d. 


Corollary if aand bare coprime integers i.e., if (a, b) = 1, then there exists integers x and y such that 
ax + by=1 


Example 1 /f(a,b)=d, then (2 2) wil 


Solution -: (a,b)=d 
-. djaand d|b [By definition of GCD]. 
.. There exists integers a,and b, such that a = da, ---(i) 
b=ab, ve afitt) 
Again «.- (a,b)=d 
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There exists integers x and y such that 


ax + by=d [By Theorem 2] 
Putting values of a and b from Eqs. (i) and (ii) 


da,x + dby =d. 
or a,x + Dy =1 
(a,,D,) =1 [By corollary theorem 1] 


| ap, Ty ee ib? 
or (2.2)-1 : From Eq. (i).a =< from Eq. (i.b)=2) 


Remark 
(a,b) =d and a = a,d,b = bd, then a, and b, are coprime i.e., (a;,b,) =1 


Example 2 if ajbc and(a, b) =1, then alc. 


Solution  - ajlbc 
-. There exists an integer d such that bc = ad p (i) 
zy (a,b) =1 
“. There exist integers m and n such that am + bn =1 (ii) 
Multiplying both sides of Eq.(ii) by c, acm + ben =c .. (iii) 


Putting bc = ad from Eq. (i) in Eq. (iii) 
acm + adn =c 
a(cm + dn)=c 


alc 


Note If ajbc and (a, b) =1, then alc. This result is also known as Gauss Theorem. 


Example 3 Prove that every two consecutive integers are coprime. 
Solution Let n and n + 1be two consecutive integers. 


Let (n,n+1)=d 
Fs d|nand d|n+1 
d\(n+1)-norgfl 
, d=1 
(n,n +1)=1 


ie., nand(n +1)are relatively prime. 


Example 4 Show that GCD ofa + b anda - bis either 1 or 2, if(a, b) =1. 
Solution Let(a+b,a—b)=d 
d|(a+b) and d|(a—b) 
d|(a+b+a-—b)andad|(a + b)-(a-b) 
or d|2a and d|2b. 
L.e., dis acommon divisor of 2a and 2b. 


d|(2a, 2b) [By definition of GCD] 
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Example 5 
Solution 


7 


ie., d| 2a, b) [.- (ma, mb) = m(a, b)] 
But (a,b)=1 .. dl2 
: d=lord=2. 


Find GCD of 858 and 325 and express it in the form m 858 + n325. 


858 = 325.2 + 208 .--(i) 
Dividing 858 by 325 

325 = 2081 + 117 --(ii) 
Dividing 325 by 208 

208 =1171+ 91 (iii) 
Dividing 208 by 117 

117 =911+ 26 ...{iv) 
Dividing 117 by 91 

91= 26.3413 .-(V) 
Dividing 91 by 26 

26 =13.2 

GCD of 858 and 325 is d =13 

From Eq. (v), d =13=91- 263 
Substituting the value of 26 from Eq. (iv) 
=> 91- 3117 — 911) =91- 3117 + 391=4.91-3117 


Substituting the value of 91 from Eq. (iii) 
= 4( 208 — 117) - 3117 = 4.208 —-7117 
Substituting the value of 117 from Eq. (ii) 
= 4.208 — 7(325 — 2081) = 4.208 — 7.325 + 7.208 
=11.208 - 7.325 
=11(858 — 325.2) — 7.325 [Putting the value of 208 from Eq. (i)] 
=11.858 — 22.325 — 7.325 =11.858 — 29.325 
=m858 + 7.325 where m=11,n =-29 


Example 6 /fa and b are relatively prime, then any common divisor of ac and b is a divisor of c. 


Solution 


aand bare relatively prime 
.. dintegers x and y such that 
ax + by =1 ...(i) 
Let d be any common divisor of ac and b. 
-: diac, .. Jan integer m such that 


-: d|b, 2. Jan integer n such that 
b=dn (iii) 


Multiplying both sides of Eq. (i) by c 
acx + bey =c .. (iv) 
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Putting the values of ac and b from Eas. (ii) and (iii) in Eq. (iv). 
dmx + dncy =c 
or a(mx + ncy)=c 
dic 


Example 7 /fa and b are any two odd primes, show that(a? — b”) is composite. 
Solution =a? ~ b? =(a-b)(a+ b) 

* a.0 and b are odd primes. 

So, leta=2k +1 

b= 2k’ +1 
a —b=2k +1—- 2k’ —1= 2k — 2k’ = &k —k’ )is even 
a+ b=2k +14 2k’ +1=2k + 2k’ + 2=2k +k’ +1)is even 

.. Neither (a — b) nor (a + b) is equal to 1. 

.”. Neither of the two divisors (a — b) and (a + b) of (a? - b*) is equal to 1. 

o (a? — b”)is composite. 

[.- Out of the two divisors of a prime number p, one must be equal to 1] 


Example 8 /f ajc, b|c and(a, b) =1, then ab|c. 


Solution =~ ajc 
.. There exists an integers d such that 
c=ad add 
: bic 
.. There exists an integer e such that 
c=be 
‘: (a, b) =1, therefore there exist integers m, n such that 
am+bn=1 ...(ii) 
Multiplying both sides by c 
acm-+,bcn=c (iii) 


Putting c = be from Eq. (ii) in acm and c = ad from Eq. (i) in ben, Eq. (iii) becomes 
abem + band =c 
ab(em+dn)=c 


*, ablc 
Example9 /fa? — b? is a prime number, show thata® — b* = a + b, wherea, bare natural numbers. 


Solution =a? - b? =(a- b)(a + b) ..(i) 
(a® — b*)is a prime number 
One of the two factors =1 
a-b=1 [-a-b<atb] 
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The only divisor of a prime number are 1 and itself. 
Eq. (i) becomes a” — b* = 1(a + b) 


or a®-b*=a+b 
eg., 3? — 2? = 5 (which is prime) 
= 3? - 27=34+2, 3,2eEN. 


Example 10 Prove that an integer is divisible by9 if and only’if the sum of its digits is divisible by 9. 


Solution 


Case! ais divisible by 9 


ieé., 


ié., 


Let a =a, ... a,@a, be an integer 


[Note ais not the product of a,, a2, a3,..., 2, DUt a, 22, 2g,....a, are digits in the value of 


a. For example 368 is not the product of 3,6 and 8 rather 3,6, 8 are digits in value 
of 368 


=8+6x10+3x(10)] 
@ = )...8342a, 
=a, + (10)'ay + (10)%a, + (10)°a, +... + (10) ~'a, 
=a; + 10a, + 100a, + 1000a, +... 
= a + (a2 + 9a) + (a3 + 99a3) + (ay + 99944) +... 
=(a, + a) + a3 + a4 +...) +(9@_ + 99a, + 999a, +...) ame () 
or a=S+9(a) +1143 +1114, +...) 
where S=a+a+a,t+a,t+... 
is the sum of digits in the value of a 
a-S=9(a) +11a3 +111a, +...) 
9|(a-S) (ii) 
9a 
9|[a-(a-S)}f 
9|S i.e., sum of digits is divisible by 9. 


.. (iii) 
[From Eqs. (ii) and (iii)] 


Case Il S(sum of digits) is divisible by 9 


ie., g|S ...{iv) 
From Eas. (ii) and (iv), 9|[(a —S) + S] 
ie., 9ja 
i.e., the integer ais divisible by 9. 
Theorem 3 Prove that the product of any r consecutive numbers is divisible byr!. 
Proof Let 
P, =nn + 1+ 2)...+r-1) Ai) 


be the product of r consecutives integers beginning with n. 
We shall prove the theorem by Induction method. 
For r = 1, P, = nis divisible by 1! for all n. 


“. The theorem is true forr=1 ie., the product of 1 (consecutive) integer is divisible by 1!. 
Let us assume the theorem to be true for the product of (r - 1) consecutive integers. 
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ie., every product of (” - 1) consecutive integers is divisible by ¢ - 1)!. 

Changing n ton + 1 in Eq. (i) : 

3 Pi,,=M+ 1+ 2)..4+r) 

Multiplying both sides by n 
nP. 


n 


41 =nm+ Int 2)...+7) 
=nn+1)1+ 2)...2+r-1)n+r) 
nP,,,=(+r)P, 


= nP, + PP, 
or n(P, ,1 - P= Py 
or te ee 
n 
, A+ Dnt 2)...m+r-V [Using value of P, ] 
n 
or P,, -P, =rnt I+ 2)...n+r-1) 
or Prai-m=r 
Product of (r — 1) consecutive integers. 
=rP ...(i) 


Where P denotes the product of (r — 1) consecutive integers. 

But the product P of (r - 1) consecutive integers is divisible by (r - 1)!. 
S P=k¢r - 1)! 

-. Eq. (i) becomes P,,, - B = rk - D!=krer - 1)!=k¢r)! 
r!1@.1-Pvn 


[By assumption] 


Le., 

Put n=1 

5, r'i\(P, - BR) 

But PB =1-2-3...r=rtis divisible by r! 

ie., h'NA 

o r!|(R, -B)+ B ie,r'P, 
Putn =2, 

a rl -P) 

But r'!| P, , 


ril(P, - P,)+ B 


ie. r!|B and so on. 
Generalising we can say that r!| P, for all n. 


Corollary "C, is an integer 


"C= n! _nn-1)n-2)...a-r+ Iin—r)! 
rin-—r)! r! (n-r)! 
_ng-1)n-2)...¢-r+)) 
7 r! 
_ the product of r consecutive integers _ 4, integer 


(¢.: The product of r consecutive integer is divisible by r!). 


Note Therefore the product of two consecutive integers is divisible by 2! = 2; the product of any three 
consecutive integers is divisible by 3 = 6! and so on. 
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Example 1 Prove that product of two odd numbers of the form 4n + 1.is of the form(4n + 1). 
Solution Let a = 4k +1, b= 4k’ +1 . 
be two numbers of the form (4n + 1) 
: ab =(4k + 1)(4k’ +1) 
= 16kk’ + 4k + 4k’ +1 
=44kk’+k+k’)+1=4/+1 
(where | = 4kk’ + k +k’) 
Which is in form (4n +1). 


Example 2 Prove that square of each odd number is of the form 8j +1. 
Solution Let n = 2m +1be an odd number . 
n? =(2m +1)? = 4m? + 4m +1 
= 4r(m +1) +1 
Now, ™(m + 1) being product of two consecutive integers, is divisible by 2! = 2 
mm +1) = 2 
=> n? = 4(2))+1=8) +1 


Example 3(a) Show that sum of an integer and its square is even. 
Solution Let n be any integer. 
So, we have to prove that n? + nis even. 


=n? +n=n(n+1) which is product of two consecutive numbers n and n +1 and 
hence divisible by 2! = 2 


Hence, n? + nis an even number. 


Example 3(b) /fn is an integer. Prove that product n(n? — 1) is multiple of 6. 


Solution = n(n* -1)= n(n -1)(n + 1)=(n-1n(n + 1) 
Which being the product of three consecutive integers is divisible by 3! =6 
-. n(n? -1)is divisible by 6. 
i.e., n(n? —1)is a multiple of 6. 
Note If nis a multiple of p, we shall write 
n=M(p). 
Example 4 /fris an integer, show that r(r? -1)(3r + 2) is divisible by 24. 


Solution —sr(r? —1)(3r + 2) =r(r -1)(r + 1)(37 + 2) 
=(r -1)r(r + 1){Ar + 2) - 4} 
= Ar -1y(r + 1)(r + 2) — Ar -1)r(r + 1) 
(r -1)(r + 1)(r + 2) being the product of four consecutive integers is divisible by 
41=24 
“. Xr -1(r + 1)(r + 2)is also divisible by 24. 
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Again (r —1)r(r + 1)is divisible by 3! =6 

Ar —1)r(r + 1) is also divisible by 4-6 = 24 
(2? 1) Br + 2) = Hr - Als + Yr + 2) -— Ar -1) (7 +1) 
is also divisible by 24. 


Example 5 ifm, nare positive integers. show that(m + n)! is divisible bym!n! . 
(m+n)! _1-2-3...mm+1m + 2)...(m+ n) 

Solution i i" 

_ m\(m+1)(m+ 2)...(m+n) 

7 min! 

_(m+iyim+ 2)...(m+n) 

7 n! 

_ The product ofn consecutive integers 

7 n! 

= An integer 

“. (m+ n)ltis divisible by m!n!. 


Example 6 /f(4x - y) is a multiple of 3, show that 4x? + 7xy - 2y® is divisible by 9. 


Solution —_-«- 4x — yis a multiple of 3. 
4x -y=3m 

% y=4x-3m 

On putting value of y in 4x? + 7xy — 2y? 
=4x? + 7x (4x — 3m) — 2(4x - 3m)? 
=4x? + 28x? — 21xm — 2(16x? + 9m? — 24xm) 
=4x? + 28x? - 21xm — 32x? -18m? + 48xm 
= 27mx — 18m? =9m(3x - 2m) 

2. 4x? -7x — 2y? is divisible by 9. 


Example 7 /fn is an integer, prove thatn(n + 1)(2n + 1) is divisible by 6. 
Solution | n(n+1)(2n+1)=n(n+1)[(n + 2)+(n—-1)] 
=n(n+1)(n+ 2)+n(n+1)(n-1) 
=n(n+1)(n + 2)+(n-1)n(n +1) 


Each of the two (n-1)n(n+1)and (n+ 2)(n+1)n being the product of three 
consecutive integers is divisible by 3!=6 


“n(n +1)(2n +1) is also divisible by 6. 


Example 8 Prove that 4 does not divide(m? + 2) for any integer m. 
Solution  - misan integer. 
“. Either mis even or mis odd. 


Case! mis even 
So let m= 2k 
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mm + 2=(2kY + 2= 4k? + 2=2(2k? +1) 

=(2 x an odd integer) 

Which is not divisible by 4. 

Case Il m is odd 

Let m= 2k +1 

m? + 2=(2k +1)? + 2=4k* +14 4k +2 
=(2+ 4k + 4k?) +1. 
Which being an odd integer is not divisible by 4. 
Note Two important formulae. 
1. If nis either even or odd, 


VP a(x — yx + xB e x3? + ty!) 
2. If nis odd, 


+ =(x + yx x Py + x 3y? - ey) 
Example 9 Prove that 8” - 3’ is divisible by 5. 


Solution 8" -3" =(8 —3)(8"~'+ 8-?2.3+...49'~) 


or 8° — 3? =5(8"-'+ 87-23... 437-1) 
-. 8° —3” is divisible by 5. 


Example 10 /f p >1 and 2° —1 is prime, then prove that p is prime. 


Solution If possible, let p be not prime 

p is composite. (.. p> 1) 
p=mn,wherem>1andn>1 

3; 2? -4=2™ -1=(2"7 -1 

Putting 2” =a=a" -1" wherea=2” >2 

u(a-a’ '+a9~? +....4 77) 

Now, each of the two factors on RHS is greater than 1. 
2” —1is composite. 

But it is contrary to given 
p must be prime. 


Remark 
¢ But converse is not true i.e., when p is prime, 2? — 1 need not be prime. 


* For example, p =11is prime but 2"' -1is divisible by 23 and hence is not prime. 


Theorem 4 The number of primes is infinite. 

Proof If possible suppose that the numbers of prime is finite. 
-. Uthe greatest prime say q. 

Let b denote the product of these primes 2, 3, 5, ..., q. 


Le., let b=2-3-5...q 
let a=b+1 
Surely, a#l 


13 


.--(i) 
..-(ii) 
(:a@=b+1>1) 


14 
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:. The number a must have a prime say factor p i.e., pla. 
Now, pis one of the primes 2, 3, 5, 7 ... q (Because according to our assumption 2, 3, 5, 7,... gare the only 


primes). 


Now 


p\lb (bb =235 ...q) 
plaand p|b 

pla-b or pill [: from Eq. (ii), a - b = 1] 
p=1__ (which is impossible) (." 1 is not prime) 


So our supposition is false. 
.. The number of primes is infinite. 


Theorem 5 Fundamental Theorem of Arithmetic each natural number greater than 1 can be 
expressed as a product of primes in one and only one way (except for the order of the factors). 


Example 1) Every natural number other than 1 admits of a prime factor. 


Solution 


Suppose that n #1is a natural number. 
If n itself is a prime number, the example is proved in as much as the prime number 
nis a factor of itself. 
If nis composite, then n must have factors other than 1 and n. 
Let / be the least of these factors of n other than 1 and n. 
i.e. 1</<n and/|n 
Now, we have to prove, /is prime. 
If possible let / be not prime. 
But I>1 
«. lis composite 
J integers /, and /, such that 
/=llp where1</,</ and1<l, </ 
> h|/ but /|n 
2 h|n where1<i</<n 
i.e., i(</)is a divisor of n other than 1 and n. 


But this is a contradiction because /, </ and /is the least divisor of n other than 1 
and n. 


Our supposition is wrong. 
../is a prime factor of n. 


Example 2 Show that every odd prime can be put either in the form 4k +1 or 4k + 3 (i.e., 4k -1), 


Solution 


where k is a positive integer. 
Let n be any odd prime. If we divide any n by-4, we get 


n=4k+r 
where Osr<4 ie,r=0,1,2,3 
. Either n=4k or n=4k+1 
or n=4k+2 orn=4k+3 


Clearly, 4n is never prime and 4n + 2= 2(2n + 1) 
cannot be prime unless n = 0 (.- 4 and 2 can not be factors of an odd prime) 
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+. Anodd prime nis either of the form 

4k +1or 4k + 3. 
But 4k +3=4k +1)-4+4+3=4k’ -1 (where k’ =k + 1) 
:. An odd prime nis either of the form 4k + 10r (4k + 3) i.e., 4k’ -1. 


Note 1. Every number of the form 4k + 3is of the form 4k —1and conversely. 
2. Every number of the form 4k + 1 or 4k —1is not necessarily prime. 
3. The above result should be committed to memory. 


Example 3 Show that there are infinitely many primes of the form 4n + 3. 
Solution If possible, let number of primes of form (4n + 3) be finite. 


These primes are 3, 7, 11...., q(put n=O, 1, 2, ...) 
Let q be the greatest of these primes of the form (4n + 3). 
Let a = 3,7,11,...,q be the product of all primes of the form (4n + 3). 


Let b=4a-1 (i) 
> b>1 [ea 23,..b=4a-1,b211] 
.. By fundamental theorem b can be expressed as a product of primes say 

P. Po. Pg --- Pr- 

i.e., D=)P. Po... P; (ii) 


Now, b= 4a —1is odd and hence 2 can't be a factor of b. 

.. None of the prime factors in RHS of Eq. (ii) is 2. 

i.e., Every prime factor in RHS of Eq. (ii) is odd. 

.. Each of p,, Po, ..., P, is of the form (4n + 1) or (4n + 3). 

Again, all p,, Do, ..., P, can't be of the form (4n + 1). 

[-.- If it were so, then b (their product) will also be of the form (4n + 1)]. 

But this is contrary to Eq. (i) as b = 4a —1is of the form (4n + 3). 

.. At least one of p;, Pz ... P, (Say p) is (a prime factor of b) of the form(4n + 3)i.e., 


p\b. 
Also pla [.. p is one prime of the form (4n + 3) and ais product of all such primes] . 
pi4a 
p|(4a — b) } 
QA pl\i [. from Eq. (i), 4a —b =1] 
Which is impossible [.- p being prime >1] 


.. Our supposition is wrong. 
.. Number of primes of the form (4n + 3) is infinite. 


Theorem 6 The number of divisors of a composite number n : If n is a composite number of the 
order n = py! .ps?...py*, then the number of divisors denoted by d(n) is 
@, + 1)@, + 1)...@, +1) 


Proof Let nbe any composite number, let d(n) denote the number of divisors of composite number n 
by Fundamental Theorem of Arithmetic. n can be expressed as the product of the powers of primes. 
n=pl!.p>? ..pyk, where p,,P2,...,p, are distinct primes and a, ,a,...,, are non negative integers. 
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-: p, is a prime number, therefore, the only divisors of p/" are 1, p,, ERE 

The number of these divisors of p;"! =a, +1 

Similarly, the number of divisors of p[? =a, + 1 

The number of divisors of p;* =a, +1 

Therefore, the total number of divisors of n= py - p3? ... py* = @, + D@2 + 1)...@,+ D 


[- Every divisor of p* (1 <i< k)is a divisor of nj 
ie., din)=@, + 1a, + 1).., + Dd 


Note Letn =p - p$? - p$3[p,, Pp, p are distinct prime numbers] 
Let d(n) denotes number of divisor . 
1. if nis a perfect square then a(n) is odd 


(-. all the a; are even) 
2. If nis not a perfect square then, a(n) is even. 
[The number of ways of writing n are the product of two factors. } 


If nis a perfect square, then number of ways are equal to ae 


if nis not a perfect square, then number of ways are equal to a) 


Theorem 7 The sum of the divisors of any composite number n is denoted by a(n) which is equal to 


part-1 ps?**-1 pee**—1 
Geslecepicee 

Proof Let n be any composite number and let o(n) is sum of positive divisors of n. By Fundamental 
Theorem of Arithmetic n can be expressed as the product of the powers of primes. 

L. n=py) . ps? ...Dy* 

[where p,, P2,---» Py are distinct primes and a, ,@2,-...,@, are non-negative integers] 

: p, is prime number 

-. divisors of py! are only LDylh ice Ph’ 


ivi « 2 _ tie" = 0 
Sum of these divisors of p,! =1+P,+ Ri +--+ a 


E RHS is a Geometric Progression with a = 1, r=p,,n=a, + land S, = — »| 


> e?**-0) 


Similarly sum of divisors of p> oa 
= 
a, el 
Sum of divisors of py* -& ~» 
yA. -1 


o(n) = Sum of divisors of n = py! - p}?... py 
- (p™ +1 oy 1) (ps2?! ot iy (pee PU 1) 
(Pp, -1) (pz - 1) (py, - 1) 
[-: Every divisor af p*' (1 <i k)is divisor of n] 
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Note f a,(n) denotes the sum of k th power of divisor of n, then 


(her) -4) (pke2 +) ~ 4) ( (om +1) 4) 
q, = piel 
ald ee 7 a 7 pc (a, 1) 


Example 1 Find the sum of the cubes of divisor of 12. 
Solution 12=2?x3 
23(2 + 1) = g3il'+ 1) =i 


X= = 2044 
3° -1 


(12) _ 33 -1 
Example 2 Find the number of divisor of 600. 
Solution 600=23x 3!x 5? 
a, =3,Q =1,03 22 
Number of divisors = (a, + 1)(a2 + 1)(a3 + 1) 
=(3+1)(1+1)(2+1)=4x2x3=24 


Greatest Integer Function | 
Greatest integer function is also known as Bracket Function. 


If xis any real number, then the largest integer which does not exceed x is called the integral part of x 
and will be denoted by [x]. 


The function which associates with each real number x, the integer [x] is often called the bracket 
function. 


For example, [3] = 3, [—4] = — 4, [3.7] =3 
[-42] =~ 5,[3]= [-n]=- 4 
Note 1. [x]is the largest integer < x. 


2. If aand bare positive integer, such that 
a=qb+r,0<r<b 


a r r 
Then, — =g + —, where 0 <— <1 
a b 


ie, [2| is the quotient in the division of a by b. 


Properties of Greatest Integer Function 
(1) [x]sx<[x]+1 and x-1<[x]sx,0sx,0sx-[x]<l 


(2) Ifx20,[x]J= 21 


lsisx 


(3) [x + m]=[x]+ m, If mis an integer. 
(4) Ix} + [vis Ix + yls[x]+ [y]+ 1 


(5) [x]+ [-x]= 0, If x is an integer = - 1 otherwise. 
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(6) [*- [=| if mis a positive integer. 


(7) —[-xJis the least integer greater than or equal to x 


This is denoted as (x) (read as ceiling x) 
For example, (2.5) = 3, -25)=-2 


(8) [x + OS]is the nearest integer to x. 


If x is midway between two integers, [x + 0.5] represents the larger of the two integers. - 


(9) The number of positive integers less than or equal to n and divisible by mis given by [=] _ 


(10) If pis a prime number and e¢ is the largest exponent of p such that 


pyin', thene= = E z | 
DP; 


Theorem 1 [fa is real number, c is natural number, then [“- [¢| 


Proof Let {a]=nie., nis largest integer< a 


iss a=n¢+r, O<sr<l li) 
: phen 


Rh om+s, where 0< s<1 
c 


o n=mc+cs, where O<cs<c ..-(ii) 
Now, =- uns = -[{4l] = [? =m 
RHS = [¢] = [" - ‘| [Putting value of a from Eq. (i)] 


Putting the value of n from Eq. (ii). 
J [™ +CS+ ‘| 


c 
=|m+ S27] 
c 
From Eq. (ii), cs s (¢ -l)andr<1 
Adding cs+r<c-1+1 
= cs+r<c 
cS+T ey 
c 


RHS = [m+ S*"] 
c 


LHS=RHS 
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Theorem 2 For every positive real number 


ES] 
2 
Proof First suppose that x = 2m + y, where mis an integer and 0< y<1 
ix]=2m,]*]- m 
2 

: + 1|-["* 1+ |= 

2 2 

+ 


Since 


ne bm ES (ee 
wae 
Allee J-# 


The desired equality holds for all possible values of x. 


Example 1 Find the highest power of 3 contained in 1000! 
Solution  p=3,n=1000 


3 
||- |= I- 4q)=111 
n] [114 
rae 


ion 


J-t71- 37 


. Highest power of 3 contained in 1000! 


be 
ChBHB}EhBHaH 


= 333 +111+ 37+12+4+1+0= 498 
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Theorem 3 If n and k are positive integers and k is greater than 1, then [Z| + [> s | 


Proof Let n=qk+r,qand rare integers and 


Osrsk-1 
Then, es FISD es RL 
ie SO ee 
2n er 
—=2q+ — 
k _ k 
oretutall-[22 opm 


The desired result is immediate. 
(i) r = k-1, then 


ipeoee 


2n)_ 2k-1)]_ 
[F]-22+| : |r2ae 


Pelz 


From which the desired result is immediate. 


Theorem 4 ifn be any positive integer, then show that 
[*: 1)4[7t2].[e* 4)+(" $+ ciate 
2 4 8 16 


Proof We know that, 


nnnn 
Applying above formula ton, 5.71 e+6" 
_|[n n+1 

in=[5] | 2 
a) AS] 
2 4 2 
ete | 
4 8 2 


lalla) ("42 
8] Li6 2 
Adding corresponding sides and cancelling out the terms [3} Hi [* 


5 af from both sides, we have 
n=["* ‘| E 2+ [24]. 
2 4 8 


‘[nj=n 
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Theorem 5 For every real number x 
ixl+ |x + 1+ [x + 2|+ wt [xe 11) = (nx 
n n 


n 
Proof Letx =[x]+ y, where 0<sy<1 
Let p be an integer such that 


p-ls<ny<p 
(This is always possible because given a real number, we can always find two consecutive integers 
between which the number lies). 


Now, x+Kepeys 

n n 
Also, y + * lies between 21 +k ang P+ k 

n n n 
So long as pr-ltk.) 
n 
Le., . k<n-(@-1) 
yt Kis less than 1 and consequently 
[x + Kl <b) 

n 

ie., [x+“]=00 fork=0,1,....n-p 


But |x + k|=bd+ 1, fork=n-p+1,..,n-1 
n 


ixl+[x+2]+..+[x+ 222] 


n 
=[x]+... + [x]@1— p+ 1 times) + ([x]+ 1) + ([x] + 1)+...(p - 1) times 


= n[x]+ (p-1) ...(i) 
Also, [nx] = [n[x] + ny] = n[x]+ (p-1) 
Since p-lsny<p ; ...(ii) 
From Eqs. (i) and (ii) 
[x] + [x + 1). [x + I. wet [x + nat) = tre 
n n n 


Theorem 6 The highest power of a prime number p contained inn! is given by 


kn =|] Fak [+ ” 

P) Lp?) Le’ 

Proof Let k(1!)denote the highest power of pcontained inn!n!is the product of the factors 1, 2, 3, ..., n. 
The factors in n! which will be divisible by p are 


P. 20, 3p... [2b 
sa . 
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Changing n to : in Eq. (i) 


Putting the value from Eq. (ii) in Eq. (i) 


wll 


~ This process must end after a finite number of steps. 


Congruences 
If a and bare two integers and mis a positive integer, then ais said to be congruent to b modulo m, if m 
divides a - b denoted by m| (a - b). 
In notation form we express it as a= b mod mora-—b=0mod m 


Note 1.a=bmod™, then m|(a - b) or (a — b) is a multiple of m. 
2. If m|(a — b) [m does not divides (a - b)], then ais said to be incongruent to D mod m and this 
fact is.expressed as a is not congruent to b mod m. 
3. If m|a, then a =O mod m 


For example : 

(i) 13 =1mod 4 (2 4](13-1)=12 
(ii) 4=-1mod5 (- 5](4-(-1))=5) 
(iii) 12 =O mod 4 (4312) 
(iv) 17 is not congruent to 3 mod 5 (- 5|/Q7-3) 


Theorem 7 ifa=b mod m, then 


()a+c=b+cmodm 
(ii) ac = bc mod m, where c is any integer. 
Proof (i).-a=bmodm 
m|(a-b) 
* mite Rt & [a+c-(b+c)=a-b] 
a+c=b+c modm 
(ii) --a=bmodm 
m|(a-b) 
m|c@ -b) 
m|(ac — be) 
ac =bc mod m 


Note The converse of theorem 15 (ii) is not true. 
Theorem states that if a = b mod m, then ac = bc mod m. 
i.@., a congruence can always be multiplied by an integer 
But the converse is not true i.e.,. It is not always possible to cancel a common factor from a 
congruence. 
For example : 16 =8mod 4 [~ 4|16 - 8) 
But if we cancel the common factor 8 from numbers 16 and 8, we get 2 = 1 mod 4 which is a false 
result because 4|(2 - 1) 
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Theorem 8 Ifa=b mod mandc =d mod m, then 
()a+c=b+dmodm (i) a-c=b-d modm 


(iii) ac = bd mod m 
Proof (i)::a=bmod mandc=d modm 


m|(@ - b)and mi (c - a) 
m|((@-b)+ € -d)) 
m\((a+c)- (+ d)) 


A a+c=b+dmodm 
(ii) a =bmod mandc=dmodm 


or 


m|(@-b) andm|(c - da) 
m\|(a- b)- (c-d)orm|@-c)-@-4d) 
a-c=b-dmodm 
(iii) --a=b mod mandc=dmodm 
m|(a - b)and m|(¢ - d) 
-. There exists integer h and k such that 
, a-b=mh andc -d = mk 
a=b+mh andc =d + mk 
Multiplying the two equations, we get 
ac = () + mh) + mk)= bd + mbk + mhd + m?hk 
ac — bd = mk + hd + mhk) 
-. By definition of divisibility m| (ac — bd) 
or ac = bd mod m 
Corollary Ifa=b mod m, thena? =b* mod m 


a=bmod mand again 
a=bmodm 
Multiplying the two congruence a” = b? mod m 


Theorem 9 (i) Prove that a = a mod m i.e., every integer is congruent to itself. 


(ii) If a = b mod m, then prove that b =a modm 
(iii) If a = b mod m, b=c mod m prove thata=c mod m 


Proof (i) We know that m/0 (n # 0) 
m|(a@-a) 


az=amodm [by definition of congruence] 
(ii) Leta = b mod m 


m|(@-b) 
m|-@-b) or m\|(b-a) 
fe b=a modm 
(iii) Leta = b mod mand b=c mod m 


m|(a—b)and m|(b - c) 
m\(a-b)+(b-c) or mi|(a-c) 
a=c modm 
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Theorem 10 ifa=b mod m, then a* = b‘ mod m for every positive integer k. 
Proof We know that, 
ak — bk = @— byak-! + ak-*h 4 ak-3b2 +... + DE) »..(i) 

But a=b mod m=>m|@ - b) 
-. There exists an integer ft such that 

a-b=mt (ii) 
Putting this value of (@ — b) from Eq. (ii) in Eq. (i) 

ak — bk = mr@@k-! + ak- 2+... b>) 

ml ak - b*) 

ak = b* mod m 


Theorem 11 If a=b mod m and F(X) = pox” + px"! + pox" -2 + 4p, 1X +, is an integral 
rational function of an indeterminate x with integral coefficients, then f(a) = f(b) mod m 
Proof - f(x)=p x" + Px") + px"? + + x + Dy 
Putting x =a . 
, F(a)= pga” + pa"-' + pan-2 4. + Pn 12+ Dn ...(i) 
Putting x = b 
F)= pob” + yb" -! + pob"-? + +p, sb+ py, (ii) 
Subtract Eq. (i) from Eq. (ii), we get 
fla)- Fb) = pola" - b")+ pa"! —b"-)+ 4p, sa—b) 
= Pola - bya"-! + a"-*b+ + b"-1)4 
Py (a- bya"? +a" b+... b"-2)4 4p ab) 
or F@)-fb)=(@- b)[pya"-! + a"~*b+ + b-2)4 Pa"? + a"-3h4 4 pr-2) 
+ 2+ Dy oy] ...(iii) 
= a - b)t (say) 
But a = b mod m (given) 
ml| (a - b) 
. Jan integer k such that a - b = mk 
Putting this value of a — b = mk in Eq. (iii) 
f@)- fb) = mkt 
e mif(a)- fb) 
=> fla)=f)mod m 


Theorem 12 Fermat Theorem 
If p is prime, then 
a+b)? =@?4+ b?) mod p. 
Proof Expanding by binomial theorem 
(a+ b)? =a? + ’GaP-'hy PCa? -*b2 4g CG, -,ab?-! 4 


-1 
or (a+b)? = (a? + b’)+ es ’Ga?-'b! (i) 
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Now, on Lae lsrsQ-l 
rip —r)! ed) 


But p! = 1.23 ... pis divisible by p 
pis coprime to r! 

~ pis coprime to 1, 2, 3, ...r 
.. pis co prime to their product = r! 

Also for the same reason pis coprime to (p - r)! 


rc .__P! F 
G= =i is divisible by p. 


.. Jan integer k, such that 
’G = pk, 
Putting this value of ’C, in Eq. (i) 
-1 
(a+ bf -@? +P )=p'E ka? >" bi" 
which is divisible by p. 
S (a+ bP =(@’ + Bb’) mod p 


Generalization 
If pis a prime number, prove that 
(@, + @,+@,+...+a,)? 
=(@? +a} +a? +...+ah)mod p 
@, +a, +@,+...+a,)? =@,+b,)? 
where b, =Q), + @,+...+ a, 
= @? + b?)mod p. 
=[a? + @, + a,+...+a,)?]mod p 
=[a?+@+ c,)?]mod p 
where Cp = @; + A, +... + A, = @? + a + chmod p 
continuing like this, we get 
(a, + A) + A, +...+ @,)? =(@P. + a? +...+ah)mod p 
Theorem 13 [fp prime number, then 
: a’ =amod p 
Proof We know that, 


(a, + Gy + Gy +...+'a,)? =(@? + ab + at ...+ ah)mod p 


Putting Q, = A) =a, =...=@, = 1in Eq. (i) 
Q+1+1+...+1)? 
= (1? +1? +17 +...+1")mod p 
or n’ =(1+1+1+...+1)modp 
or n? =nmod p for every natural number n. 
Replacing n by a. 
a’ =amod p 
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¢. r< p, pis prime) 


(i) 
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Theorem 14 Fermat Little Theorem 
If p is a prime number and (a, p)= 1, prove thata’~! =1 mod p. 


Proof As pis prime. 
“ % a’ =amod p 

Cancelling a from both sides. ; [-. a is coprime to p} 
We have a’-! = 1 mod p. 


Theorem 150 n!=n" —"Gin- 1s + "Cin 27" -...+ CIP? "G22" + CI "Gy 


Proof Expanding by binomial theorem 
(e* -17' =e™_ "Gem - Ux, "Ce" -™_ 4" _ CIP “22x anc ep te + Cll! ...fi) 
We know that wie BE ofa 
1! 2! 3! 
Using this expansion of e®, Eq. (i) becomes 


: 2 3 ‘i 
(laa 
1! 2! 3! n! 


=(1+ Bo + (xy tof nafs Pes AE IP | 


2! 7" ont 2! n! 


r cp 4 =x M-BxP | M-2aPl , | 
I! 2! n! 


+ ..+ "Gy -acar-fas & + OY et or... 
1! 2! n 


Comparing coefficient of x" on both sides 
n 
p=" nq er, "C ev sat 


n! n! 
_yyi-in 
e122 "Ga 
“n! n! 


Multiplying both sides by n! 
nt=n" -"C(n-1)' +"C,(n-2y' -...+ GI" *C, 22+ cip- ck 


Theorem 16 Wilson Theorem 

If p is prime, then (p - 1)!+ 1=0 mod p 
Proof 

Casel whenp=2 


2-1)!+ 1=0mod 2 [Putting p = 2 in (~@- 1)!+ 1 =O mod p) 
=> 1!+ 1=0Omod 2 
=> 2=0mod 2 


which is true 
. Wilson theorem is true for p =2. 
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Case Il If pis an odd prime. ; 
nl=n" —"Gin- 1p + "Coin — 2y ~...+ CIF "G, 22" + CD" "C. 
Put n = p - 1 0n both sides 
; (p-1)!=(p-1)?-! -?-'G(p- 2)?! 
+ 9-10,(p —3)P-) +. E1)P-3 PIG, _g2P- + C1? PIG, 2 ...(i) 

pis prime. 

pis coprime to all numbers < p. 
ie., pis coprime to p-1,p-2,p-3,... 2, 1. 
-. Putting a=p-1,p-2,p-3,... 2 in Fermat Theorem 


a’-!=mod p 
(p-1)?-! =1 mod p 

or (p-1)?-!-1= Mp) 
(p-1)?-!=M(p)+1 
Similarly, (p—2)?-' = M(p)+1 


(p -3)?-!=M(p)+1 


2P-! = M(p)+1 
Putting these values of (p - 1)?>!,(p—2)?~', ...,2?7! in Eq. (i). 
. (p - 1)!=[M(p)+ 1]--?~'GIM(p)+ 1+ ?-'CM(p)+ 1]+..+ EP FPG, 
[M(p)+ 1]+ 1)?-??-'C_, 
or (p-1)!= M(p)+ 1-? 1G, + PIC, -... + yp” C4 Gly tele a 
Adding and Subtracting (-1)?~' in RHS. 
(p- l= M@)+ (0)?“! -P-1G + PIG, - PIG + + EMP PI, 


+ E1)P~? PIG + C1) - 1)?! 

(p-1)!= M(p)+ Q-1)?-! -@1)?-! 

(p - 1)!= M(p)+ O-(-1)?-! = M(p)-1 
--pisodd. ..p—1is even. 
. (-1)?-}=1 
or (p-1)!+1=M(p) 
(p - 1)! + 1 is divisible by p. 
“ (p-1)!+1=0Omod p. 


Theorem 17 Converse of Wilson Theorem 

Ifp>1 and (p -1)!+ 1=0 mod p, then p is a prime number. 
Proof If possible let p be not prime. 

*. pis composite (. p> 1) 


So let p = p,p,, where (<p, <p,l<p <p)ori<psp-1,l<psp-] 
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Now, l<psp-l 

.P, is one of the factors in the value of (p — 1)! and therefore p, divides (p-1)!. 

Also P=Dp, 0) 

ms yIP -- fi) 

But (p-1)!+1=Omodp 

“ pl(p-!+1 ---(iii) 

From Eqs. (ii) and (iii) ; : 
pl(p-1)!+1 ---(iv) 


From Eqs. (iv) and (i) 
pI(p-1)!+1-@-1)! 
Le., pil 
But this is impossible. (.:p, > 1) 
*. pis a prime number. 


Euler’s Function 


Definition : The number of integers< nand coprime to nis called Euler's function for n and is denoted by 
$(n). 


Examples 
oQ)=1 
[.- 1 is the only integer < 1 and coprime to 1]. 
(2)=1 
[.: 1 is the only integer < 2 and coprime to 2]. 
o(8)=4 
[.- 1, 3, 5, 7 are the only four integers < 8 and coprime to 8]. 


‘Remark - 


¢ If pisaprime number, then 1, 2,3, ...(j2—1)are all less than pand coprime to pand are(p —1)in total. 
-. o(p)=p-1 


Theorem 18 Prove that 9(n)= n(2 = alt ~ 2. [2 ~ +) where P,, p2,...,P, are distinct prime 
1 2 r 


factors of n. 
Proof -: p,,p,...,P, are distinct prime factors of n. 


n= ph. ph ... DF 
$(1)= 6(P,1.P2? ... PF = o(DE )o(p'2)... o(pk) 


[.- P,, Po...) P, are distinct primes and hence are coprime to each other and (ab) = 6 (a) (b), if aand b 
are coprime to each other.] 


-ph(1-2pe(1-2}.. H-2) 

yy P2 P, 

=p pk kel] 1 ( = 1 ( 1 

=p,'.po2 ... pp’ | 1-— |] l-— ]...] 1 -— 
as tities ( *) P2 D, 


1 1 1 
=n|1—-— |} 1-—}]...}1-— Sawa les k, . 
( *}( 4 ( 4 ten= pi. ph? ... pi] 
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Theorem 19 Prove that 9(p*)= P*(1 . 1), where pis prime. 


Proof Number of integers from 1 to p* which are not coprime to p* are p.1, p.2, p-3,... p-P*™: 


Total number of such integers, which are not coprime to p* = p*~!. 
‘  @*) = Number of integers coprime to p* and < p*. 
= pk — pk-1 = pk -1/p) 
Remark 
If aand 6 are coprime to each other, then (ab) = (a) (b). 


Example 1 Find the number of positive integers < 3600 that coprime to 3600. 
Solution =n = 3600 = 2* x 3? x 5? 
(1) = (3600) = (24 x 3? x 5?) 
-o(1-4}( -1\1- +} =s600{ -1)( -1)(1-2) 
Py P2 P3 2 3 5 
[Here p, = 2, p. = 3, p3 = 5) 
1.2.4 


= 3600 x — x = x— 
2a 3 § 


(3600) = 960 
Example 2 = /fm > 2, show that (m) is even. 


Solution If (a, m) =1, then (m - a,m) =1 
.. Integers coprime to m occur in pairs of type aandm-a. 
$(m) is even. 


Example 3 For what values of m is ¢(m) odd. 


Solution If m > 2, o(m) is even. 
o(1)=1 


$(2)=1 
Only form =1,m=2 
(m) is odd. 
Concept Leta= 10" -1 _ 10" -1 
10-1 9 
10" -1. 

We can express any a of the form 9 in terms of perfect square. 
a= 10-1 90-10" < 
9a+1=10" 

Let b=9a+1 

c=8a+1 


Now, consider 4ab + c = 4a(Qa + 1)+ 8a + 1=36a? + 12a+ 1 =(6a+ 1) 


, 
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Verification (6 x 1 + 1)? =7* = 49= (6x 11+ 1)? = 67? 
(6 x 111 + 1¥ = 667? 
Now, consider 
(@-1)b+c=(@-1)9a+1)+ 8a+1 
= 9a? + a-9a-1+ 8a+1=9a" = Ga)’ 

Verification a = 1 =>3? 

a=11>63/ 
Now, consider (16ab + c) 

16a(9a + 1)+ 8a+1 

(12a +1) 
This is also a perfect square. 
Concept Prove that every number of the sequence 49, 4489, 44489, 4448889 is a perfect square. 
If there are n fours and (1 - 1) eight and one 9. 
Let us denote 444889 as 4,8,9. 
Consider 667 written as 6,7 
We know 444889 = (667). 
..We develop (6n,, _,7)° = 4,8, _,9 
If this is true then 


6,77 =| ae"), y] _[6x10" +3] _ [2.10" +1)" 
n=l 9 9 9 


Example 1 Let be the natural number. If2n + 1 and 3n + 1 are perfect square. Then prove that n 


is divided by 40. 
Solution 40 = 2° x 5. It is sufficient to prove that nis divisible by 8 and 5. 

Let 2n+1=x? Ai) 
and 3n+1=y? ii) 
= x? is odd. 
= xis odd. 
Let x=2a+1 

(2n +1) =(2a +1)? 

2n+1= 4a" + 4a4+1 
n=2a* +a 

= nis even. > 
If nis even = 3n + 1is odd 
> y” is odd = yis odd 
Let y=2b+1 


Subtract Eq. (i) from Eq. (ii), we get 
aos age 2 
a te iii) 
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Example 2 
Solution 


Example 3 
Solution 
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=> n=(2b+1)* —(2a +1)? 
We know square difference of odd number is always divisible by 8. 
ro nis divisible by 8. (iv) 
If we eliminate n between 1 and 2 
3x? - 2y? =1 
Since square of odd number ends with 1, 5 or 9° 
3x? ends with 3, 5 or 4, 7 
2y” ends with 2, 0, 8 


=> 

> x? ends with 1 and y? ends with 1 

=> n=y?-x? [from Ea. (iii)] 
=0 


.. Itis divisible by 5. 


Prove that there are infinitely many squares in the sequence 1,3, 6, 10, 15, 21, 28.... 


Suppose 7, is a square 


Let T, of the above sequence be a 
- i ane 1) 


If it is a square then 7, =(m)* 


=> one} =(m)? 


=> nn +1)= Am)? 
AlSO, Tain + 1) iS also a Square. 


_ 4n(n + 1)[4(n)(n + 1) + 1] 


Tanin +1)~ 


2 
2m? 4 2 
ae Se a 40 +1) aman +1)? 
Tain + iS also a perfect square. 
.. perfect squares are 7, =1 
T, = 36 is a perfect square. 


Togg is also a perfect square. 


IfN =12° x 3* x 52, find the total number of even factor of N. 
If N=12° x 34 x 5% 
Then, N=2°x3’ x5? 
.. Total Number of factors are =(6 + 1)(7 + 1)(2+1)=7x 8x 3=168 
In above factors, some of these are odd multiple and some are even. 
The odd multiples are formed only with combination of 35 and 55. 
So total number of odd multiples is 
(7 +1)(2 +1) = 24 
“. Even multiples = 168 — 24 =144 
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Example 4 
Solution 


Example 5 
Solution 


Example 6 


Solution 


Example 7 


Solution 
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Show that n? - 3n —19 is not a multiple of 289 for any integer n. 


Suppose 177|n? - 3n -19 
Since n? - 3n -19 =(n + 7)(n -10) + 51 


17|(n + 7)(n — 10); 
17? |(n + 7)(n -10) (n+ 7 =n -10(mod17)) 


= 17?|(n? — 3n -19) -(n + 7)(n + 10) 

i.@., 17? |51 which is a contradiction 

Consequently n? - 3n'-19 is not a multiple of 289. 

Determine all integers n such that n‘ — n? + 64 is the square of an integer. 
Since n* — n? + 64 >n‘4 — 2n? + 1=(n? -1)? for some non negative integer k, 


(n* —n? + 64) =(n? +k)? =1n4 + 2n?k +k? 


_ 42 
ie,n? = F from which we find that the possible values 64, 1, 0 for n? are 
+ 
obtained when k = 0,7, 8 respectively. 
Hence, ne(0,+1,+ 8) 


Leta, b,c, d, e be consecutive positive integers such thatb +c + disa perfect square 
anda+b+c+d+e isa perfect cube. Find smallest possible value of c. 


a, b, c, d, eare consecutive positive integerb + c+ d=3canda+b+c+ d+e=5c 


Now, 3|3c = 37| 3c ( 3c is a square) 
=> 3\c = 3/5c¢ = 3° |5c (« 5c is a cube) 


= Also 5|5c => 5°|5c = 5?\c 
. 3°52\c i.e., 675|c 
“. 675 being a possible value of c is the smallest of such numbers. 


If 11+1 11 1a? +1 is an odd integer where a is a rational number. Prove that a is 
perfect square. 


Leta =11+ 11/1142 +1 


Then, (A -11)? =112(1 1a? +1) 
Simplifying, we get MA — 22) =118g? 


Putting | a| = ash Ss € N such that (r,s) =1 gives A(A -— 22)s? =4 43,2. 


Since 1 1*|s because otherwise 11 would divide r,11A. Writing 11 =2,we get 
u(u — 2)s? =1 17? 

Since 11|s for otherwise we would have 11|r. It follows that $ =1. Thus we have 
w(u - 2) =11r?. Since - 2 and H are Consecutive odd integers they are relatively 
prime. 

If14] — 2, then p is a square of form11n + 2 which is not possible, 

“. 11|M and hence p =11n? for somen e N. 

Thus, we have 4 =11p =112n? 
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Example 8 Determine all pairs of positive integers(m,n) for which 2” + 3” is a perfect square. 


Solution Let 27 4 3" =k? 
Since ‘(-1)" = 2” =k? =1(mod 3) ( 3]k) 
mis even, say 2p. ; 
Now, (k — 2?)(k + 2?)=3" 


=k — 2? =1andk + 2? =37 = 2P*'44=3" 

Since (-1)" = 3” (mod 4) = 2°*' +11, nis even, say 2q. 
Now (37 —1)(37 +1)=2P+'337-1=2 

= 37 = 3 =)q =1and hence p=2 

So, we have only one solution (4, 2). 


Example 9 Determine the set of integers n for which n? + 19n + 92 is a square. 
Solution —_Letn? + 197 + 92 = m2, mis a non negative integer. Then, n? + 19n + 92 -m? =0 
Solving for n, we get n = 3 (-19+ 4m? -7) 
.. 4m? -7 is a square i.e., 4m? -7 = p? 
Where pe N 


Si . (2m — p)(2m + p)=7 
“. 2m + p being positive therefore (2m+p) is 7 and 2m - p=1 


Hence, 4m=8=>m=2 
Thus, we have n? + 19n + 92=4 

=> n? +19n + 88=0 
=> (n+ 8)(n+11)=0 
=> n=-8or-11 


Example 10 Find n, if 2° — 2'%*.31+ 2” is a perfect square. 
Solution = 2 - 2'97 3 + 27 = 2'97(28 _ 31) + 2” = 2197(256 — 31) + 27 = 219%. 005 4 on 
.. For somemeN 
2" =m? — 2'. 225 = m? — (2% 15)? =(m — 2% .15)(m + 2%-15) 
So, m= 2% -15 = 2% and m+ 2.15 = 2%* ® for some non negative integers a, B . 
Hence, 297.15 = 2%*8 — 9% = 29/28 _ 4) 


=> 2% = 2% and 28 -1=15. 
ie., a =97 andB=4 
. n=20+B8=198 


Example 11 Find the number of values of n for which 2'' + 2° + 2” is a perfect square. 
Solution Wecanwrite 2''+ 2°+ 2" as 


2° (2° +1)+2" 
=> 2.942" 
=> 27(2°" .9 + 1) 
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Note that for any k < 8, 2*(2"~*9 + 1)is not a square, when k is odd, 2" Is not a square 
and In the other case, the second factor Is not a square. Hence n 2 8. Now write 
2'' 4 29 4 2” ag 28/9 4 2”~ 8), Then the problem is to find the number of non negative 


integers k such that 9 + 2* is a square. 
O94 X at? xp HX m(t~ 3) + 3) 
=t-3=2" andt+3=2?*" for some non negative integers p and q. 
.2?(24 — 1) = 6 implying p =1 from which It follows that f = 5. 
Hence, there is a unique solution. 


Example 12 Find all positive integers n for whichn’ + 96 /s a perfect square. 


Solution 


Suppose mis a positive integer, such that n* + 96 = m? 
Then, m? - n? = 96 =(m-n)(m+n)=96 
sincem—n<m+nandm-n,m+nmustbe both even [asm +n =(m—N) + 2n. 
Therefore m - n,m + nmust be both odd or both even; also if both of them are odd, 
then the product cannot be even. 
“. Only possibilities are 
m-n=2,m+n=48>M=25,n=23 
m-n=4,.m+n=24>m=14,n=10 . 
m-n=6,m+n=16>m=11n=5 
m-n=8m+n=12>mM=10,n=2 


Example 13 Give with justification, a natural number n for which 3° + 3'* + 3'° + 3” is a perfect 


Solution 


cube. 

3° +312 + 99 + 3? = 3914 3* + 9° + 9"~9) 
=(3°)° + 3-32 + 432)? + (32)? + 97-9 - %3?)} 
= (3°)9(1 + 37)° provided 3”-° - 35 =0 . 
=(270)° provided 3”~° = 35 

i.e., provided n =14 

So, given number is a perfect cube when n = 14 


Example 14 Prove that 2? + 3° is not a perfect power if p is a prime number. 


Solution 


If p= 2, 2° + 3° = 2? + 3* =13 (not a perfect power) 
Let now p be aprime > 2.. 
x + a divides x? + a”, whenever pis odd [factor theorem] 
1. 2° + 3° is divisible by 2+ 3=5. We shall show that 2° + 3? is not divisible by 5°. 
XP + BP w(x + 3BYxP-'— BxP-2 4. g2yP-3 44 (-3)P-') 
When x =-3, then 
xP~1 ByP-2 4 + (-gpP' 
=(-3)P-'-3(-3)P-? +... +(-3)P-' 
= p3P-' 
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Showing that x + 3 does not divide 

XP-1_ gyP-2 4 g2yP-34 4 (BP! 
Consequently (x + 3)? does not divide x? + 3p. So, (2 + 3)? does not divide 
2° + 3°. Since 2? + 3° is a multiple of 5 but is not a multiple of 5°. 
-. it cannot be a perfect power. 


Example 15 A 4 digit number has the following properties (I) It is a pertect square (Il) its first 2 digit 
are equal to each other (III) its last two digit are equal to each other.Find all such four 
digit number. 

Solution We want to find positive integers xand ysuch that! < x < 9,0 < y s 9and xxyyisa 
perfect square. Since, 10 = 100, 100? = 10000. It follows that xxyy must be the square 
of a 2 digit number. Suppose that (ab)* = xxyy. 

The number xxyy is clearly a multiple of 11. 
Since, it is a perfect square it must be a multiple of 1 Pie, 121. 
.. It must be of the form 

121 1,121 x 4,121 x 9,121 x 16,121 x 25, 

121 x 36,121 x 49,121 x 64,121 x 81 


Out of these 121 x 64 i.e., 7744 is of the form xxyy, we conclude that 7744 is the 
desired number. 


Example 16 Show that for any integer n, the number n* — 20n? + 4 is not a prime number. 
Solution —_n* - 20n? + 4 =(n'4 - 4n? + 4) -16n? 

=(n? - 2)? -16n? 

=(n? - 4n - 2)(n? + 4n- 2) -..(i) 


Note it can be easily seen that none of the factors n? — 4n — 2,n? + 4n - 2.can have the value + 1, 
whatever integral value n may have. Here four cases arises. 


fant dj -Swtienn ee 
(ivr? ~4n-2=-1-9 = 424 
(iy? + an -2=1-9 = 4228 
(yn? + An ~2=-1-9n= hE 


From the above four cases, we find that whatever integral value n may have, n* - 20n? + 4is the 
product of the integers n? - 4n - 2and n? + 4n - 2 neither of which equals + 1.. 


Example 17 Prove that the product of four consecutive natural numbers cannot be a perfect cube. 
Solution — Consider the product 

P=n(n +1)(n + 2)(n + 3), where nis a natural number. 

If possible, that Pis a perfect cube = k® Two cases arises. 

Case! If nis odd. n,(n + 1),(n + 3) are all prime ton + 2 

Now, we know that every common divisor of n + p and n + q must divide q - p. 
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“.N+ 2and n(n + 1)(n + 3) are relatively prime. 
Since, their product is a perfect cube, each of them must be a perfect cube. 
Since, n* < n(n +1)(n + 3)<(n+ 3) 
: n(n +1)(n + 3)=(n +1) or(n + 2)° 
i on +1)(n + 3) and(n + 2)° are relatively prime, so second possibility ruled out. 
Also n(n + 1)(n + 3) =(n + 1)° =n =1. Since P = 24, when n =1 which is not a perfect 
cube. So the possibility n =1is also ruled out. So n cannot odd. 
Case Il /fnis even. 
Then n + 1is prime ton,n + 2andn + 3. Consequently n + 1is relatively prime to 
n(n + 2)(n + 3). Since the product of relatively prime numbers n + 1 and 
n(n + 2)(n + 3) is a perfect cube, each of them must be a perfect cube. 

n? <n(n + 2)(n + 3)<(n+3)° 

n(n + 2)(n + 3) =either(n +1)° 
or iti + 2)’since Mn + 2)(n + 3) and n + 1are relatively prime 
.. First possibility ruled out. 


Also n(n + 2)(n + 3)=(n + 2)? =n + 4=Owhich is out of question. Consequently n 
cannot be even. 


Thus, we find that the product of 4 consecutive integers cannot be a perfect cube. 


Example 18 Find all primes p for which the quotient(2°~' —1)| p is a square. 


Solution Suppose m(m +1) =7n?, mandnare integers since mand m + 1are relatively prime. 
mand m + 1 must be the numbers 7p”, q? 


(in some order) pand q are relatively prime and pq =n; Since the product of 2 
consecutive integer is even. 


.. mm + 1)is even, which means that one of the numbers m, m + 1 must be even. 


Suppose m = q? (so that m + 1=7p?). Since every square number is of one of the 
forms 4k, 4k + 1. Consequently m + 1 must be of one of the forms 4k + 1,4k + 2. 
However this is not possible for if p is even, then 7p? is of the form 4k. If pis odd, 
then 7p? is of the form 4k + 3. 


m+1#7p*. Som=7p? andm+1=q? 


Concept of Finding Number of Positive Integral Solutions for 
the Equation of the Form x’ + y* =k 


We know that, 
Qn? = 0 mod 4 
and (2n+ 1)? =1 mod 4 
Now, if 
(a) x and y are both even then, 
x? +y? = Omod 4 
(b) x and y are both odd then, 


x? + y? = 2mod 4 
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(c) one is even and other is odd then, 
x?+y? =1mod4 
{-.x2+y? = 0, 1, 2mod 4 andx? + y? #3 and 4} 
the above discussion implies, if 
x? +y2=k 
and if k is of the form of (4m + 3), then x? + y? = k does not have any integral solution. 


e.g., Suppose, we are asked to find integral solution for equation 
x? + y* = 19, then it will not have any integral solution because 19 is of the form (4m + 3) 


Now, if we have x4 + y‘’ =k, then we know that 
Qn)‘ =Omod16 and @n+1)' =1 mod 16 
Again, if (a) x and y are both even then, 
x4 +y4 =0mod 16 
(b) x and y are both odd then, 
x4 +y4 =2mod 16 


(c) one is even and other is odd, then 
x4 +y* =1 mod 16 


a x4 +y4=0,1,2 mod 16 
and x4 +y1 #i mod 16, 
where i=@G,4,5,..,15) 


So, the above discussion implies, if 
x4 +y* =k 


and kis of the form (16m + i) where i = 3, 4,5, ..., 15, thenx* + y* = kwill not have any integral solution. 


e.g., Suppose we are asked to find integral solutions for equation. 
x* + y* = 16003, then it will not give any integral solution because 16003 is of the form (16m + 3) 
The concept can be extended to more than two variables expression, suppose the equation is 

xf +x} +x} +x} +...4 xf = 1599 


now, we know that ; 
Qn)‘ = 0 mod 16 


and n+ 1) =1 mod 16 
14 
/2, Xi = 0,1,2...14mod 16 


but our RHS is 1599 = 15 mod 16. 
.. No integral solution can be obtained for the above equation. 


Reason 


[If all the variables are considered to be odd, then maximum remainder which can come out is “14” and if 
any of the variable is an even number then remainder will be less than 14.] 

Now, let us consider another discussion. 

If we have a+b? +c? = q2p? 

we know, (2n’ =Omod4 and (2n+1)*s1mod4 
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Case! Ifa, band call are odd then, 
a’ +b* +c? =3 mod4 
whereas a2b* = 1 mod 4. 
It will never give an equality, so the given equation has no integral solution. 
Case Il If two numbers are odd and one is even, then 
a*+b* +c? =2mod4 

whereas a*b* = 0,1 mod 4 
Again we get no integral solution. 
Case Ill If two even and one odd. 

a’? +b? +c? =1mod4 
whereas a*b? =O mod 4 
Again, no integral solution 
Case IV If all are even then 

a’ +b? +c? =0mod4 
whereas a2b* = 0 mod 4 


Now, there is a possibility to have a solution and the only possible solution is (0, 0, 0) which is the only 
trivial solution. 


Now, let us come again to the discussion of 


x*+y%=k 
we have seen, if k = 4m + 3 there is no integral solution now, if kis even then it will be either of the form 
k=4m 
or k=4m+2 
considering k=4m 


If mcan be expressed as i* + j, where i and j are non-negative integers such that 

(i) i + j, then there will be four integral solutions and 8 ordered pairs. 

(ii) if i = j or mcan be written as i* + 0°, then there will be two integral solutions and 4 ordered p 
Let us consider some examples. ; 

2.g., x*+y? =20 


airs. 


here, 20 is of the form 4(5) and 5 can be expressed as 5 = 1? + 2? which gives i = 1 and j = 2 so, it implies 
there are 4 integral solutions, which will be of the form + 2i and + 2j also we have 8 ordered pairs. 
Therefore in this case we have (2, 4) as one of the solutions and other solutions are 


(2, -4), (-2, -4), and (-2, 4) also (4, 2), (4, -2), (-4, -2) and (-4, 2) keep this thing in mind there are only 4 
integers used. 


e.g., x+y? =8 
Here, 8= 42) 
and 2= 1? + 12 


which gives i = j. 
So, it implies there are 2 integral solutions which will be of 
pairs therefore in this case we have our solutions are 

(2, 2), (-2, -2), (2, -2) and (-2, 2) 
keep this thing in mind there are only 2 integers used. 


the form 2i and 2j also we have 4 ordered 
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e.g., x?+y%=4 
Here, 4=4(1) 
and 1=17+0? 


which gives i = 1 and j =0 


So, it implies there are 2 integral solutions, which are of the form 2i and 2j also we have 4 ordered pairs. 
Therefore in this case the solutions are 


(2, 0), (-2, 0), (0, 2) and (0, -2). 


e.g-, x? +y? =24 

Here, 24=4x6 

and 6 can't be represented as i? + j* so it will nat have any integral solution. 
e.g., x? 4y? =12 

Here, 12=4x3 


and 3 again can't be expressed as i? + j? so it will also not have any integral solution. 

Now, considering k = 4m + 2 and if m can be written as (? + j* + i+ j) and if i + j, then these will be 
4 integers and 8 ordered pairs of solutions. 

And if i = j, then there will be 2 integers and 4 ordered pairs of solutions. 


e.g., x? +y? =10 
Here, 10=4(2)+2 
and 2=(1) + 0) + 0)+ ©) 


Therefore there will be four integral solutions which will be given as + 2i + 1)and + @j + 1)and in this 
case the solutions are + 3 and + 1 which will give eight ordered pairs as (3, 1), (3, -1), (-3, 1) and (-3, -1) 
also (1, 3), (1, -3), (-1, 3) and (-1, -3). 


eg., x? +y? =2 
Here, 2=4(0)+2 
and 0 = (07 + OF + 0)+ ©) 


Therefore there are only two integral solutions which will again be given as + (2i + 1) and + (2 j+1) 
and in this case the solutions are + 1 and + 1, which will give four ordered pairs as (1, 1), (1, -1), (-1, 1) and 
(-1, -1). 


e.g., x? +y?=18 

Here, 18=4(4)+2 

and 4=() +0) +()+ @) 
So i=1 andj=1 

=> i=Jj 


Therefore it will have 2 integral solutions which will be given as + (2i + 1)and + (2j + 1)and in this case 
the solutions are + 3 and + 3 which gives four ordered pairs as 


(3, 3), (3, - 3), ©3, 3) and (3, - 3) 
e.g., x2 +y?=14 
Here, 14=4@6)+2 
and 3 can't be expressed as (i? + j* + i + j)as it is always an even number and an even number can't be . 


equal to an odd number. So it implies if right hand side is (4m + 2) and mis an odd number. So the 
equation will never produce any integral solution. 


Now, we will extend this concept for an odd number in right hand side of the equation. 
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x? +y? =k 
ie., k=4m+1 
or k=4m+3 


As it has been already discussed (k = 4m + 3) will not produce any integral solutions. 

So, considering k = 4m + 1, only. 

If m=i? + j? + Jj, 

then there will be an odd integer and an even integer, if i 0 and j # 0 ori # Oand j = 0, then there are 
four integers and 8 ordered pairs which will satisfy the equation. 

So, one of the integral solution is + 2i and other is + (2j + 1) 

Now, ifi = 0, j # 0, then there are two integers and four ordered pairs which will satisfy the equations. 
So, one of the integral solution is 0 and other is + (2j + 1). 


e.g., x? +y? =21 

Here, 21=4x5+1 

But 5 cannot be written as i? + j? + j, so it will not give any integral solution. 
Exceptional case : ‘ 
If x? +y2=k 


and k is an odd and a perfect square, then perform the following test always. 
Take square root of k, which will come out to be as Vk, now subtract “1” from it we get (Jk — 1) always 
double it, so it becomes 2(vk — 1), now add “1” to it which becomes 2(/k - 1) If this value is a perfect 
square say, it is a”, then the equation will always have 6 integers and 12 ordered pairs as its solutions 
and the integers will be + a, + (/k - 1),+ Vk and.0. Always keep this thing in mind Vk is an integer. 
And if the test fails, then equation will be solved by the method discussed earlier. 
2.9., x? + y? =169 
here 169 = 4(42)+ 1, which is of the form (4m + 1)and also it is an odd perfect square so we will have to 
perform the mentioned test. 
2.9., V169 = 13 
. 13-1=12 

12x2=24 

24+1=25 
and 25 =S? 
.. we will have 4 integers in which + 5, + 12, will form 8 ordered pairs (5, 12), (5, -12), (-5, 12), (-5, -12), (12, 5), 
(12, -5), (-12, 5), (-12, -5) also there will be three + 13,0 which will form four pairs (13, 0),(-13, 0), (0, 13), 
0, -13 
3 x? +y? = 49 
here 49 = 4 x 12 + 1, which is of the form (4m + 1)and also an odd perfect, so we will again perform the 
mentioned test. 

49 =7 


7-1=6 
6x2=12 
12+1=13 
but 13 is not a perfect square therefore the solution will be checked by the earlier method. 
12 = (0/ + GF + B) 
Here, i=Oand j =3. 
so the solutions will be 0 and + 7. Also the ordered pairs will be (0, 7), (0, -7), (7, 0) and (-7, 0) 
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Concept Solving of the equation of the form xy =n. 


If we are asked to find the number of positive integral solution for xy = n, we first write n is the form 
2, 0, a3 A A P : 5 i i 
P,'-P2?.p, >. The number of positive integral solution is same as the number of divisors of n which is 
* equal to @, + 1), +°1)@, + 1)... 
Let us consider example xy = 8= 23 


Soe ; ee of 8 are 3 + 1 = 4. So there are 4 integral solution and 4 ordered pair namely (1, 8) 


Now let us consider another example xy = 72(x + y) 
we can write it as « —72)y - 72) = 722. 
Let x -72=X,y-72=722 
‘ XY =72? = 2834 
Number of solutions are 35. 
Concept The area of a A formed by pythogorean triplet with m 
integer sides is always divisible by 3. 
Area of A ABC =! BC x AB 
2 k2 +1 
1 2 
== 2x -1 
2 x k?-4 

= 3 -x) 
Let pix)=x? —x 
For x > 1 we use induction 2k 
p)= 8-2 =6, p)is true 
Let p (x) be true forn=m 

p(n) =m? - m = 3c 
pon + 1)= (m+ 1) - (m+ 1) 

=(m +1) - (m+ 1)=m' + 3m? + 2m 

=3c + m+ 3m? + 2m=3(C + m+ m?) 
.. P(m + l)is true. 


Concept The radius of the circumcircle of a A formed by pythogorean A 
triplet cannot be integer. 

The hypotenuse of the A ABC is the diameter of the circle. 

Let us consider the pythogorean triplet x? - 1, 2x,x?+1 

Here x” + 1 is hypotenuse. Since x is an even number its square is also even, 
therefore an even number plus one is an odd number. 

-. x? + Lis an odd number 


2 
. Radius of circumcircle is “eS 


Concept For any natural number x for 
x=0,1,2,...,n 
ony 1, 2x (22% - 2x > 1) 2* en - 2x +1) 
AC? =[2* Qn - 2x + 1) 
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= 22% Qaim —Ax y pam exel ys 1) Cc 
= 248 - 4x¢ 2x 4 pn-2x+1+ 2x 4 22%) 
AC? = 44 -2% 4 241 4 22%) 
AB? + BC? = [2 Q™-?* —17)}+ Q" "1 


=2°% ar -4x 2.2 -2x 4 yy QF? 


2*(220-2 + 1) +4 


= 24n-2x 2x4 gam 92_ 97.2 


+2 
n-2x B 

= 24m -2e 92x 4 4.2 _ a9” A 2X (220-2 _ 4) 

= Din -2x 4 92x 4 99% 


= 24M - 2x 4 92x 4 panel 


Example 1 Prove that there are no natural numbers, which are solutions of 15x? -7y? =9. 
Solution 15x? -9=7y? 


A5x? — 3) =7y? 
=>7y? is a multiple of 3. 
> yis a multiple of 3. 
Let y=32z 
A5x? - 3)=7 x 92? 
5x? -3=21z? 
5x? = 2127 +3 
5x? is a multiple of 3. 
> xX is a multiple of 3 
Let x =3u 
15u? =1+7z2 


15u? - 62? =1+ 2? 
1+ 27 is a multiple of 3. 
But for any z between 0 to 9,1+ zis nota multiple of 3. 
For any z, the given equation has no integral solution. 
Aliter 
Since RHS is odd, x and y must be opposite 
ie., one even and one odd. 
As 3|15 and 3)9 
3 must divide 7y?. 
Let y=3y, so 5x? -2ly? =3 
Again, since 3 divide 21 so 3 must divide 5x2, 


a X = 3x,, We get 
15x? - 7yf =1 


bi Sx? = 7y/ +1 
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Last digit of perfect square y? may be one of these values 0, 1, 4, 9, 6, 5. 
Hence, last digit of 7y? + 1 will be 1, 8 9, 4, 3, 6 respectively, 
But 15x; ends in 0 or 5, 


. 15xf = 7yj? + 1 has no solutions, 


Example 2 Show that x? + 1 3y has no solutions in integers. 


Solution — Since LHS cannot be a multiple of 3 for any x between 0 to 9. 


RHS Is always a multiple of 3. 


. x? +1=3y has no integral solutions. 


Example 3 Show that 21x? -10y? = 9 has no solution. 
Solution =. 21x? - 9 =10y? 


= 3(7x? - 3) =10y* 
=> 10y? Is a multiple of 3. 
=> y is a multiple of 3. 
Let y =3y, 
3(7x? —3)=10 x 9y? 
7x* ~3=30y? 
7x? =3+30y? => 7x? =3(1+10y?) 
> 7x? is a multiple of 3 
So, x is multiple of 3. 
Let xX =3x, 


7 x 9x? =3(1+10y?) 
21x? =1+10y? 
21x? -9y? =1+ y? 
3(7x7 - 3yf)=1+ yz 
= 1+ y? is a multiple of 3. 
But 1+ y? is not a multiple of 3. 
.. The given equation has no integral solution. 


Note Every integer mcan be written in the form x? + y? - 52, 

If m= 2n, then 

= 2n =(n - 2)? +(2n-1)? -&(n -1)* 
If m=2n+1=(n+1)* +(2n)? - 5n? 
Verification, 

7 = &3)+1=(3+1)* +(2x 3)? - §(3)* 

=16+ 36-45 

=52-45=7 
Similarly, every integer can be written in the form of 

x? + y? + 2? - Su? 
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Example 4 Prove a4 "C,, is an integer. 
+ 


Solution —_ if aand bare integers and a - b=, then cis also an integer. 
Let °C, b= OO. 1 
aco _ ane Sa ant _ ant fon 
: o-1" ain! (n+Din—-1! alall n+4 
ant | 1 = itis an integer. 
~hini nint|n+1 
ine ___(kn)yh kn! 
Cn Cn = (kn=n)in! (kn—n+1)\(n -1)! 
___(kn)! p (kn—n)in! | 
(kn — (kn =n)ini | (kn -n+1)\(n —1)! 
(kn)! 


n 
~ (kn = nyint| aon 
=I¢, | kn - n+1-n] _kn [kn -2n+1] 


kn-n+1 mT kn-n+1]° 
It is an integer. 


Example 5 if xy = 2?.34.57(x + y), find the number of integral solution. 
Solution Let N = 2?.34.57 

xy =N(x + y) 

xy =Nx + Ny 

xy —- Nx -Ny =0 

(x —N)(y -N)=N? 

(x —N)(y —N) = 24.385" 

Number of integral solution 
=(4+1)(8+1)(14+1)=5x 9x15 =675 


Example 6 Find all positive integers x, y satisfying 
1 1 
ee eee SC ee 
vx Jy J20 


Solution Suppose x, y are two positive integers such that 


then =~ vx -V0 


Implying that V5x is rational. 
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Example 7 
Solution 


Example 8 


Solution 


45 


Now x eN => V/5x €N. Hence 5xis the square of an integer which is divisible by 5. 
.. 5x =(5a)* for some a € Ni.e., x = 5a? similarly y = 5b? for some b € N. 
Now, Eq. (i) becomes 
i 4i=5 => Aa+b)=ab 
(a-2)(b-2)=4 
> (a, b) € (3, 6), (4, 4), (6, 3)}. 
& Solution set is {(45, 180), (80, 80), (180, 45)). 


Find the number of solutions in positive integers of the equation 3x + 5y = 1008. 


Let x, y e Nsuch that 3x + 5y =1008 then 3| 5y => 3ly = y = 3k for some k EN 


Now, 3x + 15k =1008 
=> xX + 5k = 336 
=> 5k < 335 
> k <67 


Thus, any solution pair is given by (x, y) =(336 — 5k, 3k) where 1<k < 67. 
.. Number of solutions is 67. 


Prove that there do not exist positive integrs x, y, Z satisfying 
2xz = y? and x + z= 997. 


ly? = 4|2xz = 2|x or z= 2|xandz [- 2|(x + z)] 
Let. X = 2x; y = 2y, and z = 2z, 
Then x42; =y? and x, + Z,=997 


Again y, and one of x,, Z;, Say X;, are even writing x, = 2x, and y, = 2y. 

We have X22, = y3 and 2x, + Z, = 997 

Since, 997 is a prime, x. and z, are relatively prime. 

.. Each is a square since their product is square. 

Since any square is of the form 8n, 8n + 1or 8n + 4, 2x, =0 or 2(mod 8) and z, =1 
(mod 8) (:." Z; is odd). 

Hence 2x + Z, =10r 3(mod 8). 

Acontradiction as 997 = 5 (mod 8). 


Example 9 Show that the equation 3x'° — y'® =1991 has no integral solution. 


Solution 


Suppose the existence of x, y e Z such that 3x" - y'® =1991. Note that 11|1991. 
:. Neither x nor y is divisible by 11 for otherwise 11 would divide both . 
> 11°13x1 — y =11'°1991 
an impossibility. 
Hence x and y are prime to 11. 
x! = y'° =1(mod 11) 
1991 = 3x"? - y'° = 3-1=2a contradiction. 
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Example 10 Find all integral solutions of 
x4 + y4+ 24 -t* =1991 
Solution —_Let nbe any integer ; when itis oddn* -1=(n -1)(n + 1)(n? + 1)is divisible by 16 as 


n-1,n +1,n? + 1are all even andn -1,n + 1being consecutive even integers one of 
them is divisible by 4. When nis even n‘ = 0 (mod-16). 


Thus, n* =O or 1, Now for any x, y,z,t,€Z 
x44 y4424-t sa 
where a € {-1, 0,1, 2, 3}, since 1991 =7 
x4 + y4+ 24-14 #1991 


Example 11 Forn eN, /et s(n) denote the number of ordered pairs (x, y) of positive integers for 


which ~ + = us Determine the set of positive integers n for which s(n)=5. 
n 
es ee 
Solution —+-—=-sx,y>n 
x yon 


“ X=n+aandn+b,a,beNn. 


1 1 1 
Now, + =— 
n+a n+bon 
=> (n+b+n+a)n=(n+a)(n+b) 
=> n® =ab 


.. s(n) is the number of divisors, of n? 
Let n = ps"... px” be prime factorization of n where a, 2... 2 On. 
Then s(n) =(1+ 20)... (1+ 2a) 


as sn)=5 
=> 1+ 2a,=5 
and m=1 

n=p? 


Required set is {p? : pis prime}. 


Example 12 Me + ; = : ia, b,c are positive integers with no common factors. Prove that(a + b) is a 


square. 


_atb 1 

By the hypothesis ——— = — 

Solution y yp aos 
ie., (a+ b)c=ab 


Let p be any prime which divides (a + b); then p divides one of a, b and therefore 
both. 


Since gcd(a, b,c) =1; p does not divide c. 
. for anyk EN, plac p*|b 


Hence the maximum power of p which divides a + bis the square of the maximum 
power of p which divides a. 


*. 4+ bis a square. 
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3n-5 
n+4 


Solution Since, = a ae is ae gee integer. 
n+1 n+1 
8 


e {t1,42,+4,4 8} 


is also an integer. 


Example 13 Find all integers n such that 


+1 


and 3- 6 is a Square. 
n+1 


Consequently a. =-1or 2; 
n+1 
ie., n=-9or3 


Example 14 Find the number of pairs of integers (a, b) such that 
a® + ab + ab* +b? +1= 2002. 


Solution a® + a*b + ab* + b® 

=(a + b)(a? + b?) = 2001 
=3x 23x 29 

a + bis therefore one of the three numbers 3, 23, or 29. 

Ifa+b=3, thena=1,b=2 

(or a = 2,b=1) so that a® + b® =5. 

But in this case a? + b* = 23 x 29 

a+ Dis not 3. 

If a+ b= 23, then a? + b? = 87 

so that both a and bwill be less than 10 and a + b< 20, acontradiction. 

Ifa + b=29, then a? + b® = 69s0 that both a and bwill be less than 10 and 

a+ b<20,acontradication. 

Thus, the number of pairs (a, b) satisfying the given condition is zero. 
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Additional Solved Examples 


Example 1. How many zeros does 100, ends with ? 
Solution If e is the maximum power of 5 in 100!, then 


e= 5 | 100!]_[100] , [100], [100] _ 494 44 0=24 
‘=i 5! 5 SF 53 
Hence, 100! ends with 24 zeros. 


Example 2. If n! has exactly 20 zeros at the end, find n. How many such n are there ? 
Solution Let e be the maximum power of 5 in n! then 


en 3 [Ble 5 (2)22% = 
i=1[5)] r=1\si) Siaigf-! 


Here e¢ is given to be 20. 


: n> 80 for 80,e =19 
-. 85 is the required answer. 


86, 87, 88, 89 are also valid values of n.-If solution exist for this type of problem there will be 
5 solutions. 


Example 3. Find number of zeros at the end of 6" - 1)! 


Note First student should remember [x + k] = x 
[x -k]=x-10sk <1. 


Solution We will find highest power of 5 in 6" - 1)! 
| 
e= xr | —— 
i=l] 5! 
ai + st = + o” 1 +..+ Ss" =1 
5 52 53 srl 
Pa n-1_1 n-2_ 1 n-3_ 1 1 
-|s z|+[s z|*[5 alt ~+[5- a4] 


=(S"-! —1)4 (5"-? -1)4 (5"-3 -1)4.. 4 (5-1) fe fk -hJ=x-1l 
=(5°-! 4 §*-? 4... 5)-—@-1) 


Bite? | ae 
ies 7 Ta n-1) 
_ (S" - 4" -1) 

4 


n n 
Total number of zeros = oe 
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Example 4. Find highest power of 15 in 1001. 
Solution Here, 15 =3 x 5 we first find highest power of 3. 
E,(100!) = 48 (.. E, means exponent of 3.) 
and E, (100!) = 24 
. E,5 (100!) = min (24,48) = 24 


Example 5. Find the exponent of 6 in 33!. 
Solution Here, 6=2x3 
E, 83 !) = 31 
E, B3!))=15 
E,83!)= min 61, 15)=15 


Example 6. Prove that 33! is divisible by 2). 
Solution We first find highest power of 2 in 33! 
[2]. + wat [32 ]-16 + 8+ 4+2+1=31 
2 2? 2 
Hence, exponent of 2 in 33! is 31. 
ie, 33! is divisible by 231. 
But 2?! is also divisible by 2!5. 
o 33! is divisible by 2!5, 


Exmaple 7. Let N =2"-!@" - 1) and Q" -1)is a prime number. 


1<d,<d)<...<d,=N are divisor of N. Show thati++414..4, 1-2 
ad, a, d, 
Solution Let 2" -1=q 
.. Divisor of N are 
12,27, 1:2" ~ 1, g, 29, 2%q,...,2" 2g 


Let Sede sate. 


= 4(2" -1)+ (2" -1)_ (2" -1q+1) 


q2" -I qo" ~1 


«fe = 02) oat 
(2 Hygrt pT 
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Example 8. Show thatn = 2” -1(2™ - 1)is a perfect number, if(2™ - 1)is a prime number. 


Solution As we know by the definition of perfect numbers that if the sum of the divisors of a number n, 
other than itself, is equal to n, then nis called a perfect number. 
Let n=2"-!xp where p=2"-1 is prime number. Divisors of 2” Ayep are L222 as, 
2” -), p, 2p, 2?p,...,2 ~ 2p, 2m - 1p, 
Now, we should sum all these divisors excepting the last one, i.e., 2” ~ 'p 
Su + 2427 4....42"-1)4 pl 42427 +... +2" 7-4) 


= 12" -1), pL (2"""-I_ om 1 4 pem-1_1) 


2-1 2-1 
=2™ + p2™-! —-p-1=2"-1(2+ p)- (p+ 1) 
=2"-M(1+2")-2" - [-p=2" -1] 


=2m -l(gm -l=n 


Example 9. Prove that product of four consecutive positive integers increased by 1 is a perfect square. 
Solution Let the consecutive positive integers be 
n,n+1,n+2,andn + 3. 
Consider the expression, N =n(n+ 1)n+ 2)n+ 3)+ 1=(n? + 3n)i? + 3n + 2)4+1 
= (n? + 3n) + 2(n? + 3n)+ 1=[(n? + 3n)+ 1f =n? + 3n + 1 


Example 10. Three consecutive positive integers raised to the first, second and third powers respectively, 
when added make a perfect square, the square root of which is equal to the sum of three consecutive 
integers, find these integers. 


Solution Let (1-1), n,n+ 1 be the three consecutive integers. 


Then, (n-1) +n? + (n+ 1) = Gn}? = 9n? 

a n-14+n?4+7P + 3n? + 3n+1=9n? 

=> nm -5n?+4n=0 > nn-1)m-4)=0 
=> n=Oorn=lorn=4 


But n=0 and n=1 will make the consecutive integers -1, 0, 1 and 0, 1, 2 which contradicts the 
hypothesis that the consecutive integers are all greater than zero. 


Hence n = 4, corresponding to which the consecutive integers are 3, 4 and S. 


Example 11. Determine the sum of all the divisors d of 19°* -1 which are of the form d =27:3° 
with a, b > 0. 


Solution 19° -1=( + 18) -1=( -20)* -1 
In the binomial expansion of (1 + .18)*, first term is 1 and second term is 18 all other terms are divisible 
by 18. ; 
-. Maximum power of 3 divides (1 + 18)** - 1 is 3”. In the expansion of (1 - 20), first term is 1 and 
second term is - 20.88 = - 2°.55 and third term is 20? x S887 = 2657.11.87 and therefore (1.20)* - 1 
divisible by 2°. Hence maximum power of 2 which divides (1 - 20)88 — 1 is 25. 
Hence the sum of factors of 19°* - 1 which are of the form a," - 3” where a, b> Ois 

Q+ 27+ 23+ 24 +258 4 32)= 744 
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Example 12. Determine with proof all the arithmetic progression with integer terms, with the property 
that for each positive integer n, the sum of first n terms is a perfect square. 


Solution When n = 1, the first term itself is a perfect square. Which is k2(say) 
The sum to n terms of the AP is S,, =F la+ (n - 1)d), where a=k 


Since, S, is a perfect square for every n the nth term 2a + (n - 1)d > 0 for every n and hence d > 0. 
If nis an odd prime, say p, then S, =F Ra + (p-1)d). 


Since, S, is a perfect square p|[2a + (p - 1)d]ie., p|[@a - d)+ pd] 
But p| pd, so p| a — d) This is possible for all prime p, if and only if, 2a - d = 0 or 2a=d ie.,d = 2k’. 
So, the required AP is 


k?, 3k?, Sk’, ..., @n—1)k? 
kis any natural number. 


Example 13. Show that 13 divides 2” + 37°. 


Solution We can write 2” + 3” as 4°> + 9° and 35 is odd. Nowa” + b" is divisible by a + bwhen nis odd. 
©. It follows 4°° + 9°5 is divisible by 13. 


Example 14. Determine all positive integer n for which2" + 1 is divisible by 3. 
Solution 2" + 1 is divisible by 3. 


=> G -1)' + Lis divisible by 3. 
=> (-1)' + Lis divisible by 3. 
= nis odd. 


~. Set of all odd natural number in the set of all those positive integer for which 2” + 1 is divisible by 3. 


Example 15. Prove that for every positive integer 1" + 8' — 3" - 6" is divisible by 10. 
Solution Since, 10 is the product of two prime 2 and S. It is sufficient to show that 


given expression is 
divisible by both 2 and 5. ; 
So we use the fact a” - b” is always divisible by a—b, when n is an integer. 
Let A=1" + 8 -3"-6" or A=(8' -3")-(6"-1") 


We find that 8" - 3” and 6” - 1” is divisible by (8 - 3)= (6-1)=5 
Again writing A = (8" - 6")- G" - 1") is divisible by 2 
.. Ais divisible by 10. 


Example 16. Show that1!% + 2'%7 + _.. + 1996!9%” is divisible by 1997. 


Solution We shall make groups of the terms 
1'97 + 19961997) + 1997 4 19951997) 4... +(9981997 4 9gQ!997) 
Here each bracket is of the form a” *! + b2"*!. It is divisible by (@, + b) 


But a, + b, = 1997 for all i 
-, Each bracket and hence their sum is divisible by 1997. 
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Example 17. Find the remainder of 2! when divided by 3. 
Solution We use the concept of congruent modulo. 


2=2 mod 3. 
a=amodm 
Raising the power to 5 
| 25 =32 mod 3 
or 32 =2 mod 3 ..2 is the remainder when 32 is divided by 3. 
=> 2° =2 mod 3 
Raising the power to 4. 
27° = 16 mod 3 
or 16 =1 and 3 ..1 is the remainder when 16 is divided by 3. 
=> 270 = 1 mod 23 
Raising the power to 5. 
210 = mod 3 


.. 1 is the remainder when 2) is divided by 3. 


Example 18. Find the remainder when 2'© + 31 4 410 4 510 is divided by 7. 


Solution 210 — 2 mod 7 


310 — 4 mod 7, mod m 
4!0 = 4mod7, 


5100 = 2 mod 7, 


a a=bmodm 
2100 , 3100 , 4100 , 51% 12 mod 7 c=dmodm 


a+c=b+dmodm 
But 12 =5 mod 7 


2100 5 3100 5 4100 5 5100-5 mod 7 
.. Remainder is 5. 


Example 19. Find remainder when 1! + 2!+ 3!+ ...+ 100! is divided by 24 
Solution 


4! = Omod 24 [- 4!=4x3x2xl1] 
5!=0 mod 24 =24 
100! = 0 mod 24 
41+ 5!+...+ 100!=0mod 24 
Now, 


1!+ 2!+3!=9 mod 24 


1!+ 2!+ 31+ 414 5!4...+4100!=9 mod 24 
.. 9 is the remainder when 


11+ 2!+3!+...+ 100! is divided by 24, 
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Example 20. Show that 6" =6 mod 10 VneN 
Solution Let P(n): 6" = 6mod 10 
P(l): 6= 6 mod 10 


Let us assume P(n)is true for n =k 
6* = 6 mod 10 


6* -6=10m for some me Z 
we 6* = 10m + 6 
Now, consider 6** ! — 6 = 6* . 6 - 6 = 610m + 6)- 6 = 60m + 30 or 10(6m + 3) 
Thus, 10 divides 6**! - 6 
6**+! = 6 mod 10 


Example 21. What is the remainder when 
1 +25 +354 ...4 99° + 100° is divided by 4 ? 


Solution We observe Qn) =0 mod 4: 


and Qn -1) =@n-1)mod 4 
Now = F eres E @r-1F 
r=] r=l r=l 


100 50 
ry P=O0+ LF Cr-1)(mod 4) 
r=l1 r=1 
=50* mod 4 = 0mod 4 [: e Qr-1)=n!| 
T= 


.. Remainder is 0. 


Example 22. Find the remainder when 2222) is divided by 7. 


Solution 2222 =3 mod7 : 
(2222) = 27 mod 7 
and 27 =-1mod7 


(2222) =-1mod 7 
(22229553 = (-1)'85! mod 7 
(2222P553 = - 1 mod’7 

(2222? = 9 mod 7 
(2222P555 = - 9mod 7 -9=5 mod 7 
22227555 = 5 mod 7 


Example 23. Show that, if the sum the square of two whole numbers is divisible by 3, then each of them is 
divisible by 3. 
Solution Let x and y be any two integers. 

x = 0mod 3 

x =1 mod 3 

x =2mod 3 
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x* =0mod 3 
x* =1 mod 3 
x =2mod 3 
x? = 4mod 3 
x? =] mod 3 
x =l1mod3 
x? =1 mod 3 


y* = 0mod 3 
y* =1 mod 3 
x? + y* =0mod 3 
x? + y*=1+1=2mod 3 


x? + y? =1mod 3 
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--(i) 
..-(ii) 
. (iii) 


In Eqs. (ii) and (iii), x? + y? is not a multiple of 3. In Eq. (i) x? + y? is multiplying of 3. But Eq. (i) is the 
result of adding x* = 0 (mod 3) and y* = 0 (mod 3) implying both x? and y? and hence both are divisible 


by 3. 


Example 24. Find the last digit of 43)’. 
Solution For finding last digit always use congruence with 10. 
43 =3 mod 10 
(43)? =3!? mod 10 
ie., last digit of (43)” is same as 3!” 
Now, 34 = 81=1mod10 
3!7 =34*4+l=-]x1x1x1x3mod 10 
3!? =3 mod 10 
.. Number in unit place is 3. 


Example 25. Find the last two digit of 3'°°”’. 
Solution This is same as asking what is remainder when 3'®*” +100 
34 = 81 mod 100 
38 = 61 mod 100 
3!* = 41 mod 100 
3/6 = 21 mod 100 


32° = 1 mod 100 
Now, 34, 3™, 38, 31, ...,3/98° all are = 1 mod 100 
We know, 316 = 21 mod (100) 


3)? =21 x3 mod 100 
3!” = 63 mod 100 
31997 = 31980 x 317 


3!980 = 1 mod 100 
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and 3” © 63 mod 100 
“ 3! = 63 mod 100 
“ Last two digit'ls 63, 


Example 26. Find the unit digit and ten's digit of 11+ 214 314 414 .. 4 19971 


Solution Let S = 1l+2!4+ 31+ 4l4...+ 19971 
From 5! all the numbers will have unit digit 0 and also 11+ 21+ 31+ 41« 33 
“ Unit digit of S is 3 
Now, from 10! all the unit and ten's digit will be zero and also 
T]+ 21+ 3!+ 4+ 51+ Gl+ 71+ 81+ 9133 + 120+ 720 + 5040 + 40320 + 362880 
So, to get the ten's digit of $ add only the tens digit of 33 + 120 + ... + 362880 which is 
3424244424 8221 
« Tens digit is 1. 


Example 27. Find last two digit of'(1! + 21+ 3! + ...+ 100!" 


Solution We know that, 
11+ 21+ 314... + 100!@13 mod 100 


> (11+ 2!+ 31+... + 1001)? = 169 mod 100 
=> 169 = 69 mod 100 
=> (11+ 2] + 31+..+ 1001)? = 69 mod 100 


.. Last two digit is 69. 


Example 28. Find the remainder when P = 1' + 2? + 3° + 44 + ... + 50° is divided by 8. 


Solution All odd number are going to be of the type 4n + 1. 
Now, (4n+ 1)? = 16n? + 8n+1 
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Thus, any even power of 4n + 1 will leave remainder 1. Thus, odd power of 4n + 1 will leave remainder 


4n+1 ie. 1, 3,5, 7 when we reduce the remainder less than 8. 


Now in this problem all terms with odd base will leave remainder 1,3, 5, 7, ... and so on. There will be 6 


sets of (1, 3, 5, 7) as remainder and one extra 1 as remainder from 49*”, 


Since in the expression all the terms are added we will have the sets of (1 + 3 + 5 + 7)leaving zero as the 


remainder, Thus, the remainder from all terms with odd base is.1. 


Terms with even base 2? will leave remainder 4 and all terms from 4¢ will be fully divisible by 8 as they 


would be multiple of 2°. 
Thus, net remainder is, 1+ 4=5. 


Example 29. Show that (1! + 2! + 3!+ 41) is of the form5k + 3. 
Solution We know if pis prime, then 


(a+b+c)? =a? +b? +c’ + mp) [Fermat theorem] 


5 (t+ 2!+3!+ 4) => + 25+ BY) + 4)5 + mG) 
Now Db wl mod 5 

2!)5 =2mod 5 

GB!) m1 mod 5 
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(4! =4mod 5 

a! + Q!) + GIP + GIP = 8mod 5 

sa QP + QI + GIP + 4! =3 mod 5 

(1! + 2!+ 3!+ 4!P =3 mod 5 
(1! + 2!+3!+ 4!) is of the form 5k + 3 


: 100 
Eixample 30. Prove that ¥n! is divisible by 1001 but not by 1000. 


n=14 
Solution 1001=7.11-13 


100 
. Every term of > nlis divisible by 1001 
n=14 


) | 14 
The highest power of 5 which divides the first term is 5 (: [Z]+ E a+ -=2] 


. 1000 does not divide 14 ! but every other term divisible by 1000. 


100 
Y n!is not divisible by 1000. 
n=14 


Example 31. (1+ 10!)0 + 0!)*). + @0!?)... @ + @0!}™)}™ is divided by 10!. what is the remainder? 


Solution (1+ x)" =1 mod x 
(+ x?)" =1 mod x? 


a +x*)" =1 mod x* 


o [(. +x) +x”)... + x*)]" =1 modx 
Where x is HCF of x, x2,...,x*. 
If we put x = 10!, then [0 + 1090 + 0!")d + @O!F)... @ + 001!) = 1 mod Go} 
Therefore, 1 is the remainder. 


Example 32. Let n = 640640640643, without actually computing n°. Prove that n® 
when divided by 8. 


Solution Since, 640640640000 is a multiple of 8 643 = 3 (mod 8) 


n= 8k + 3 for some positive integer k. 
n? = 64k? + 48k+ 9=1+ a multiple of 8. 


leave a remainder 1 


Example 33. Prove that n'® - 1 is divisible by 17, if (n,17)=1. 
Solution (n,17)=1 and 17 is a prime number . 
:. By Fermat theorem n!’ -! = 1 mod 17 
[If pis prime and (a, p)= 1, then a”~' = 1 mod pj or n'® =1 mod 17. 
or 17| (1° - 1)i.e., (n'® — 1)is divisible by 17. 
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Example 34. If aand bare coprime to the prime number p, then show that a’~! - b’-! = M(p) 
Solution «- @,p)=1 and pis prime. 
By Fermat theorem, a’~! = 1 mod p wl) 
Similarly b’-' =1 mod p (iil) 
Subtracting congruence (i) and (ii) 
a’-!_bP-1 sQmod p 
p divides a? =! - pP-} 
a’-! _ pP- is a multiple of p. 


Example 35. If p is a prime number, show that the difference of the pth powers of any two numbers 
exceeds the difference of the numbers by a multiple of p. 


Solution Let x, y be two numbers 
Difference of the pth powers of these numbers 
‘ ee - 
Difference of these number = x - y 
We have to show that (x? — y”)- (&« — y)is a multiple of p. 


ie, x? —y? = (x —y)mod p. 
-- pis a prime. 
x? =x mod p ..-(i) 
y” =y mod p (ii) 


Subtracting Eq. (ii) from Eq. (i), we get 
x? —y? =(&x - y)mod p 


Example 36. Show thatn’ =n mod 42. 


Solution a’ =amodp,n’ =nmod7 (7 is prime number] 
ie., n’ —n is divisible by 7 _@ 
Again, n’ -n=n(n® -1) 

=n¢r - 1)? + 1) 


=n - 1)? + n+ 1) + 1m? - n+ 1) 
=(n- Inn + 1)? + n+ 1)? - n+ 1) 
Now, (1 — 1)1(1 + 1) being the product of three consecutive integers is divisible by 3! = 6 and hence 


n’ —n=(n—1)n(n +1)(n? + +1)(n? — n+ 1) is divisible by 6 (ii) 
From Eqs. (i) and (ii), n’ - nis divisible by 42 6 x 7) 
and (6,7)=1 


{We know that if alc, bic and (a, b) = 1, then abi 
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Example 37. Show that 4th power of every number is of the form Sk or Sk + 1 where k is any positive 
integer. 


Solution Let a be any number. 
’ 5 is prime and a is any number 
-. either @,5)=1 or Sla 
Casel @,5)=1 
By Fermat theorem, a* = 1 mod 5 
Slat -1 

° a‘ -1=5k ora* =5k+1 

Case ll S/a 
e Slat 


“. Jan integer k such that a* = 5k 
Hence the result. 


Example 38. if m is a prime number and a, b are two numbers less than m, prove that 
a™-2 4 Q™-3bh4 gm -4p24 4 pr -2 
is a multiple of m. 
Solution -: mis prime and a, b are two numbers both less than m. 
(a,m)=1 and @,m)=1 


[. A prime number is coprime to every number less than it] 
.. By Fermat theorem, 


a™-l =) modm 


ell) 
b"™-1=1modm 


...(ii) 
Subtracting Eq. (ii) from Eq. (i), we get 


a™-1_pb™-1=2Qmodm 


a m|(a™-* —b™-1) 
or m|@-b)la"~?+a"-3b+a™-4h? 4.4 pm -2) 
But (m,a-b)=1 


[-a<m,b<m=>a-b<mand mis prime] 
-. By Gauss Theorem 


m|[a" ~2 + a™ ~3b+ 1+ b"-2] [: lf a| be and (a, b)= 1; then alc] 
se @™ ~24a™-3b+ 4 b™~2) 
is a multiple of m 


Example 39. If p is prime, prove that a”(p - 1)! + a is divisible by p. 
Solution -. pis prime 


By Wilson Theorem, (p-1)!=-1 mod p i) 
Again, «. pis prime 
Now a’ =a mod p (i) 


Multiplying Eqs. (i) and (ti) 
a’(p-1)!=-amod p 
= a?(y-1)!+ ais divisible by p. 
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Example 40. If p is a prime number, show that 
1P-1 4 2P-1 4 3P-1 4+ (p—1)?-!+1=0 mod p. 
Solution -: pis a prime number and 1, 2, 3, ...... , are all less than p. 
Ql, p)=1;(2, p)=13(3, p)=1;5...(p-1, p=] 
[A prime number is coprime to every number less than it] 
.. Putting a = 1,2,3,...(p—1)in Fermat theorem 
a’-'=1modp 
1’-!=1modp 
2°-1=1 mod p 
3?-1 =] modp 


(p-1)?-! =1modp 
Adding up all these (p — 1) congruence, we get 
1P-1 4 2P-1 4 (yp-1P-! + ..4 =(p-1)mod p 


Also 0 = pmod p 
Subtracting these congruence 
VP-1 4 2P-1 4 Pm1 4 + (p—1)?-! w—1 mod p 
or 1P-1 4 2P-1 4 3P-1 + + (p—1)?-! +150 mod p 


Example 41. Show that no square number is of the form3n-1. 


Solution Let us suppose if possible N* = 3n - 1, N* represents any square number. 


Then, N?+1=3n 
ie., N? +1 is divisible by 3. 
But N24+1=(N2-1)+2 


Now N? - lis divisible by 3 when Nis prime to 3 (Fermat theorem) 

Thus, N? + 1exceeds a multiple of 3 by 2 and as such N’must be of the form 3n + lif Nis not prime to 3 
:. It must be of the form n? = 3n 

Thus, no square number is of the form 3n - 1. 


Example 42. Prove that every even power of every odd number is of the form 8r + 1. 
Solution Any odd number is of the form 2p + 1 and every even number is of the form 2n 
(2p + 1)" =[(2p + 1)*]" = (4p? + 4p +1)" 
=[4p (p+ 1)+1)]" + (i) 
Since p(p + 1)is always even. 
“. pP(p + 1)is always even 


Also, p(p + 1)is of the form 2k. 
.. A becomes (8k + 1)". 


Now, (8k + 1)' is always of the form 8k + 1. 
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Example 43. If m and n are positive integer. If ¢nn - 1) is divided by n, then remainder is always n - 1. 
Solution We can write mn-1=n¢n-1)+n-1 
.. Remainder is always n - 1 
Example 44. Prove that p! and (p - 1)!- 1 are relatively prime if p is an odd prime. 
Solution Let (p!,(p-1)!- l)=d 


d|p!andd|(p-1)!-1 
- There exist integers k and k such that 


p!=kd or p(p-1)!=kd ...i) 
and (p-1)!-1=Kd 
or (p-l)!=Kd+1 ..-(ii) 


Putting the value of (p — 1)! from Eq. (ii) in Eq. (i) 
pk’ d+1)=kd or pk'd+p=kd 


or dk -pk’)=p 
: d\|p 
é _d=lord=p [. pis a prime number.] 
i DoeeeRe: letd=p 

d\|(p-1)!-1l=>p\|(p-1)!-1 (iii) 
But by Wilson theorem (p - 1)!+ 1 =O mod p 
ie, P\(p-1)!+1 ...(iv) 


From Eqs. (iv) and (iii) 
Pi(p-1)!+1-(p-1)!+1 
Le., p[2 which is impossible. (. p is an odd prime and hence > 3) 
x d=1 
Le., (p!,(p-V)!-1=1 
ie., p'and (p — 1)!- 1 are relatively prime. 


Example 45. Find the number of positive integers n< 1991 such that 6 is a factor of n? + 3n + 2. 


Solution n? + 3n+2=0(mod 6) 
© (n+ 1)4n + 2)=0 mod 2 
and (n+ 1) + 2)=0 mod 3 
© (n+ 1) + 2)= 0 mod 3 


Note : (7 + 1)(1 + 2)is even for all n<=>3]|n 
-. Required number = 199) - -[e]- 1991 - 663 = 1328 


Example 46. Let a, b be odd integers and na natural number. Prove thata - b is divisible by2" ifand only 
ifa’ - b’ is divisible by 2". 
Solution a’ -b = (a - b)a* + ab + b®)= (a - b)fa - by + 3ab); 


Since a, b are odd integers therefore 3ab is an odd integer. Also a-b is an even integer and 
consequently (a - b) + 3ab is an odd integer. 


.. a ~b’ is divisible by 2” if and only if a - bis divisible by 2", 
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Example 47. Let a,b be odd integers. If 4 does not divide a — b, then prove that 4 cannot divide @a-b. 
Solution Suppose that 4 does not divide a — b. 
Now, @ -b =(a-b)@a@’ + ab + b*) 
= (a - b)[@ - by + 3ab] ---(i) 
Since, a and b are both odd, 3ab is odd. 
Also, a — b being even, (a — by} is a multiple of 4 @- bY + 3abis odd . 
Since, (a — b) is not a multiple of 4, it follows from Eq. (i) that a’ — b° is not a multiple of 4. 


Example 48. Prove that the sumof first n natural numbers (n 2 3) is never a prime. 


Solution Sum of first n natural number is 5 n(n + 1), which is obviously a composite number. 


(if nis even, it can be facterized as (5 ie 1); if n is odd, it can be factorized as n — stn + 1), which 


cannot be zero). 


Example 49. Consider any 3 consecutive natural numbers the smallest of which is greater than 3. Then 
prove that the square of the largest carmot be the sum of the squares of the other two. 


Solution Let n,n+ 1, + 2be three consecutive natural numbers with n> 3 
(n+ 2¥ —[n? + 4+ 17 )=3 + 2n—n? =- (n+ 1-3) 
Which cannot be zero since n> 3. 


Example 50. Prove that every natural numbern > 12 is a sum of two composite numbers. 

Solution If nis odd, write n = (n- 9)+ 9 
Since nis odd, ..n — 9 is even. 
Also n> 12 => n-923, so that n- 9 is an even number greater than 2 and consequently n- 9 is a 
composite number. Also 9 is a composite number. Thus, n is sum of two composite numbers. If n is 
even, n=(n- 4)+ 4 
Since n>12, n-4 are both composite even numbers. Thus, n is the sum of two composite even 
numbers. 


Example 51. Prove that n* + 4 is a composite number for each natural number n is greater than 1. 
Solution n4 + 4=(n* + 4n? + 4)- 4n? 
=(n? + 2% - Qn)? 
=(n? + 2 + 2n)(n? + 2 - 2n) 
Showing that n* + 4is a composite number. 


Example 52. Prove thatn* + 4” isa composite number for all integer values ofn > 1. 
Solution If nis even, n* + 4” is divisible by 4 

.. It is composite number 

If nis odd, suppose n = 2p + 1, where pis positive integer 

Then, ni+ 4" =n? + 44° =n*+ 40") 

which is of the form n* + 4b*, where b is a positive integer (= 2”) 


62 Indian National Mathematics Olympiad 


n* + 4b4 =(n* + 4b? + 4b*)- 4b? 
= (n? - 2b’? - @by 
= (n? + 2b + 2b*)n? - 2b + 2b’) 
We find that n* + 4b4 is a composite number consequently n‘ + 4” 1s composite when n Is odd. 
Hence, n* + 4” is composite for all integer values of n> 1. 


Example 53. Prove that there is an infinitely of numbers m with the property thatn* + m is composite for 
every natural number n. 


Solution If m = 4k‘, where k is any natural number whatever, then n* + m=n‘ + 4k‘ 
=n‘ + 2.n?Q@k*)+ 2k? - @nk)? 
= (n? + 2k?)? - @nk? 
= (n? + 2k? + 2nk)n? + 2k? - 2nk) 
Showing that n* + m is a perfect square. 


Example 54. Find the sum of all integers n that satisfy the properties 
(a) 1<ns 1994 (b) 30 divides rn’ + 15n? + 50n 


Solution Let P- n(n’ + 15n + 590) 
=n? + 3n+ 2+ a multiple of 6) 


=n(n + 1) + 2)+ a multiple of 6 
Since the product of any three consecutive natural numbers is divisible by 6, it follows that P is a 


multiple of 6. Also Pis a multiple of 5 iff rr’ is a multiple of 5, which is true iff nis a multiple of 5 (as 5 is 
prime). Thus, we find that Pis a multiple of 30 iff Pis a multiple of 5. 


We have to find the sum of all multiple of 5 not exceeding 1995. 
There are 398 such numbers, namely 


5, 10, 16, ... , 1990 
Sum of all these numbers is 228 as @5 + 3975)= =e = 397005 


Example 55. Show that, if the difference of two consecutive cubes is a square, then it is the square of the 
sum of two successive squares. 


Solution Suppose ae Z such that 


@=(n+1P-nh 
Then, a? =3n(n+1)+1 aA) 
Now, 4a? -1=12nn + 1)+ 3 =3(4n? + 4n+ 1) 
= Qa -1)@a + 1)=3@n+ 1) 


3l2a-lor2a+1 
If 3\2a - 1, then 2a - 1 = 3m for some me Z, then 


3m@a + 1)=3@n+ 1) 
> nQa+1)=@n+ 1) 
Since, m and 2a + 1 are relatively prime, 
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I Qa + 1,2a-1)=1} 2a+ 1 is an odd square, say @r + 1)*. Then a = 2r? + 2r is even, a contradiction 
because by Eq. (i), a? is odd. 


x 3\2a+1. 
Now proceeding as above we see that 2a-1=(r+ 1° for some re Z 
ie, a=r?+(+1) 


Example 56. Show that the sum of any two consecutive odd primes is the product of at least three primes 
which need not be distinct. 


Solution Let p, and p, are two consecutive odd primes, since p, + P2 is even, , (, + p.)e Z. Further 


5 (, + P2)being in between the consecutive primes p, and p, is a composite number. 


DP, + pp =2 Aare has at least three prime factors. 


Example 57. Prove that if p and 8p - 1 are prime numbers then 8p + 1 is a compsite number. 
Solution When p =3, 8p + 1 = 25, a composite number otherwise 3| (8p — 1) &p. 


> 3|8p+1 (- 31 (8p — 1)8p(&p + 1)) 
Hence, 8p + lis not prime. 


Example 58. Let p(x)=x*'+ 40. Show that for any two integers a, b either p(a)+ p@&) or p(@)- p@) is 
composite. , 
Solution Since, p(x) =p (-x) for any real x, we can assume that a and b are non negative and also that 
a> b. Since, p (a) - pb) = @ - bla + b)if a- b> 1, then p(@)- p)is composite. So, assume a - b = 1. 
Now, p@)-pb)=6+1)+ b=2b+1 
and pa)+ pb)= 0+ 1% + 404 b? + 40 
= 2b* + 2b+ 81=2b®+1)+ 81 


If 3|b® + 1) then pia)+ p&b)is composite otherwise 3|b — 1 and hence 3|2@ - 1)+ 3 
ie, 3|pla)- pb) 
. p(a)- p&)is composite if b + 1; when b =1 

p(a)+ p&) = 85 and so it is composite. 


Example 59. Find the smallest integer> 1 which is simultaneously a square, a cube, a fourth power and a 
fifth power (of certain integers). 
Solution If a positive integer N >1 is to be simultaneously a square a cube, a fourth power and a fifth 


power (of certain integers) it must be a kth power of some integer where k = LCM of 2, 3, 4, 5 = 60. If Nis to 
be the smallest such integer, then N must be 2. 


Example 60. Prove that ten's digit of any power of 3 is even. 
Solution For any ne N, let 

3if n=1mod4 
9if n=2 mod 4 
7if n=3 mod 4 
lifn=4mod4 


Vpn = 
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Note that 3u, =u, ,; mod 20 
Since, 20|(3 - u,) and for any ne N 
2016" - u,) => 2016" *? - 3u,) 
= 2018" *? ~ uy.) 
It follows by induction, 20/3” — u,, for all ne N. Hence, ten's digit of 3” is even. 
(Note that unit's digit of 3” is u,,) 


Example 61... The number of positive integral values of n of which? - 8n* + 20n - 13 represents a prime 
number. 
Solution If y =m - Bn? + 20n- 13 

Then, y=? -7n+ 13-1) . 

for n=1,y=Onot admissible 

for n=2,y.=3, a prime number 

for n=4,y =3,a prime number 

for n>4,n-—1>3isa factor of y 

Hence, y is not prime. 

Number of integral values of n for which y is prime is 3. 


Example 62. Find the sum of all the digits of the result of the\subtraction 10° — 99. 


Solution 1000000........ 0000 3 
-99 


(1 followed by 99 zeros) 
The result is a 99 digit number having 97 nines followed by a zero and a 1. 
.. The sum of the digits = (97 x 9)+ 0+ 1= 874 
: pn? +13n+2 : , 
Example 63. Find all integers n for which oe also is an integer. 


Solution On dividing n? + 13n + 2 by 3n + 5, we get n|3 + 34|9 as quotient and remainder —152]9. So if 


2 
(n* + 13n + 2) =a 
3n+5 
Then, 9mGn + 5)= 9(n? + 13n + 2)= Bn + 34)Bn + 5)- 152 
=> 152 = Bn + 5)Bn + 34 - 9m) 


If mis an integer, then 3n + 5 is a divisor of 152 = 8x 19, 
The divisors of 152 are + 1,+ 2,+ 4,+ 8,+ 19,+ 38+ 76and+ 152. 
3n+5=+1,+2,+ 4,+ 8+19,+ 38+ 76,+ 152 
3n + 34 - 9m =+ 152,+ 76,+ 38+19,+8+4,+2,+1 
Considering the ‘+’ signs first. 
9m - 29 =- 151, -74, - 34, - 11, 11,34, 74, 151 
9m = - 122, - 45,-5,18, 40, 63, 103, 180 
So the possible values of m are -5, 2, 7 and 20; these correspond to 3n + 5 = 2, 8, 38 and 152. 
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Thus, : n=-1,1, 11,49. 
Next consider ‘-’ signs. 
9m - 29 = 151, 74, 34, 11, -11, -34, -74, -151 


These give the same possible values of m, namely 20, 7, 2, and -5 these corresponds to 3n + 5=-1, 
—4, - 19 and —-76. Thus, n = - 2, — 3, - 8and -27. 


Thus, desired values of nare 1, 11, 49, -1,-2, - 3, - 8 and - 27. Possible values of mare -5, 2, 7 and 20. 


Example 64. Each of the numbers Xy+Xpe--+)X, equal 1 or-1 
and e XiXQNBXq + XONGXGXs + ABXGXNXe +... + 
Xn -1XpX1X2 + XpX1XpX3 = 0. 
Prove that n is divisible by 4. 
Solution y, =x, + 1x, + 2x, fori=1,2,...,m where x, +1 =XpXqy 2 =X ANA X, , 3 =%3 
Then, Y +2 +...+¥, =0 
y, = + 1 for each i. 
Suppose that y, = 1 for n, values of i and y, = -— 1 for n, values of i. 


Then, n+n,=n 
O=\ + ¥2+...+Y_ =m 0)+ m1) =n -Nn, 
Hence, n, = M,N =2n, 
and YiY2 Yn = OY Cll? = E12 
But V2» Yn =xpxdxd ...x4 =1 


This shows that n, is even. 
Hence, n = 2n, is divisible by 4. 


Example 65. — Which of the numbers 101, 10101, 1010101, ... with alternating 0's and 1's beginning and 
ending with 1 can be primes ? 
Solution Let N, = 101, N; = 10101 and in general 
k 
N, =1010...01=1+ 100+... + 100k-! = 100-1 
100-1 
Here N, involves k 1's. 


_({10*-1)(10k +1 
P Nit 
If kis odd, then k (aS Il wat] 


This is composite since 10* + 1 is divisible by 10 + 1 if kis odd. 


2r 
If kis even and k = 2r, then Ny = Ot = 208" oo +1) 


This is composite if r > 1. Thus,only one number in the list, namely N, = 101, is prime, the remaining are 
composite. 
Example 66. Find all integers n (positive, negative or zero) such that n? + 73 is divisible by n+ 73. 
Solution Let n+73=m. 
Then, n? + 73 = (m - 73) + 73 = m? - 146m + 732 + 73 


This is divisible by m if and only if 73? + 73 is divisible by m. Since 73? + 73 =73 x 37 x 2. 
We must have + m = 1, 2, 37, 237, 73, 2.73, 37.73 or 2.37.73. 


! 
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These give 16 values for m and hence 16 values for n given below. 
-72,-71, -36, 1, 0, 73, 2628, 5329 
-74, -75, -110, -147, -146, -219, -2774, -5475 


Example 67. Find all positive integers which can be expressed as the sum of three distinct composite 
numbers. 


Solution If nis the sum of three distinct composite number, then n2 4+ 6+ 8=18 


11, 


Let n218 


If nis even then n - 10 is an even number > 6 and n= 4+ 6+ (n- 10} If nis odd then n - 13 is an even 
number greater than 4 and n = 4+ 9+ (1-13) So the desired positive integers are all n> 18. 


Example 68. [fp is a prime other than 2 and 5, prove that p divides an infinite number of the numbers 1, 


111, 1111,... 


Solution Let N, the kth number in the sequence. 


Then, N, = 0* - 1/9. 

Given that 10 is not divisible by p. 

Hence, by Fermat's theorem 10” ~! = 1 (mod p) 

Thus, 10°-!" =1 mod p for r=1,2,3,... 
Let 10°-)" _ ] = mp. If p #3, then Q,p)=1 


k 
Since 10* - 1 is divisible by 9 for all k, we see that 9|rm. Therefore N* = nt > (7 } p 


when ‘ : k=(p-1)r,r=1,2,... 
Since the sum of digit in N, is k we see that N, is divisible by 3 when k = 3r, r = 1,2, ... 


Example 69. Find the remainder obtained, when the number 10° + 10°” + ... + 10° is divided by 7. 
Solution By Fermat's theorem 10° = 1 mod 7 


Hence, 10°" =1 mod 7 for all m. 

Now 10 = 4 mod 6, 10? = 40 = 4 mod 6 

By induction 10” = 4 mod 6 for all n. 

Thus, 10" = 6m+ 4 

and 10°) = 10" .10* =10* mod 7 =4 mod (7) 
consequently 10! + 108) 4... +108) = 4x 10mod 7=5 mod 7 
The remainder is 5. 


Example 70. Find a positive integer n such that 7n?> — 10 is divisible by 83. 
Solution Since, 7 x 37 = 259 = 10 mod 83 


We have to find a value of n such that 7n25 = 7 x 37 mod 83 

This is equivalent to n*° = 37 = 22° mod 83 

By Fermat's theorem 2°** = | mod 83 for all k. So it is enough, if we choose nsuch that n25 = 2824 * 2° mod 
83 If k = 15, this will be satisfied if n*> = 2!?5° mod 83 and so if n = 2°. 

This gives one value of n. 
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ee Qa)!2b + 1)! 
Example 71. Jfaand bare positive integers, then prove tO Te iil is an integer. 


Solution Let p i any prime, we will show that highest power of p that divides the numerator is > the 


highest power of p that divides the denominator thus showing that entire denominator divides numerator 
exactly . 


Let | D=(a)\b)!(a + b+ 1)! 
N = @a)!(2b + 1)! 


p* the highest power of prime p which divides D p® the highest power of p which divides N. Then, D 
divides N if for every prime p, a< b. 


Now the greatest exponent a such that p* divides k’ is a = By | [x]= integral part of x. 
la tke 
Suppose during factorization of D and N, the prime p occurs a and b times respectively. 
lela 
p! p/ p! 
2a 2b+1 : 
+ 
AF p! } 
In order to prove a< bit is sufficient to prove 
2a 2b a b a+b+1 \ 
= /+)]S /2!1— ] + | | 1+ | — 
| [3 | B p! 
PEPPER Ee 
€ c c c c c 


Ra)!2b + 1)! 
@)o)a+ b+)! 


a 


Wl 
7 Ms 


“b 


i} 
7 M 3 


let p/ =c, then 


we have proved earlier is an integer. 
Example 72. Determine the largest 3 digit prime factor of the integer *°°°C ooo. 
Solution If pis any 3 digit prime, then p” > 2000. Thus, the highest power of p that divides 20001, is 


2000 | tighest power of p that divides 1000! is [2°] Since 2¢, | = es 
p p (1000!) 


The highest power of p that divides eas OE | - 2 fen If p> 666, then’ 


[220°] - 2| 1000) = 2-20)=0 
Lp p 


1 


i.e., p does not divide | OY 


The required prime is the largest one such that is it less than 666. 
p = 661, when p= 661 


[2° |- [|- 3-20)=1 
p p 


:. 661 is the largest 3 digit prime that divide °C, o99. 
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Example 73. Prove that inradius of a right angled triangle with integer sides is an integer. 
Solution Let ABC be right A with ZB = 90°, Obe its incentre. L, M, N the points of contact of the in circle 


with the sides a, b, c respectively. 
Suppose that the inradius is r. Now as ZABC = 90°, the quadrilateral NBLO is a square. So NB = BL=r. 
Also as the two tangents drawn from an external point to a circle are of equal length, we have 


AM = AN = AB- NB=c-r 


and CM =CL=BC- BL=a-r 
so, b=AC=AM+CM=c-rt+a-r 
atequipapar Fe 


As ZB = 90° => b* = c? + a® we have (i) if c and a are both odd or both even, 
c? + a’ is even =D’ is given = bis even =>b — (c + a) is even (ii) if one of cand a 
is even and the other odd, c? + a* is odd =>b? is odd => bis odd =>b - (C + a)=an 
even number. 


So, in any case if a, b, c are integers, we have r = 


poeee) = an integer. 
Example 74. Find the number of positive integers which divide 10°° but not 10°. 
Solution All the positive divisors of p’ (p is a positive prime, r « N) are 1, p,p’, p’,...,p”. That is the 
number of positive divisors of p’ is r + 1. Similarly, the number of the positive divisors of q*(@q is a positive 
prime, se N)is s + 1, so the number of positive divisors of p’q* is ( + 1s + 1) 
Now, 10% = 29% x 59% where 2 and 5 are positive primes. So the number of positive divisors of 10° is 
(999 + 1999 + 1) = 10007. For similar reasons, the number of positive divisors of 10% is 999. So the 
number of positive numbers which divides 10° but not 10% is 1000? - 999? 
= (1000 + 999)(1000 — 999) 
= 1999 x 1 = 1999 


Example 75. Let n = 1983, find the least positive integer k such that 
kin? in? - 12)? - 2?) (n? - 3”)... 9? -(-1F)=r! 
for some positive integer r. 
Solution Factorising and rearranging the resulting factors of the left side gives 
kn@n - 1)@n - 2)..(0 + 3)(1 + 2) 
(n+ 1)nn - 1) - 2) - 3)... 2)0), 
which equals kn@n - 1)! Thus, k = 2 is the smallest k that makes this a factorial [@n)!]. 


Example 76. Find all positive integers n less than 17 for whichn! + (1 + 1)!+ (1+ 2)! is an integral multiple 
of 49. 
Solution The given expression equals to 

n! {1+ (14+ 1)+ (1+ 1+ 2)} =n'en+ 2). 


Either 7 divides n + 2 or 49 divides n! 
: n=5,12,14,15, and 16. 


Theory of Numbers 69 


125 
Example 77. Prove thatn= = = : is a composite number. 


Solution Letx =5%5, then 
5125 _ yp =x5 1 = -1)e4 + x9 4x27 4x41) 
= (x4 + Ox? +14 6x? + 6x + 2x? — 5x? — 10x? - Sx) - 1) 
= ((x? + 3x + 1)? - Sx + 1P)& - 1) 
= (x? + 3x +1? - GP & + DP&-D 
= {x? + 3x+1+53@ + D} 
{x? + 3x +1-53@ 4+ I} -1) 
Thus, the given number is composite. 


Example 78. Find all numbers p such that the number p? + 11 has exactly 6 divisors. 
Solution p =2 does not work as 2? + 11 = 15 =3 x Shas 4 divisors but not 6 divisors. So p must be an odd 
prime. 
=> p* + llis even 
.. p* + 11 contains the prime 2 as factor. We now use the formula for d(n), the divisor function. Since 
6 =3 x 2 there are precisely two categories of numbers with 6 divisors, those of the kind q° and those of 
the kind q?r (with q, r unequal primes) 
If p? + 11 has 6 divisors then p? + 11 = q° or q*r where q, r are primes, q +r. 
1st case is ruled out due to earlier observation so p* + 11 = q’r. Here p = 3 works. Which has 6 divisor we 
need to only consider the case when p > 3. ; 
Since pis prime, it is indivisible by 3, so p = + 1. which means p? = 1 (mod 3) 
p? + 11=0(mod 3). 


3 is a divisor of p* + 11. 

2 is also divisor of p? + 11. 

It means that q,,r are 2, 3 in some order. 

For neither 273 = 12 nor 372 = 18is of the form p* + 11 for any prime p. 


Neither possibility works. 


Example 79. Show that the quantity (n + 1)(n + 2)... (2n - 1)(2n)is divisible by 2”. 


Solution We can write a, = (1+ 1)(1+ 2)...2n- 1)@n) then a, = 2, we have 2/2. 
a, =3 x 4=12, we have 2? |12 


So, assertion does hold good, when n = 1 and 2. 


foes Gy _ M+ Wn 2)... (2n-1N2N) _ >on _ 3) 


4, Mmn+1)...(2n-3)(2n-2) 
So a, =2(2n-1)a, _,,a, contains precisely one more 2 in its prime factorization than Qn — 1: 
if 2"-"[a,_, then, 2"/a, 
we have 2'|a, which leads to 2”|a, which leads to 2)| @ which leads to 2*|a, and so on. All the way to 
infinity. 
& 2" |a, for all integers n> 0. 
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Example 80. Find all ordered triples (x,y, z) such thatx, y and z are positive primes and x” *! =2. 
Solution If yis odd, then x™ + 1 would be divisible by x + 1 and would not be prime. 


So y is even and must be 2. 

Also since z must be odd, x must be even. 
So, x = 2 which make z=5 

so only answer (2, 2, 5). 


Example 81. The integers x,y and z each are perfect square and x > y>z> 0. Ifx,y and z form an AP 
find smallest possible value of x. ‘ 


Solution Let x=a?,y=b’,z=c? 
2b ab? a? 
So 2b? =a* +c? 


Since bis at least 2, consider values of b from 2 onwards and find 2b?. 
The first such value ie., the sum of two squares occurs when b = 5 (@=7,c =1) then x = 49 
Example 82. Prove that the expression eee is irreducible for every +ve integer n. 
n+ 
Solution If d divides two integers, then it divides their multiples, their sum and difference, 
, 30.4n + 3)-2@1n+ 4)=1. 
Acommon divisor of numerator and the denominator also divides 1; for this reason the fraction cannot 
be multiplied. 
c 


Alternative Solution rf =e+ b (a, b,c, e integers) then c = a - be anda =c + be. 
Consequently the common divisor ofa and b also divides c common divisors of c and b divide a. 
Ss > can be simplified if and only if 7 can be simplified. Same holds for s and b 
a 
21n+4_), 7n+1 and l4n+3_5, 1 


14n+3  ~=—-:14n+3 7n+1 7n+1 
and the last term cannot be simplified, the same is true for our original expressions. 


nad 83. Determine all3 digit numbers which are equal to 11 times the sum of the squares of their 
igits. 
Solution Denote the digits by a, b and c @ # 0) According to the assumption 
100a + 10b;+ c =11@? + b? +c?) i) 
= (99a + 11b)+ @-b+c)=11@? + b* +c?) 
RHS and the first term on LHS is divisible by 11. 
Hence, soisa-b+c 
- -8<a-b+c<18 we conclude that a —- b + cis equal either to 0 or 11. 
Now b=a+c substituting this expression in Eq. (i), we get 
100a + 10a + c)+ c=11@? + @+ cy +c?) 
After ordering the quadratic equation 
2a? + 2c -10)a+ @c* -c)=0 i) 
‘: The first two terms of this expression are even third term should be even as well. 
=> cis even. 
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Eq. (i) admits integer solution if and only if its discriminant 4(-3c? - 8c + 25) i a square. This is 
possible only in case c = 0, substitute c = 0 in Eq. (il) we get 2a? - 10a = 0 
 a#0, we havea =5 >b=a+c=5, Hence we get 550 for the integer we are seeking for. 
Now, when b = a + c - 11. After substituting and ordering Eq. (1) we get the expression 

2a? + Qc - 32)a + Qc? - 23c + 131)=0 » (Hil) 
Now ccannot be even. The discriminant admits the form 4(-3c? + 14c - 16); for odd cit is a square only 
in case ¢ = 3. Substituting it in Eq, (ili), we get 2a? - 26a + 80 = 0, on solving this quadratic equation, we 


get a=5 or a=8 = b=~-3 and b= 0. Only the latter figure might serve as a solution of the original 


problem. This provides the second solution 803 and an easy check shows that this number satisfies the 
assumption of the problem. 


Two solutions are 550 and 803. 
Example 84. Prove that there are infinitely many +ve integers a such that z = n‘ + ais nota prime for any 
positive integer n. 
Solution Let a = 4b* where b > 1 is an arbitrary integer, we show that z is not prime. 
z=n* + 4b* + 4n*b? — 4n*b? = (n? + 2b? - Qnby 
= (n? + 2b® + 2nb)(n? + 2b? - 2nb)= ((n + b)? + b?) (nn — bY + b?) 


- b>1, both factors are > 1 
So, z is not prime. 


7 1,1 1 1 1 
Example 85. Let pand q be +ve integers such that 2? =1-4+44-1,..-_1 ——.. Prove that 1979 
° iii . oo a ae 1318 1319 
divides p . 
Solution Applying the following transformation | 
Balet acoder iby ly 1 
q 2 3 4 1318 1319 2 Sih” Foie 
be dis vd 1 1. 3 1 ( 1.1 1 
=+ + —4+...4+ — J=]l+it+it+...+ ——-[14 2424 ...4 4 
(+ats" aH) 2°3 1319 = Ss * a5) 
oe a ae ee ae 
660 661 1319 
1 1 1 1 


~ ee ae oe ers 
(aot Toh (ae 4 aia) ein (a5 * 0) 
1 


979( os wut tae ) 
660.1319 661.1318 989.990 
The sum in parentheses is ; , where ais a positive integer and b = 660.661 ... 1319 


As 1979 is a prime and every factor of b is smaller than 1979, b and 1979 are coprime. 
Thus, = vee implies that pb = 1979 aq 
So, 1979 divides p. 
Remark : The problem can be generalised for primes of the form 3k + 2. If 
p 11 1 1 


S=l--+—-...-—+ 
q 2 3 2k =2k+1 


then 3k + 2 divides p. 
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Example 86. Find one pair of positive integers a,b such that aba + b) is not divisible by 7 and 
(a+ by -a’ -Db’ is divisible by7’. 
Solution Using the binomial theorem and observing that both (a + bY anda’ + b’ is divisible by @ + b). 


a+ b) ’ ---(i) 
and @+by -a’ -b’ . (ii) 
=7abla + b)@? + ab+ b’y ..- (iii) 


ab(a + b) is not divisible by 7 we must choose a and b such that 7° divides (a? + ab + b’Y or 
a* + ab + b’ is divisible by 7? = 343. . 
We try to choose a pair a, b such that b = 1 i.e., for some integer k 

a? +a+1=343k 

ie., a? +a+ (L-343k)=0 ..(iv) 
This is possible, when discriminant of this equation of degree 2 in a is a perfect square. ie,, 
1 -— 401 — 343k) = 1372k — 3, is a perfect square. 
It is true for k = 1 as 1369 = 377. 
Hence Eq. (iv) becomes a” + a — 342 = 0;a = 18,b = 1 and the pair @, b) = (18, 1) satisfies the condition 7 
does not divide 18.1.19. 


Example 87. Let p be a prime number. Prove that there exist a prime number q such that for every integer 
nthe numbern? - pis not divisible by q. 
Solution Since Fatal+p+ pe+...+pP-} 


= (p+ 1)mod p*, 


We can get at least one prime divisor fa which is not congruent to 1 modulo p*. Denote sucha 


prime divisor by q. This q is what we wanted. 
Assume that there exist an integer n such that n’ = p mod @q). 
Then, we have rn?’ = p’ =1mod q. 


On the other hand from Fermat's little theorem 77 ~' = 1 mod q because qis prime. Since,( p? (q - 1), We 
have (p,q - 1)|p which leads to n” = 1 mod q. 


Hence, we have p = 1 (mod q) 
However this implies 1 + p + p?+...+p’~! =p mod q 
From the definition of q, this leads to p = 0 mod q which is a contradiction. 


Let us Fractice 


Let us Practice 


Level 1 


1. 


2. 


20. 


Find GCD of 595 and 252 and express nin the 
form 252 m +595n. 


Find the greatest common divisor d of the 
numbers 275 and 200 and then find integers 
mand n such that d = m 275 + n200 


. If alc and Dic, then is it true that abc. 
. Ifa,m, nare non zero integers, then (a, mn)=1 


if and only if (@,m)=1 and @,n)=1. 


. If @,b)=1 and da, then ¢,.b)=1 


If (a, b)= 1; then @c, b)= (c, b). 


. If alb, dd and (b, d)=1, then prove that 


(a,c)=1. 


. Show that (a, b)= (@+ b, b) 
. If @,m)=1, prove that (m-a,m)=1 
. Prove that the product of two odd numbers is 


always an odd number. 


. Show that product of two numbers of the form 


(6n + 1)is of the same form. 


. If nis an integer, prove that n(n -1)2n - 1)is 


divisible by 6. 


. If nis odd, show that n(n? — 1)is divisible by 24. 


. If xand y are positive integers and if (x — y)is 


even, show that x? - y” is divisible by 4. 


. Prove that 24” — 1 ‘s divisible by 15. 
. Prove that 32" + 7is a multiple of 8. 
. Show that 22" + lis divisible by 5 for a positive 


odd integer n. 


. Prove that an integer is divisible by 3 if and 


only if the sum of its digits is divisible by 3. 


. Show that there are infinitely many primes of 


the form 
(i)6n+5 (ii)6n-1 (iii) 4n-1 
If each of the two primes p and q is a factor 


of ‘a’, show that the product pq is also a factor 
of ‘a’. 


36. 


37. 


38. 


. Find the highest power of 7, which is 


contained in 50!. 


. Find the highest power of 3 which is contained 


in 500!. 


. Find the number of zeros at the. end of 6”)!. 
. Find the number of zeros at the end of 6” + 1)! 


. Find all n such that nm! has 1998 zeros at the 


end of ni. 


. Find exponent of 12 in 100!. 

. Show that 100! is divisible by 157°. 

. Show that 33! is not divisible by 2”. 

. Find highest power of 3 in 7° Co. 

. What is the largest integer n such that 33! is 


divisible by 2”. 


. Find the number of zeros at the end of 7° G 4p. 


. Find the number of zeros at the end of 


10n 
pa oe 


. Find the number of zeros at the end of !°" Cor . 


. If x+2=(18)08)18)...n digits, 


find the 
number of zeros at the end of *c,/>. 


. Show that there is a positive integer n such 


that n! when written in decimal notation ends 
with exactly 1993 zeros. (INMO 1993) 


Find the number of zeros at the end of 


(i (+): Gi) 6-1! Gi) Erp! 


(iv) Product of 1, 2, 3, ..., 1994. 
(RMO 1994 Delhi) 
If x =6/Q11 5 1)- @2...2)+ 2, find number 


in n 
of zeros at end of *C,/». 


Show that the highest power of 2 contained in 
Q” -I)!is2” -r-1. 
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39. 


40. 


41. 


42. 


43. 
44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 
55. 


56. 


57. 


58. 


59. 


Show that 3.78 + 738 210 is divisible 
by 10. 


Show that 
3(7204 ~ 77202 a 720), 724 + 3200) _ (210) 
is divisible by 10. 


Prove that A =(903)' - (803)' — (464)" 
+ 261)" is divisible by 1897. 
Show that 1°° + 299 + 39 4 599 is divisible by 5. 
Show that (6! + 1)is divisible by 7. 
Find the remainder when 
(2222P555 + 6555)*??? is divided by 7. 


Which is the largest 4444, 44% , 4444 ? 
Find number of digits in 22”. 


10 «60 
Show ("2 nt] is of the form of 7k + 4. 


When 3/94 +2 is divided by 11. Find the 
remainder. 


Show that 2°° + 1 is divisible by 11. 
Show that the difference of the squares of any 


two odd primes greater than 3 is divisible 
by 24. 


Prove that 8th power of any number is of the 
form 17n or 17n + 1. 


Show that a!® — b'8 is divisible by 133 if a and 
bare coprime to 133. 

Show that n° — q’® is divisible by 85 if n and a 
are coprime to 85. 

Show that 7 — nis divisible by 30. 

Prove that a!? — b? is divisible by 13 if aand b 
are coprime to 13. 

Prove that n!! —n is divisible by 11 for any 
integer n. 

If n>1 is always ddd, then nm -2n? +n is 
divisible by 4. Prove. 

Let m and n be two integers such that 
m =n? —n. Show that m? -2m is divisible 
by 24. 

Show that there are infinitely many pairs (a, b) 
of relatively prime integers (not necessarily 


60. 


61. 


62. 


63. 


65. 


66. 
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positive) such that both quadratic equations 

x? +2ax+b=0 and x? +ax+b=0 have 

integral roots. (INMO 1995) 

(i) Consider two positive integers aandb 
which are such that ab? is divisible by 
2000. What is the least possible value of 
the product ab? 

(ii) Consider two positive integers aandb 
which are such that a’b* is divisible by 
2000. What is the least possible value of 
the product ab? (RMO 2000) 


Find all primes p and q such that p* + 7pq + q? 
is the square of an integer. (RMO 2001) 


Consider an n x n array of numbers 
4, Ar. 43 An 
42, 422 23 Aon 
Qn, An2 4n3 Ann 


Suppose each row consists of the n numbers 
1,2,3,...,m in some order and a; =a;; for 
i=1,2,...,n and j=1,2,...,n. If n is odd, 
prove that the numbers @),, 4 2, @3,---14nn 
are 1, 2,3,...,min some order. (RMO 2001) 


Prove that the product of the first 200 positive 
even integers differs from the product of the 
first 200 positive odd integers by a multiple of 
401. ; (RMO 2001) 


. Let a,b,c be positive integers such that a 


divides b?, b divides c? and c divides a”. Prove 
that abc divides (a + b+ cy. (RMO 2002) 


Consider the set X = {1,2,3,...,9,10}. Find 
two disjoint non-empty subsets A and B of X 
such that 

(a) AUB=X; 

(b) prod(A) is divisible by prod(B) where for 
any finite set of numbers C, prod() 
denotes the product of all numbers in CG 

(c) the quotient prod(A/prod(B) is as small as 
possible. (RMO 2003) 


Positive integers are written on all the faces of 
a cube, one on each. At each corner (vertex) of 
the cube, the product of the numbers on the 
faces that meet at the corner is written. The 
sum of the numbers written at all the corners 
is 2004. If T denotes the sum of the numbers 
on all the faces, find all the possible values 
of T. (RMO 2004) 


Theory of Numbers 


67. 


68. 


69. 


70. 


71. 


Let (P,,Po,P3,.-,+Py,--.) be a sequence .of 
primes defined by p, = 2 and for n21,p, ,, is 
the largest prime factor of P\P> «+. Py + 1.(Thus 
P2 = 3, P; = 7). Prove that p, #5 for any n. 
‘(RMO 2004) 
If x,y are integers and 17 divides both the 
expressions x* -2xy+y?-5x+7y and 
x? -3xy + 2y?+x-y, then prove that 17 
divides xy - 12x + 15y, (RMO 2005) 
Prove that there are infinitely many positive 
integers n such that n(n + 1) can be expressed 
as a sum of two positive squares in at least two 
different ways. (Here a? + b? and b? + a? are 
considered as the same representation.) 
(RMO 2006) 
Find the least possible value of a + b, where 
a, b are positive integers such that 11 divides 
a+ 13band 13 dividesa+11b. (RMO 2006) 
A 6x 6 square is dissected in to 9 rectangles 
by lines parallel to its sides such that all these 


Level 2 


1. 


Find all positive integers n for which 2” - 1 is 
divisible by 7. 


. Compute the smallest positive integer N such 


that iat is an integer. 


. Find one pair of positive integers a and b such 


that : 
(i) ab(a + b)is not divisible by 7. 
(ii) @+ bY -a’ -b’ is divisible by 7’. 
Justify your answer 
Factor the number 5!%85 - ] into a product of 
three integers each of which is larger than 5!™, 


~ If +x 4+x2 4x94 x4 % =a) + xt... 


+a. 
(i) Determine GCD of the coefficients 


3, Ag, 231 -+» Ayog3- 
(ii) Show that 10°47 > agg) > 10*4°, 


. Find the largest positive integer n with the 


property that n+ 107? + 100. 


. Find the number of positive integers n less 


than 1991 for which 6/n? + 3n+ 2. 
(INMO 1991) 


72. 


73. 


74. 


75. 


10. 


11. 


12. 


13. 


14. 


15. 


75 


rectangles have integer sides. Prove that there 


are always two congruent rectangles. 
(RMO 2006) 


Let a, b,c be three natural numbers such that 
a<b<c and GCD¢-a,c-b)=1. Suppose 
there exists an integer d_ such that 
at+d,b+d,c+d form the sides of a 
right-angled triangle. Prove that there exist 
integers ],m such that c + d =1* + m?. 

(RMO 2007) 


In a book with page numbers from 1 to 100, 
some pages are torn off. The sum of the 
numbers on the remaining pages is 4949. How 
many pages are torn off ? (RMO 2009: 


Show that there is no integer a such that 
a® - 3a - 19s divisible by 289. (RMO 2009) 


Show that 328 + 42999 can be written as 


product of two positive integers each of which 
is larger than 2009!®, (RMO 2009) 


. Show that positive integers that have an odc 


number of divisors are the squares. 


. Prove that there is no positive integer n for 


which 2” + 1 is divisible by 7. 


Let a, b, c, d be integers with a> b>c>d>0, 
Suppose that ac+bd =(b+d +a-c) 
(b + d -a +c) Prove that ab + cd is not prime. 


For any positive integer n, let d(m) denote the 
number of positive divisors of n (including 1 
and n itself), Determine all positive integers k 


2 
such that ain’) =k for some n. 
d(n) 


Determine all pairs (a, b) of positive integers 
such that ab* + b + 7 divides, ab + a+ b. 


Find all pairs (n,p) of positive integers such 
that p is prime, n<2p and (p-1)"+1 is 
divisible by n?=!. 
Compute the unique positive integer n such that 
2-27 43-294 4.2945-2854...40-52" 
= gin + 10) 


Given two odd integers a and b. Prove that 
a® - b’ is divisible by 2", if and only if a — bis 
divisible by 2”. 
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16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


Prove that [5x] + [Sy]2 [3x + y]+ [3y + x] where 
x, y 2 Oand[u]denotes the greatest integers u. 


Find all 3 digit numbers equal to the sum of 
the factorials of their digits. 


Find all whole numbers equal to the sum of the 
squares of their digits. 


Prove that the expressions 2x + 3y and 9x + Sy 
are divisible by 17 for the same set of integral 
values of x and y. 


Prove that there are no positive integral 
numbers which increase twice when their 
initial digits are carried to the end of the 
numbers. 


Find all integers n (positive, negative or zero) 
for which n* + n+ 41 is a perfect square. 


Given any nine integers show that it is possible 
to choose, from among them, four integers 
a,b,c,d such that a+ b-c —d is divisible by 
20. Further show that such a selection is not 
possible, if we start with eight integers instead 
of nine. (INMO 2001) 


Do there exist three distinct positive real 
numbers a,b,c such that the numbers 
a,b,c,b+c-a, c+a-b, a+b-c and 
a+b+c forma /7-term arithmetic progression 
in some order ? (INMO 2002) 


Determine the least positive value taken by 
the expression a + b’ + c’ -3abc as a,b,c 
vary over all positive integers. Find also all 
triples (a,b,c) for which this least value is 
attained. (INMO 2002) 


Find all primes pand q, and even numbers 
n> 2, satisfying the equation 
pi+pr+...4prlaqgt+qt+l 
(INMO 2003) 
Let S denote the set of all 6-tuples 


(a, b,c,d,e,f) of positive integers such that 
a? +b*% +c? +d? +e? =f*. Consider the set 


T = {abcdef : (a,b,c, d,e, f)e S}. 
Find the greatest common divisor of all the 
members of T. (INMO 2004) 


Let x, be a given positive integer. A sequence 
(Xn nay = X11 XQ,Xq,---) OF positive integers is 


such that x, ,forn2 2,is obtained from x,, _, by 
adding some non-zero digit of x,, _ ;. Prove that 
(a) the sequence has an even number; 


SOlUtlONS 


28. 


29. 


30. 


31. 


32. 


33. 
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(b) the sequence has infinitely many even 
numbers. (INMO 2005) 


Let n be a natural number such that 
n=a? +b%+ cc’, for some natural numbers 
a,b,c. 

Prove that 


Qn = (pa + qb + ncY + wa + Gob + recy 
+ (a+ Gb+ nF, 
where p Ss q "Ss rs are all non-zero integers. 
Further, if 3 does not divide at least one of 
a,b,c, prove that 9n can be expressed in the 
form x2 + y? + z*, where x,y, Z are natural 
numbers none of which is divisible by 3. 
(INMO 2007) 
Let A be a set of real numbers such that A has 
at least four elements. Suppose A has the 
property that a? + bc is a rational number for 
all distinct numbers a,b,c in A. Prove that 
there exists a positive integer M such that 
aJM is arational number for every a in A. 
(INMO 2008) 
Define a sequence (a, )7 _, as follows : 
0, if the number of positive 
divisors of n is odd. 
1, if the numberof positive 
divisors of n is even. 


(The positive divisors of n include 1 as well as 
n). Let x=0.a@,a,a,... be the real number 

whose decimal expansion contains a,, in the 

mth place, n21. Determine, with proof, 

whether x is rational or irrational. (INMO 2009) 

Define a sequence (a, ), > 9 by ag = 0, a, = land 

a, = 2a, _| + @, _ >, forn>2. 

(a) For every m> 0 and 0< j<™m, prove that 

2am divides a, , ;+ C1lWa, _ ;. 


(b) Suppose 2* divides n for some natural 
numbers n and k. Prove that 2* divides a,. 

(INMO 2010) 

Find all natural numbers n>1 such that nr’ 

does not divide (n — 2)! (INMO 2010) 


Call a natural number n faithful, if there exist 

natural numbers a< b<c such that a divides 

b,b divides c andn=a+b+c. 

(i) Show that all but a finite number of 
natural numbers are faithful. 

(ii) Find the sum of all natural numbers which 
are not faithful. (INMO 2011) 


a, = 


Solutions 


Level 1 
1. 595 =2252+ 91 ... (i) 
(Dividing 595 by 252] 
252 = 2.91 + 70 ...(ii) 
[Dividing 252 by 91] 
91 =170+21 .. (iii) 
[Dividing 91 by 70] 


70 =321+7 .. (iv) 
[Dividing 70 by 21] 
GCD of 595 and 252 isd =7 
From Eq. (iv),d = 7 = 70 - 3.21 
= 70 - 3(91 - 1.70) 
[Putting value of 21 from Eq. (iii)] 
= 70 - 3.91 + 3.70 = 4.70 - 3.91 
= 4252 - 2.91)-3.91 
[Putting value of 70 from Eq. (ii)] 
= 4252 -11.91 
= 4252 - 11695 - 2252) 
[Putting value of 91 from Eq. (i)] 
= 4252 -— 11.595 + 22252 


= 26252 - 11.595 
=> d =252m + 595n 
Here, m=26,n=-11 


2. d =25 =3@75)+ (-4)200) 


3. It is not true. 
For example, a = 3|c =12 
b=6|c=12 
But a.b=36=18xc=12 


4. Let (@,m)=1 and @,n)=1 
“ fa, m)=1 
.. Jintegers h and k such that 
ah+ mk=1 ...i) 

x fa,n)=1 
+, 3 integers r and ¢ such that 

ar+nt=1 > ar+nt.1l=1 ... (ii) 
Putting the value of 1 from Eq. (i) in LHS of 
Eq. (li), we have 


ar + nt(@h + mk)=1 


=> ar + ahnt + mntk=1 
=> a(r + hnt) +. mn(tk) = 1 
=> (a, mn)= 1 


Now, let (a, mn) = 1 
Jintegers u and v such that 
au + mnv=]1 
atu)+ m(nv)=1 
(a,m)=1 


Similarly, (a,n)=1 


“Gy ag fa,b)=1 


«: Jintegers x and y such that 
ax + by=1 ..-(i) 
: da 
+. Jan integer m such that a=cm 
Putting a = cm in Eq. (i), we get 


cmx + by =1 
or c(mx)+ biy)=1 
a (CC, b)=1 
6. Let @c, b)=d and (¢, b)=e 
(ac, b)=d 
dis a common divisior of ac and b. 
o dlc 
ie., dis a common divisor of b and c. 
. al\c ...(i) 
i (c, b) =e 
Again (c, b)=e 
elc and e/b 
elac and elb 
ie., e is a common divisor of ac and b. 
eld [. (ac, b) =) ...(ii) 


From Eqs. (i) and (ii) d = e i.e., (ac, b) = (c, b) 
7. ‘: alb, so there exists an integer m, such that 


b=am ..i) 
+: cl|d, so there exits an integer n, such that 
dz=cn ...(ii) 
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10. 


11. 


ra (b, d) = 1, so there exist integers x and ysuch 
at 


bx +dy=1—- 
Putting the values of b and d in Eq. (iii) 
am + cny =1 
a(x) + c(ny)=1 
(a,c)=1. 


..-(iii) 


. Let @,b)=d and @+b,b)=e 


(a,b)=d 

dl\aandd|b 
dla+b 
d|(@@+b) andd|b 
d\|@+b),b 
[Since dis a common divisor of a + b and b 
so d also divides gcd ofa + b, b). 
or dle ...(i) 
Now -- (a+b, b)=e 

elaa+b) ande|b. 

ela@+b)-b orela. 
Now ela ande|b 


Now, 


e (a, b) 
ie., eld ..-(ii) 
From Eqs. (i) and (ii), d =e 
ie, (a, b)=(@a+b,b) 


. Let (n-a,m)=d 


d|m-a and d|m 
d|[m-(m-a)] ordla 
Now, d|m anddla 


-. d|@,m)[As dis a common divisor of a and 
mand d| GCD of a, m] 


But (a,m)=1 
all 
d =1 [only divisor of 1 is 1] 
so (m-a,m)=1 
Let a=2k+1 and b=2k’+1 be two odd 


numbers. 
F, ab = 2k + 1)@k’ + 1) 
= 4kk’ + 2k + 2k’+ 1 
=2Qkk’ +k+k’)+1=2q+1 
where g=2kk’'+k+k’ 
+. abis an odd number 


Let a = 6k + 1 and b = 6k’ + 1 be two numbers 
of the form (6n + 1) 
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ab = (6k + 1)(6K’ + 1) 
= 36kk’ + 6k + 6k’ +1 
= 6(6kk’ + k+k’)+1=61+1 
where !| = 6kk’ + k + k’, which is of the form. 
12. nn-1)@n-1)=n(n—-1){n + 1)+ N-2)} 
= nn — 1) + 1)+ n@- 1)" - 2) 
=(n-1)n(+ 1)+ -2)mM-1)n 
Each of the two (n-1)n(v+1) and 
(n-2)(n-1)n being the product of three 
consecutive integers is divisible by 3! = 6 
». Their sum = n(n - 1)@n - 1) is also divisible 
by 6. 
13. «: nis odd, so letn=2m+1 
Putting n = 2m + 1 in n(n? - 1), we have 
n(n’ - 1)=nn-1)m+ 1) 
=2m+1)@m+1-1)@m+1+1) 
=Q@m + 1)2mm + 1) 
= 4m(m + 1)2@m + 1) 
Now proceed yourself. 
14. As (x — y)is even. 
x-y=2m orx=2m+y 
Putting x = 2m + y in x? —~y?, we have 
x?-y? =Qm+ yh -y? 
= 4m? + 4my + y? - y? 
= 4m? + 4my 
= 4(m? + my) 
(50 («? — y*)is divisible by 4. 
15. 24" -1=@4y' -1=16"- 1" 
= 06 - 1)[06)'“* + Gey - 714.41" 1 
Cox" —y™ = & — yeh xB Aye 
+y"-)valln 
or 247-1 =15(06)'-! + G6y'-2 +... + 1] 
.. 24" — 1 is divisible by 15. 


(by definition of divisibility] 
16. 3% +7=@7)"+7=9" +7=(0" -1)+8 
=(9" -1")+8 


= (9-197 -1 4 97 -27 +...41)4+8 
= 897-14 97-2 4.041348 
= 897-24 9"-2 40004141) 


. 37" + 7is a multiple of 8. 


Theory of Numbers 


17. 27% +1=@7)"+1=4"41=4741" 


=(4+ 14-1 4n-2'4 gn-3_ 4) 
[. for odd] 
XP + yh = K+ yh yt 2y 4 yt Fy? 
=..+¢y"7)) 
= SQM -)  4n-2 4 4h-3 41) 
-. 2" + Lis divisible by 5. 


19. (i) If possible let the number of primes of the 


form (6n + 5)be finite. 


These primes are 5, 11, 17, ... (putting n =0, 
1, 2, 3...) let q be the greatest prime of the 
form (6n+5) Let a=51117.... q be the 
product of all primes of the form (6n + 5). 


Let b=6a-1 ...(i) 
b>1 [-a=S=>b=6a-12>29] 

-. By Fundamental Theorem, b can be 

expressed as a product of primes say 

P\» Poy Py .-. Dre 

ie., b= P,.P>-Py ... Py ii) 

Now, b=6a-1 is odd. 

Hence 2 can't be a factor of b. 

Again 3 is also not a factor of b. 


..None of the prime factors in RHS of Eq. (ii) 
is 2 or 3. 


i.e., Every prime factor in RHS of (2) is an 
odd number > 3. 

.. Each of p,, p2, ... pris of the form (6n + 1) 
or (6n + 5) 


-. Again all of fp,, p2,.,., p, Can't be primes 
of the form (6n + 1) 
-. At least one of p,, P2,P; ...p, Say pis (a 
prime factor of b) of the form (6n + 5) ie., 
p/b 
Also pla [. p is one prime of the form 
(6n + 5) and a is the product of all such 
primes.] 
; pi6a 
pl6a - bi.e., pil 

[. from Eq. (i), 6a - b = 1] 
Which is impossible. 
[.- p being a prime of the form 6n + 5 is> 5] 
.. Our supposition is wrong. 


. Number of primes of the form (6n + 5)is 
te. 


20. 


21. 
22. 


23. 


24. 


25. 
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(ii) Try yourself with the help of part (i) 
(iii) Try yourself 


‘: p/a.. Jan integer m such that 


a=pm ..-(i) 
-: q/a..ian integer n such that 
a=qn ...(ii) 


As pand q are both primes 
.. They are coprime i.e., (Vy, q)=1 
+. integers x and y such that 
px+qy=1 
Multiplying both sides of Eq. (iii) by a 
& apx + aqy=a 
Putting a = qn from Eq. (ii) in apx and a = pm 
from Eq. (i) in aqy, we have 
qnpx + pmqy =a 
pq(nx + my)=a 
pala. 


. (iii) 


8 


247 
5 n-1 

—6 — 1)zeros 
4 


26" ~! _1)zeros 


The greatest power of a>1,ae N 


dividing nis given by 2 [5] ...(i) 
=a 


z,[)< =. ( 1 
fil@ | t=1q “\a-1 
We want to find n such that 

z [=]-1998 

i=1|5! 


from Eq. (ii) © [|< 1 4 
i=1| 5) 


but 


..-(ii) 


5-1). 4 


So, ie 1998 son>7992 


By trial and error, we take n = 7995 and then 
find the correct value. 
If n = 7995, then number of zeroes at the end 
of 7995 is from Eq. (i) 
7995 , 7995 , 
5 5? 
= 1599 + 319+ 63+ 12+ 2=1995 
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26. 
29. 
30. 
31. 
32. 
33. 
34. 
35. 


36. 


so true for n= 8000, we get the number of 
zeroes at the end of 8000! 


= 1600 + 320+ 64+ 12+2=1998 
48 
3 
31 
1 zero 
1 zero 
No zeros 
1 zero 


For any k,ne N the highest power of k which 
divides n is given by 


n n n 
vio [Tl + (elle 
The number of zeros with which n ends when 
written in decimal system is 


min fy2(), Ws (01)} = ys (1) 
Hence we have to find n such that 


y; (n) = 1993 
, n,n n 1 
; s—+ t+... = —flt+it... 
Since, wy, (1) s*s 2 ( = } 
=n 5a 
5°4 4 


We have a2 1993 => n> 7970 


We find that y,(7975) = 1991 

y(7985) = y; (1975) + 2 = 1993 
Hence, 7985 is one solution. 
Other numbers are 7986, 7987, 7988, 7989. 
(i) 26 zeros. 


20 _ 420 _ 
(ii) a zeros. 


(iii) 300 zeros. 
(iv) 495 zeros. 


. Let x and y be two odd prime > 3 


-: xis a prime greater than 3, 
: «,3)=1 
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Also 3 is prime 
-. By Fermat theorem, x? =1 mod 3 i) 
similarly y? =1 mod 3 i) 
Subtracting congruences (i) and (ii), we have 
x? -y* =0 mod 3 
.. x2 -y? is divisible by 3 
Again, as x and y are odd primes > 3 
-. x andy are odd numbers > 3 
Let x = 2k + l;y = 2k’ + 1, where k>1,k’>1 
x? -y? =&-y)K +) 
= (k+1—2k -1)@k+ 2k’ + 2) 
= (2k — 2k’) @k + 2k’ + 2) 
= 4k—-k’ )k+k’) 
= 4k+kK)-2k )k+k +1) 
=4k+kK)k+k+1)-8kKk+kK +1) 
= 81- 8k’ k+k'+1) 


{where = (k + k’)(k + k’ + 1) being the product 
of two consecutive integers is divisible by 
2!=2]) 


.. Ait) 


= 8[l -k’k+ k’+ 1)] 
x? — y? is-divisible by 8. 
From Eqs. (iii) and (iv) 
x* ~ y? is divisible by 24 


..-(iv) 


f- (3, 8)=1) 
Let a be any integer 
17 is prime and a is any number. 
+, Either @,17)=1o0r17la 
Case | (a,17)=1 
Also 17 is prime. 
-. By Fermat theorem 
a‘® =1 mod 17 
17\@'® - 1) or 17) @® - 1) + 1) 
.. Either 17|(@® -1) or 17|@® +1) 
. [: 17 is prime] 
a®-1=17n or a8 +1=17n 


ie., a®=17n+1 or a®-17n-1 _ ...li) 
Case Il 17la 
17\|a® 

a®=17n .. ii) 


From Egg. (i) and (ii) we can say that 8th power 
of any number is of the form 17n or 17n+ 1 


Theory of Numbers 


52. «- aand bare both coprime to 133 
:.aand b are coprime to 19. 
¢. 19 is a factor of 133) 
Also 19 is a prime. 
+. By Fermat theorem 
a'® =1 mod 19 
b'8 =1 mod 19 
Subtracting these congruences 
a'8 _ b'8 = 0 mod 19 
.. a8 — p!8 is divisible by 19 .. i) 
Again if a and b are both coprime to 133. 
». aand bare coprime to 7 
¢. 7 is a factor of 133) 
Also 7 is prime 
” a® =] mod 7 
‘ b® = 1 mod 7. 
Raising both congruences to power 3. 
a8 =1 mod 7 
b'8 =1 mod 7 
Subtracting these congruences 
a8 _ p18 = 0 mod 7 
:. @!8 — b'8)is divisible by 7. .. (ii) 
From Eqs. (i) and (ii) 
a'8 _ p!8 is divisible by 133 19 x 7) 
[-- 7, 19)=1] 
53. ~: (@,85)=1 and @, 85)=1 
‘ (n,17)=1 and @,17)=1 
(.: 17 is a divisor of 85) 
But 17 is a prime number. 
:. By Fermat theorem, n’° = 1 mod 17 
a'® = 1mod 17 


Subtracting these congruences n~— a’*is 
divisible by 17 ... (i) 
Again, as n and a are both coprime to 85 
.. nand aare both coprime to 5. 
(.. 5 is a factor of 85) 
:. By Fermat theorem n‘ = 1 mod 5 
and a’ =1 mod 5. 
Raising both congruences to power 4. 
¢. If a=b mod m, then a" = b" mod m) 
n'® =] mod 5 


16 6. 


a'®21mod5 


54. 


55. 


56. 


57. 
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Subtracting these congruences 
n'§ — qi® = 0mod 5 


(n'§ ~ a!®)is divisible by 5 (ii) 


From Eas. (i) and (ii) 
n'6 _ q'6 is divisible by 85(€ 17 x 5) 


(<7, 5)=1) 
- @? =amod p) 
n =nmod5 
rw —n is divisible by 5 i) 
-: 5 is a prime number) 
Again, m-n=n(n* -1) 
= n(n? -1)n? + 1) 


=n(n-1)n + 1)? + 1) 
Now (n - 1n(1 + 1) being the product of three 
consecutive integers is divisible by 3! = 6 and 
hence 
nm —n=nin—1)(n+ 1)? + 1)is divisible by 6. 
.-- (ii) 
.. From Eqs. (i) and (ii) 
n° — nis divisible by 30 © 6 x 5) 
[. 6, 5)= 1] 
: 13 is prime and (a, 13)=1 
By Fermat theorem, a!?~-! = 1 mod 13 
a? = 1 mod 13 li) 
b'* =1 mod 13 ..-(ii) 
Subtracting congruences Eas. (i) and (ii) 
a —b =O mod 13 


. @’* — b!*)is divisible by 13. 


ie., 


«11 is a prime number. 
n'! =n mod 11 @ =a mod p) 
n'! — n is divisible by 11. 


“n(n? - 2n+ 1)=>n(n- 1) 

=> n(n -1)(n - 1) 

Since, nis odd, (n — 1)is even. 

We know (n - 1)n = 2k 

(n — 1)is even = 2q 
(n-1)n(1-1)=4qk= 4m 

‘. It is of the form 4m 

- n -2n? + nis divisible by 4. 
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58. 


60. 


61. 


62. 


m? — 2m = m(m - 2) 
= (n? — n\n? - n- 2) 
= n(n - 1)(n - 2) + 1) 
=(n-2)n-1)in)n + 1) 

which is the product of four consecutive 


integers since the product of four consecutive 
integers is divisible by 4! (< 24). 


. m? - 2mis divisible by 24. 
We have 2000 = 2453. 


(i) Since 2000 divides a“b?, it follows that 2 
divides a or b and similarly 5 divides a or b. 
In any case 10 divides ab. Thus the least 
possible value of ab for which 2000| a°b? 
must be a multiple of 10. Since 2000 
divides 10'°1!, we can take a=10,b=1 to 
get the least value of ab equal to 10. 

(ii) As in (i) we conclude that 10 divides ab. 
Thus the least value of ab for which 
2000| ab? is again a multiple of 10. If 
ab=10, then the possibilities are 
(a, b)= (1,10), 2,5), 6,2), 0,1) But in all 
these cases it is easy to verify that 2000 
does not divide a’b*. The next multiple of 
10 is 20. In this case we can take 
(a, b)= (4,5) and verify that 2000 divides 
4°5*. Thus the least value here is 20. 


Let p, q be primes such that p? + 7pq + q? =m? 
for some positive integer m. We write 
Spq = m? - (p+ qh = (m+ p+ qm -p-@q) 
We can immediately rule out the possibilities 
m+p+q=p,m+pt+q=qandm+p+q=5 
(In the last case m>p, m>q and p,q are at 
least 2). 

Consider the case m+p+q=5p and 
m-p-q=q. Eliminating m, we obtain 
2 + q)= 5p — q. It follows that p = q. Similarly, 
m+p+q=Sqandm -p-q=pleadstop=q. 
Finally taking m+p+q=pq, m-p-q=5 
and eliminating m, we obtain 2(y + q)= pq —-5. 
This can be reduced to (» - 2)q - 2)= 9. Thus 
p=q=5 or (),q)=G,11), 11,3) Thus the set 
of solutions is 

{(p, p): pis a prime} uv {G, 11), 01, 3)}. 


Let us see how many times a specific term, say 
1, occurs in the matrix. Since 1 occurs once in 
each row, it occurs n times in the matrix. 

Now consider its occurrence off the main 
diagonal. For each occurrence of 1 below the 


63. 


65. 
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diagonal, there is a corresponding occurrence 
above it, by the symmetry of the array. This 
accounts for an even number of occurrences 
of 1 off the diagonal. But 1 occurs exactly n 
times and n is odd. 


Thus 1 must occur at least once on the main 
diagonal. This is true of each of the numbers 
1,2,3,...,”. But there are only n numbers on 
the diagonal. Thus each of 1, 2,3,... , occurs 
exactly once on the main diagonal. This 
implies that @;,@7,@33,---;Qnn iS a 
permutation of 1, 2,3,...,n. 

We have to prove that 

401 divides 2. 4-6-...-400-1-3-5-...-399, 
Write x = 401. Then, this difference is equal to 
& - 1) - 3)... & —399)-1-3-5-...-399, 

If we expand this as a polynomial in x, the 
constant terms get canceled as there are even 
number of odd factors ((-1) =1) .The 


remaining terms are integral multiples of x 
and hence the difference is a multiple of x. 
Thus 401 divides the above difference. 


. Consider the expansion of @+b+cy. We 
' show that each term here is divisible by abc. It 


contains terms of the form r,,,,a*b'c™ , where 
‘kim is a constant (some binomial coefficient) 
and k, I, m are non-negative integers such that 


k+l+m=7. If k21,121, m21, then abc 
divides a*p!c™ . 


Hence we have to consider, terms in which 
one or two of k,l,m are zero. Suppose for 
example k=!=0 and consider c’. Since b 
divides c? and a divides c‘ , it follows that abc 
divides c’. 


A similar argument gives the result for a’ or 
b’. Consider the case in which two indices are 
non-zero, say for example, bc®. Since a divides 
c*, here again abc divides bc®. If we take b2c°, 
then also using a divides c* we obtain the 
result. For b’c*, we use the fact that a divides 
b’. Similar argument works for b‘c?, b'c? and 
b®c. Thus each of the terms in the expansion of 
(a+ b+cY is divisible by abc. 


The prime factors of the numbers in set 
{1, 2,3,..., 9,10} are 2, 3, 5, 7. Also only 7€ X 
has the prime factor 7. Hence, it cannot appear 
in B. For otherwise, 7 in the denominator 
would not get canceled. Thus 7€ A. 


Hence, prod(A Yprod(B)> 7. 
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The numbers having prime factor 3 are 3, 6, 9. 

So, 3 and 6 should belong to one of A and B, 

and 9 belongs to the other. We may take 

3,6€A,9eB. 

Also 5 divides 5 and 10. We take Se A, 10¢ B. 

Finally we take 1,2, 4€ A, 8e B. Thus, 

A = {1, 2,3, 4,5, 6, 7}, B = {8, 9, 10}, 

so that Prod) _1-2-3-4-5-6-7_5 
prod(B) 8-9-10 


Thus, 7 is the minimum value of prod(A) 
prod(B) 


There are other possibilities for A and B: e.g., 
1 may belong to either A or B. We may take 
A = {3,5, 6,7, §, B= {1, 2, 4, 9, 10}. 


Let ABCDPQRS be a cube, and the numbers 
a,b,c,d,e,f be written on the faces 
ABCD, BQRC, PQRS, APSD, ABQP, CRSD 
respectively. Then, the products written at the 
corners A, B,C, D, P,Q, R,S are respectively 
ade, abe, abf , aaf, cde, bce, bcf, caf. The sum 
of these 8 numbers is 


= (e+ fab + bc + cd + ad) 
=(e+f)a+c)b+ a). 
This is given to be equal to 2004 = 2? -3- 167. 
Observe that none of the factors 


a+c,b+d,e+f is equal to 1. Thus 
fa+c)b+d)e+f) is equal to 4-3-167, 
2-6-167, 2-3-334 or 2-2-501. Hence the 
possible values of T=a+b+c+d+e+f are 
4+3+167=174, 2+ 6+ 167=175, 
2+3+ 334 = 339, or2+ 2+ 501 =505. 

Thus, there are 4 possible values of T and they 
are 174, 175, 339, 505. 


By data p, =2, p, =3, p,=7. It follows by 
induction that p,,n22 is odd. [For if 
Po, P3,-+++ Pp -, are odd, then pp,...p,_, + 1 
is also odd and nor 3. This also follows by 
induction. For if p, = 7 and if p,,p;,....D,-\ 
are neither 2 nor 3, then p,p2p, ...p, _,; + lare 
neither by 2 nor by 3. So, p, is neither 2 nor 3. 
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68. Observe that 


69. 


70. 


x? — 3xy + 2y274+x-y=K-y)x -—2y + 1) 
Thus, 17 divides either x -y or x-2y+1. 
Suppose that 17 dividesx — y. In this casex = y 
(mod 17) and hence 
x? —2xy + y? -5x + 72yey?-Zy?+y? 

- Sy + 7y =2y (mod 17). 
Thus, the given condition that 17 divides 
x? —2xy + y* —5x + 7y implies that 17 also 
divides 2y and hence y itself. But then x =y 
(mod 17) implies that 17 divides x also. Hence, 
in this case 17 divides xy — 12x + 15y. 
Suppose on the other hand that 17 divides 
x - 2y + 1. Thus, x = 2y — 1 (mod 17) and hence 
x? —2xy + y? -5x + 7y =? — Sy + 6(mod 17). 
Thus, 17 divides y? -5y +6. But x =2y-1 
(mod 17) also implies that 
xy - 12x + 15y = 2(y? - Sy + 6)(mod 17). 
Since, 17 divides y? — 5y + 6, it follows that 17 
divides xy - 12x + 15y. 
Let a n(n+ 1) It is convenient to choose 
n=m‘, for then Q is already a sum of two 
squares Q=m'*(m? +1)=(m’? + m2. If 
further m? itself is a sum of two squares, say 
m? = p* + q?, then 
Q =? + q?\m? + 1)= wm + gq)? + ~- qm). 
Note that the two representation for Q are 
distinct. Thus, for example, we may take 
m=5k, p=3k, q=4k, where k varies over 
natural numbers. In this case n= m2? = 25k?, 
are 
Q = @5k*) + GkY = (5k? + 4k? + 20k? — 3k)’. 
AS we vary k over natural numbers, we get 
infinitely many number of the from n(n + 1) 
each of which can be expressed as a sum of 
two squares in two distinct ways. 
Since 13 divides a + 11b, we see that 13 divides 
a - 2b and hence it also divides 6a - 12b. This 
in turn implies that 13 | (6a + b) 
Similarly 11] @ + 13b)>11]|(@+ 2b) 
= 11| (6a + 12b)>11|(6a+ b) 
Since GCD (11, 13)=1, 
143 | (6a + b) 
Thus, we may write 6a + b= 143k for some 
natural number k. Hence, 

6a + Gb = 143k + 5b =144k + 6b - k+ b) 


we conclude that 
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This shows that 6 divides k+ b and hence 
k+ b> 6. We therefore obtain 


6(@ + b)= 143k + 5b = 138k + 5k + b) 
2138 +5x6=168 
If follows that a+ b>2& Taking a=23 and 
b=5S, we see that the conditions of the 


problem are satisfied. Thus the minimum 
value of a + bis 28. 


Consider the dissection of the given 6x6 
square in to non-congruent rectangles with 
least possible areas. The only rectangle with 
area 1 is an 1 x 1 rectangle. Similarly, we get 
1x 2,1x3 rectangles for areas 2, 3 units. In 
the case of 4 units we may have either a 1 x 4 
rectangle or a 2 x 2 square. 
Similarly, there can be a1 x 5 rectangle for area 
5 units and 1 x 6 or 2 x 3 rectangle for 6 units. 
Any rectangle with area 7 units must be 1 x 7 
rectangle, which is not possible since the 
largest side could be 6 units. And any 
rectangle with area 8 units must be a 2x4 
rectangle. If there is any dissection of the 
given 6x6 square in to 9 non-congruent 
rectangles with areas 
Q, SQ, SQ, SA, SA, 5 AgS A, S Ag < dg, then we 
observe that 
@, 21, a) 22,0, 23,a,24,€;24,a,25, 

a, 2 6,a,26,a,28 
and hence the total area of all the rectangles is 
A, +Q,+...+Ag21+2+3+4+ 4+5 

+ 6+ 6+ 8=39>36 
which is the area of the given square. Hence, if 
a 6 x 6 square is dissected in to 9 rectangles as 
stipulated in the problem, there must be two 
congruent rectangles. 


We have 2 
(+d =at+dy+b+dy. 

This reduces to 

d?+2da+b-c)+a*+b?-c? =0. 

Solving the «quadratic equation for d, we 

obtain 


d=-(+b-c)t Ja+b-c¥ -@' +b? -c’) 
=- (a+ b-c)+ /2 - aye - b). 
Since d is an integer, 2(c - a)(c - b) must bea 
perfect square; say 2(c - a)ic - b) = x°, But GCD 
(c — a,c - b)= 1. Hence we have 
c-a=2u",c-b=v" 
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or c-a=u’,c-b=2v’, 


where u>0O and v>0 and GCD Ul, v)=1. In 
either of the cases d=-(@+ b-c)+ 2w. fy 
the first case 


c+d=2c-a-b+2uv 
=2u* + v? + 2uv 
=(tvP+u? 


We observe that u=v implies that u=y =] 
and hence c - a =2,c —b=1. Hence a,b,c are 
three consecutive integers. We also see that 
c+d=1. forcing b + d = 0, contradicting that 
b+d is a side of a triangle. Thus u#v and 
hence c + dis the sum of two non-zero integer 
squares. 


Similarly, in the second case we get 
c+d=v"+(u+v). Thus, c + d is the sum of 
two squares. 

Aliter 


One may use characterisation of primitive 
Pythagorean triples. Observe that GCD 
(c - a,c -—b)=1 implies thatc + d,a+d,b+d 
are relatively prime. Hence, there exist 
integers m>n such that 


a+d=m?-n’?,b+d+2mnc+d=men. 


Suppose r pages of the book are torn off. 
Note that the page numbers on both the sides 
of a page are of the form 2k -1 and 2k, and 
their sum is 4k — 1. The sum of the numbers on 
the torn pages must be of the form 
4k - 1+ 4k, -1+...4 4k -1 

H4K tk +...¢kh)-r. 
The sum of the numbers of all the pages in the 
untron book is 

1+2+3+.. +100=5050 
Hence, the sum of the numbers on the tom 
Pages is 5050 - 4949 = 101. 
We therefore have 

4K tk +...+k)-r=101 
This shows that r = 3 (mod 4). Thus r = 4! +3 
for some / > 0. 
Suppose r 2 7, and suppose 
Ky < ki < ky <..<k,. Then we see that ; 
4k) + ky tt ky =r ay thy tot k;)-" 

240 424...47-! 

= 4x 28-7=105> 101 ; 
Hence, r=3. This leads to k, +k) +k; 20 
and one can choose distinct positive intege™ 
k\ ky, ky in several ways. 
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a? -3a-19=a? -3a-70+51 — 
=(a-10)@+7)+51 
Suppose 289 divides a* -3a-19 for some 
integer a. Then, 17 divides it and hence 17 
divides (a - 10) (a+ 7) Since 17 is a prime, it 
must divide (@-10) or (@+/7} But 
(a+7)-—(a-10)=17. Hence, whenever 17 
divides one of (@—10) and (@+/7) it must 
divide the other also. Thus, 17? = 289 divides 
(a -10) (a+ 7) It follows that 289 divides 51, 
which is impossible. Thus, there is no integer a 
for which 289 divides a? - 3a - 19. 
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We observe that for any integers x, y, 
x2 + Qxy + 22a + yh +y?2y’, 
and x? - 2xy + 2y2=K-yr +y?2y?. 


We write 
32008 , 42009 _ 32008 5 4(42008) 


= 2 y + 4(4°° y. 
Taking x = 3° and y = 4°, we see that 
32008 , 42009 _ gb, where 
az 4y, bz (ay. 


But we have 


(45022 = 22008 > 22002 Z qi ps > 2009)'*?, 
since aul = 2048> 2009 


75. We use the standard factorisation : 
x4 + 4y* = (x? + 2xy + 2y?) (x? - 2xy + 2y?) 


Level 2 
1. We look for powers of 2 congruent to 1 [ x] =3 and [3] a’ 
modulo 7 and find that 2! = 2 (mod 7) 32 3 
22 = 4 (mod 7); 2? = 1 (mod 7) [Zl 9 and N>27 


It follows that every natural numbers k 

23k — Q3|k=1* =1 (mod 6) 
Hence, every number of the form 2-1 
divisible by 7, when nis not a multiple of 3. 


It is of the form 3k + 1 or 3k + 2. 
23k = ] (mod 7) 


we have 
p3k+1 _2.23k = 2 (mod 7) 


g3k+2 _ 4.23 = 4 (mod 7) 


From which it follows that multiples of 3 are 
the only exponents n such that 2” -1 is 


divisible by 7. From relation it follows that 
23k+1 4 1 =3 (mod 7) 
23k+2 4] =5 (mod 7) 
Moreover 2°* + 1 = 2 (mod 7) 
So, 2” + 1 leaves a remainder of 2, 3 or 5 when 
divided by 7 and hence is not divisible by 7. 
. Itis necessary that 2*4 and3!* each divide N!. 


ned = 8 then [>| =2and [3] =0 
3 _ 33 


So, 3! N! (not enough). If [*] = 9, then 


27 27 27 27 
‘asi [F]+ [I+ Ea [#| 
=13+6+3+1=23 


So, 223| N! (not enough) 
But N = 28works for both 2 and 3. 


. We have 


(a+b) -a’ —b’ =7aba+ b)a@? + ab+ b*y 


Since, 7 does not divide ab(a + b), we must 
choose a, b so that 7? divides a* + ab + b? 


ie., a’ + ab + b* = 0 (mod 7°) (i) 
@ -b? =(a-b)a?+ab+b*)  ...(ii) 

Eq. (ii) is equivalent to 
a =b’ (mod 7°) .. (iii) 


For any number c relatively prime to n, we 
have e*®™ = 1 (mod n); 


Now, o7*)= 7 - 17? =3.98 
so c>°8 = 1 (mod 7°) for any c ¢ 0 (mod 7) 
foreg., c=2,setb=l,a=2% 

_ Then, @%)' = 1 (mod 7°) 


. YQ = 4 (mod 7),a + b= 2°" + 1.=5 (mod 7) 


a-—b=2% ~ 1 =3(mod 7). 
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7 does not divide ab(a + b)nor (@@ — b). 


Now, 2° is terribly large and can be reduced to 
size [mod 7? = 343] 


for e.g., 
2! = 1024 = 3,79 - 5, so2!° =-5 (mod 7?) 
so 2° =25 (mod 73),2# = 61,28 =-52 
2 = — 83, 28 = - 87, 2% = 18(mod 73) 
SO @=18,b=1isa solution. 
4. First consider 
x -1L=& - Dat 4x3 4x2 4x41) 
where x = 5*9”. We can verify that 
34x72 4x4 1= (2 + 3x 412 
-5xx + 1) ...()) 
Since, x = 5°” the RHS of Eq. (i) is the 
difference of two squares and can be factored. 


It is easy to verify that each of the three 
factors of 51985 — 1 exceeds 51. 


xt 4x 


5. (i) Denote the five distinct roots of x° —1=0 
by 1, @, @7, w, 04. 
If k is +ve integer, then 
1+ wk + w* + w* + wt* 
_ 5 ifk is multiple of 5 
- {0 otherwise 


The first result is obvious and second 


follows by substitution of x =o* in the 
identity 
x -Ll=@-1)0+x+x74+x3 4x4) 


Now, replace x successively by 1, w, wo”, 0, 


w' in the identity 
x2 +x4+x24+x 
=x? @y + AX + Ax? + ax? +...) 


3 + x4 496 


(We multiplied the given identity by x? in 
order that @;,4g,...,@, 3 be coefficients 
of fifth powers of x). Add the resulting five 
equations and divide by 5 to get 


495 _ 
5° = Gs + Ag + Az +... + Aiggs 


It shows that any common divisor of 


3, Ag, -.., Aygg3 is a power of 5. 
Now, @j9g3 = 496 which is not divisib’ 


It follows that gcd we seek is 1. 
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(ii) A > setting x = 1, we get 54% > dogo. 


Since a,20, to show that 10°” > ago, it 
suffices to show that 
10°47 > 54% or 347 > 496 dl — log2) 


An easy way to verify the last inequality is 


to recall that 
03010< log2< 03011 


Then, 
496(1 - log 2)< 49601 — 03010) = 346.704 


Now, 2!°=1024>10?, multiply our 
inequality by 24% and raise it to the tenth 
power. 


It reduces to 
24960 . 19!499 or 1.02449 > 100 


or (1.024)'74 > V10 
In binomial expansion. 
+ 0.024)'74 =1 + 124(0.024)+ ... 
the sum of first two term is already > J10. 


(iii)B-— It follows inductively that the 


coefficients a ,a,,... are unimodal and 
symmetric @g9, being the largest. 


Thus, 1985 dg, >5*%. To show that 
Agg > 10**°, it suffices to show that 

5** > 2000. 10°#° or 497 - 343 > 497 log2 
or 153 > 149.647 ..-(ii) 


Alternatively we can use the fact that 
5* > 2° to conclude first that 64? > Q°7? or 
5156 > 2351 


2351 iy ail . 2340 SD. 10° . 2340 


We have that 5632000249 which is 
equivalent to Eq. (ii). 


6. Let m=n+10,thenn=m-10 


nr + 100 = (m- 10) + 100 
=m? - 30m? + 300m - 900. 


Condition (n+ 10)/ (n° + 100) now translates 
into 


m|m? — 30m? + 300m - 900 


Since, m is a divisor of each of the quantities 
m?, 30m?, 300m. 


It follows that m|900. The largest m for which 
this is true is m = 900, so it follows that the 
largest n with the given property is n = 890. 
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7. 


10. 


n? + 3n+2=(n+ 1)n+ 2)and 6=2-3 

So if 6 is to be divisor of n? + 3n + 2 then either 
(a) 6 is a divisor of n+ 1. 

(b) 6 is a divisor of n+ 2. 


(c) 3 is a divisor of n+ 1 and 2 is a divisor of 
n+2or 

(d) 2 is a divisor of n+ 1 and 3 is a divisor of 
n+2 


Possibility (a) holds for n =5,11,17,..., 1991 or 
332 values in all. Possibility (b) holds for 
n=4,10,16,...,.1990, another 332 values. 


for n=1, 7, 13, °....., 1987 yet another 332 
values. So, there are 4 x 332 = 1328 values of n 
between 1 and 1991 for which n* + 3n+ 2 is 
divisible by 6. 


. Let nbe a given +ve integer, let dbe any divisor 


of n. 


Then, n/dis an integer. It is also a divisor of n 
(as n=dxn/ ad) If nis not a square, then 
nzd?, so dand n/d are unequal. If we pair up 


dand n/d then each divisor acquires one and 
precisely one match. 


The divisors now get grouped into pairs and 
this tell us that the number of divisor is even 
(for it is twice the number of pairs). 


2=1 mod7 
23" =] mod 7 for any +ve integer n. 
23"+1=2 mod7 
23"+2—-4 mod7 
So, remainder 2” +7) cycles through the 
values 1, 2 and 4 in that order. 
We never have 2” = — 1, this means that 2” + 1 
is never a multiple of 7. 
Suppose ab + cd is prime. 
ab+cd=(a+d)c+Q-c)a 
=mGCDa+d,b-c) 
for some +ve integer m. By assumption either 
m=lorgcd(a+d,b-c)=1 
Case! m=1, then 
GCD a@+d,b-c) 
=ab+cd>ab+cd-(a-b+c+4d) 


11. 
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=(a+ dye-1)+ @-1)a+1) 
>GCD(a+d,b-c) 
which is false. 
Casell GCD@+d,b-c)=1 
substituting ac + bd = (a+ d)b-(b-c)a 
for LHS of .ac+ bd=b+d+a-c) 
b+d-a+c) 
we get (a+ d)a-c-d)=@-c)b+c+d) 
There exist a +ve integer k such that 
a-c-d=k-c); 
b+c+d=k@+d) 
Adding these we obtain 
a+b=ka+b-c+d)and thus, 
kc -d)=k-1)@+ b) 
Recall thata>b>c>d 
If k=1, then c = d, a contradiction. 
k a+b 
If k> 2, then22 ca? 
a contradiction 
So, ab + cd is not prime. 


Let n= pi :.. per 
Then, din) = (@, + 1)fa, + 1)...a, + 1) 
and din?) = Qa, + 1)@a, + 1)...2a, + 1) 


SO, a; must be chosen so that 

Qa, + 1)@a, + 1)... 2a, + 1) 

= k@, + 1)@, + 1).4a, + 1) 

* Qa, + l)are odd 
= k must be odd we show that conversely 
given any odd k, we can find q,. 
We use a form of induction on k. 
It is true for k = 1 (Take n= 1) 
If it is not true for 2"k - 1. 


That is sufficient since any odd number has 
the form 2” k — 1 for some smaller odd number 
k. Take a, - 2'@™ -1k-1fori=0,1,....m-1 
Then, 2a+1=2'*'@™-1K-@'t!-1) 
and a, +1=2'2™ -1k-@! -1) 


So, the product of the Qa, + 1) divided by the 
product of the @+1)s_ is2"@™ -1k 


—@™ -1)divided by 2” - 1k 
or e"™k-1)/k 


12. 


13. 


Thus, if we take these a,'s together with those 

giving k, we get 2"k-1 which completes 

induction. 

(a, b)= (11, 1), (49, 1) or 7k?, 7k) 

Ifa<b,thenb>q+1 

So, ab’ +b+7> ab? + b> (a+ 1)ab+ 1) 
=a°b+a+ab>a2b+a+b 


So, there can be no solutions with a<b. 
Assume that a>b let k= the integer 
"b+ a+b)+ @b* + b+ 7) We have 
(a@/b+1/b)a@b? +b+7)=ab?+a 
+ ab+7a/b+7/b+1>ab?+a+b 
So,k<a/b+1/b. Now, if b>3, 
Then, bb -7/ b) >0 
(@/b-1/ b)@b* +b+7)=ab?+a-a 
@-7/b)-1-7/b<ab?+a<ab*+a+b 
Either b=1 or 2 ork>a/b-1/b 
If a/b-1/b<k<a/b+1/b 
Then, a-l<kb<a+l 
Hence, a = kb. It gives solution (a, b) = (7k?, 7k) 
It remains to consider b = 1 and 2. 
If b = 1, thena + 8divides a* +a+1 
Also, ala + 8)-@’?+a+1)=7a-1 
Also, 7@ + 8)-—(Va-1)=57 
Only factors bigger than 8 are 19 and 57. 
So a=11 or 49. It is easy to check 
(a, b)= (11, 1) and (49, 1) are indeed solution. 
If b = 2, then 4a + 9 divides 2a? + a+2 
Also a(4a+9)-2Qa*+a+2)=7a-4 
Also 7(4a + 9)- 47a - 4)=79 
Only factor greater than 9 is 79. 
But that gives a = 35 / 2 which is not integral. 
Hence, there are no solutions for b = 2. 
(1, p)is a solution for every prime p. 
Assume n>1 and take q to be the smallest 
prime divisor of n. | 
We first show that q= p let x be the smallest 
+ve integer for which (p - iy =-1mod q. 
y the smallest +ve integer for which 
(p-1 =1 mod q. 
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Certainly y exists and indeed y < q. 
Since (p-1)4-!=1 modq 
We know that (p - 1)" =— 1 mod q 
So, x exists also. 
n=sy+rwithOsr<y 

So, (p-1)' =-1 modq 
Hence, x < r< y (r cannot be zero). 

[1 is not -1 mod q] 
write n = hx + kwith 0< k< x 
Then, -1=(p-1)' =¢1)"(p-1* mod qh 
cannot be even, then 
(p-1k=-1 (mod q), contradicting the 
minimality of x, so his odd. 
Hence, (p - 1) = 1 mod q with Os k<x<y. 


This contradicts the minimality of y unless 
k=0 


So, n ='hx but x <q sox = 1. 

So, (p - 1)=- 1 mod q pand q are primes. 
&. q=p 

So, pis the smallest prime divisor of n. 
We are also given that n< 2p so either. 


p=nor p=2,n=4., The latter does not work 
so we have shown that n= p. 


Evidently n = p = 2 and n = p = 3 work 


Now, p > 3 we show that there are no solutions 
of this type. 


Expand (p- 1)? +1 by the binomial theorem 
to get 
(1)? =(-1)1+ ¢1)+ p? - ; pp — lp? 
4 Dip - 1p - 2) 
6p" 
The terms of the form p' with i23 are 
obviously divisible by p’. 


*: Binomial coefficients are all integral. Hence, 
sum is 

p*+ (a multiple of p*) so the sum is not 
divisible by p*. But for p > 3, p” ~! is divisible by 
P so it cannot divide (p - )? +1 

There are no more solutions. 


14. 0.-2')+ 2-274+3.234 0.4.2" 


=2In + 10) + 2) 
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15. 


16. 


LHS can be summed as 
242274234 427 a 2ttl_2 
274234427 2 2t) 22 


2+ ...4 2" =2ttl_ 23 
+2" 6 BO 
n2"+l)_@ntl -2) 
2° *1¢1-1)42 
-: This equals 
Or 10 4 iD. 
10 
n-1=2_ 227 
gn+l 
So, n=294+1=513 
Set A=a’?+ab+b? 
B=a-b 
Then, a’ — b’ = AB. If Bis divisible by 2", then 
product AB is divisible by 2” 


-- aand bare odd. 

A =a’ +ab+b? is a sum of 3 odd numbers 
and is therefore also odd. 

So, A is relatively prime to 2”. 

Thus, 2” divides AB only if it divides B. 


Let X=X,+U 
y=y,+Vv 
where x, and y are non negative integers and 
O<u<1,0<v<l 
Now, x; + ¥; + [Su] + [Sv] 
> [3u + v}+ 3v + ul ..-(i) 

We prove that, 

[5u) + (Sv]2 Bu + v] + [3v + u) 


which implies Eq. (i). 


..-(ii) 


‘ In view of the symmetric roles of u and v we 


assume u2v_ which gives inequality 
(Su]2 [3u + v} 
If u< 2v we also have 

[SvJ2[3v + u) 
So Eq. (ii) is established in this case finally, we 
prove that Eq. (ii) hold if u>2v 
Let Su =a+ band 5v=c +d.whereaandc are 
non -ve integers. 


17. 


_ Now, 


18. 
19. 


0<b<1,0<sd<1 

Then, Eq. (ii) can be written as 

a+c2[Ba+c+3b+d)/5] 

+ [3c+a+3d+b)/5] 

Now, 1 > u>2v,so that5>5u>l0vor5>a+b 
> 2c + 2d. The first inequality here gives. 5>a 
or 42a. 
IInd inequality gives a22c as a<2c would 
imply that a<2c-1, a+1-2csO and 
a+b-2c<0 
Thus, we have 42 a> 2c and hence only cases 
we need to consider are 

a444332210 

ec 21010100 0 
It is easy to verify Eq. (iii) in these 9 cases 
as 3a +d and3d+b<4 
Let us denote the digits in tens, hundreds and 
ones place of the sought for number N. as 
x,y, z respectively 

N =100x + 10y + z 
100x + 10y + z=x y!+ z! 
7!=5040 
So none of digits of N exceeds 6. 
Nitself does not exceed 700. 
Its digit can exceed 5 (as 6! = 720 > 700) 
At least one digit of N=5. N is a 3 digit 
number and 3- 4!= 72~ 100. 
“. X Cannot be equal to 5 
3-5!=360<500 

x cannot exceed 3. 
x does not exceed 2 since 3! + 2-5!=246< 300 
But 255 does not satisfy. 
x cannot exceed 1 as 2!+ 5!+ 4!=146<200 
Now, 1!+5!+ 4!=145<150 
y cannot exceed 4. 
z=S [at least one value of N must be 5] 
We havex =1,4>y> Oandz=5S. 


(iii) 


So, N=145 
N=1 

2x + 3y=k ...(i) 
We obtain x = £—3¥ - - y 4 K-¥ ...(ii) 


From Eq. (ii), we find that xis an integer only if 
(k - yy 2 is an integer. 


20. 


Hence, 

Hence, 

equation 2 yields 
X=-yY+S=-—(-2s)+3s-k 


If integers x and y satisfy Eq. (i) they are of 
form 


k-y/2=s 
y=k-2s 


xX=-k+3s,y=k-2s 
where s is some integer. 


..- (iii) 


for an arbitrary integer s, Eq. (iii) defines 
integers x and y which satisfied Eq. (i). 
In a same way we can determine integral 
solution of 9x + Sy =1 ...(iv) 
where | is a given integer. 
~i-& 
5 


ie an integer only if ( + x)/ Sis an integer say 
+X 


—=t. 


+X 


isa ...(V) 


Hence, x = 5t - / and substitute in Eq. (v) 
y=-2x+t=-26t-1)+t=-9t+ 21 
If x and y satisfy Eq. (iv) they are of form 
x =5t-I,y =- 9t + 21 ...(vi) 
where t is an integer. 
Conversely, for an arbitrary integer t 


Eq. (vi) defines integers x and y which satisfy 
Eq. (iv) 
If 2x + 3y = some multiple of 17 say 17.n. 


then x =—17n+ 33s, y) 
y=17n-3s (n, s) are integers 
then 9x +5=9(¢17n+ 35)+ 5(17n - 2s) 
=17(-4n+ s) 


Le., if 2x + 3y is divisible by 17 so 9x + Sy. 


For all integers x and y for which 9x + Sy is 
divisible by 17, 2x + 3y is also divisible by 17. 


- Product of the sought for number by 2 has 


same number of digits as the original number. 
Initial digit of that number cannot exceed 4. 
When initial digit carried to end the resultant 
number must be even (it is equal to the 
duplicated original number). So, initial digit of 


the sought for number is equal to 2 or 4. 


Let us suppose that the initial digit of the 
sought for number is equal to 2 or 4 on 
denoting x the number obtained from sought 
for number by discading its initial digit. 
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We can write by analogy with first of equality 
2-10" + x)-2=10x +2 


_ 4-10" -2 _ 2-10" -1 


x 
8 2 
or (4-10" +x)-2=10x+4 
8 2 


Neither of the formulas for no. x hold as a 
whole no. can not be equal to a fraction whose 
numerator is odd and denominator is even. 


21. Letn? +n+ 41=m7, then 
4m? = 4n* + 4n+ 164 = n+ 1¥ + 163 


2m + 2n + 1)@m - 2n-1)=163 
-: 163 is prime we must have 
2m + 2n+1=+1,+ 163. 
Correspondingly 2m — 2n - 1 =+ 163,+ 1. 
Subtracting 4n + 2 = + 162 
Hence, n=- 41 or 40. 


22. Suppose there are four numbers a,b,c,d 
among the given nine numbers which leave 
the same remainder modulo 20. Then, 
a+b=c+d (mod 20) and we are done. 

If not, there are two possibilities : 

1. We may have two disjoint pairs {a,c} and 
{b,d} obtained from the given nine 
numbers such that a=c (mod 20) and 
b=d (mod 20). In this case we get 
a+b=c+d (mod 20). 

2. Or else there are at most three numbers 
having the same remainder modulo 20 and 
the remaining six numbers leave distinct 
remainders which are also different from 
the first remainder (ie., the remainder of 
the three numbers). Thus there are at least 
7 distinct remainders modulo 20 that can 
be obtained from the given set of nine 
numbers. These 7 remainders give rise t 


7 
(2)- 21 pairs of numbers. By pigeonhole 


principle, there must be two pails 
(hs %) 05,75) such that 
h + = + ry (mod 20) Going back we get 
four numbers a,b,c,d such _ thal 
a+b=c+d(mod 20). 
If we take the numbers 0, 0, 0, 1, 2, 4, 7, 12, We 
check that the result is not true for these eight 
numbers. 
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23. 


24. 


We show that the answer is NO. Suppose, if 
possible, let a,b,c be three distinct positive 
real numbers such that a,b,c,b+c-a, 
c+a-b,a+b-canda+b+c forma /7-term 
arithmetic progression in some order. We may 
assume that a< b< c. Then, there are only two 
cases we need to check: 
@ a+b-c<a<c+a-b<bec<b+c-a 
<a+bic 
and I)a+b-c<a<b<c+a-bec 
<b+c-a<a+biec. 
Case | Suppose the chain of inequalities 
a+b-c<a<c+a-b<c<bic-a 
<a+b+c holds good. Let d be the common 
difference. Thus we see that 
c=a+b+c-2d,b=a+b+c-3d, 
a=a+b+c-5d. 
Adding these, we see that a+ b+c=5d. But 
then a = 0 contradicting the positivily of a. 
Case Il Suppose the inequalities 
a+b-c<a<b<c+a-b<c 
<b+c-a<a+bic 
are true. Again we see that 
c=a+b+c-2d,b=a+b+c- 4d, 
a=a+b+c-—Sd. 
We thus obtain a + b + c = (11/2)d. This gives 


1 3,7 
wid hot dee ld 
tie ieee 


Note thata+ b—c=a+b+c-6d=-(1/2)d. 
However we also get 

a+b-c=[Q/2)+ B/2)- (7/2)]d 

=- @G/2)d. 

It follows that 3e = e giving d = 0. But this is 
impossible. 
Thus there are no three distinct positive real 
numbers a,b,c such that a, b, c, b+c-a, 
c+a-—b,a+b-canda+b+c forma /7-term 
arithmetic progression in some order. 


We observe that 
Q=a +b +c -3abc 


=54+b+cila—by + b-c? + €-ay 


Since, we are looking for the least positive 
value taken by Q, it follows that a, b,c are not 
all equal. 

Thus,a+b+c21+1+2=4and 


a-by +b-c¥ + C-a214+1+0=2 


25. 


26. 


91 


Thus we see that Q 2 4. Taking a= 1, b=1 and 
c =2, we get Q =4. Therefore, the least value 
of Q is 4 and this is achieved only by 
a+b+c=4 and 
(a- b)? + b-c)* + €-a)* =2. The triples for 
which Q = 4 are therefore given by 
(a, b,c)= (1, 1,2) 0, 2,1) 2,1, 1) 
Obviously p # q. We write this in the form 
p(p"-1 + p"-2 4...4 D=qq@+1) 
If q< pp"? - 1, then q< p"”” and hence we see 
that q* < p". Thus, we obtain 


giqgcpr+ percep +p" '4+...4p 


Since n> 2. It follows that q 2 p”’?. Since, n> 2 
and is an even number, n/2 is a natural 
number larger than 1. This implies that 
qzp"? by the given condition that q is a 
prime. We conclude that q>p"/? + 1. We may 
also write the above relation in the form 
p(p"’? —1(p"/? + 1)=(p-1)qq@+ 1) 

This shows that q divides (p"”? - 1)(p"/? + 1) 
But q> p"’* + 1 and q is a prime. Hence, the 
only possibility is q = p"/* + 1. This gives 
p(p"’? —1)=(p-1)q@ + 1)=(p- 1p”? + 2) 
Simplification leads to 3p=p"/2+2. This 


shows that p divides 2. Thus p = 2 and hence 
q=5,n=4. It is easy to verify that these 
indeed satisfy the given equation. 


We show that the required GCD is 24. Consider 
an element @,b,c,d,e,f)eS. We have 
a? +b? +0? 4+d* +e? =f?, 
We first observe that not alla, b,c,d,ecan be 
odd. Otherwise, we have 
a@=b*=c*=d*=e7=1 (mod8) 
and hence f* = 5 (mod 8), which is impossible 
because to square can be congruent to 5 
modulo 8. Thus, at least one of a, b,c, d,e is 
even. 
Similarly, if none of a, b, c,d, e, is divisible by 
3, then a? = b*® =c? =d? =e? =1 (mod 3) and 
hence f* = 2 (mod 2) which again is impossible 
because no square is congruent to 2 modulo 3. 
‘Thus, 3 divides abcdef. 
There are several possibilities for a, b,c, d,e. 


Casel Suppose one of them is even and the 
other four are odd; say a is even, b,c,d,e are 


odd. Then, b* + c? + d? +e? =4 (mod 8). If 
a* = 4 (mod 8), then f? = 0 (mod 8) and hence 
2la,41f giving 8| af. If a? = 0 (mod 8), then 
f? = 4(mod 8) which again gives that 4| a and 
21f so that 8| af. It follows that 8] abcdef and 
hence 24 | abcdef. 

Case Il Suppose a, b are even and c,d,e are 
odd. Then, c? +d? +e? =3 (mod 8). Since 
a’ + b* = Oor 4 modulo 8, it follows that f? =3 
or 7(mod 8) which is impossible. Hence, this 
case does not arise. 

Case Ill If three of a,b,c, d,e are even and 
two odd, then 8] abcdef and hence 24 | abcdef. 
Case IV If four of a,b,c,d,e are even, then 
again 8| abcdef and 24 | abcdef. Here, again 


for any six tuple (@@, b,c, d,e, f)in S, we 
observe that 24 | abcdef. Since 


1741741242243? = 42. 
We see that (1, 1, 1, 2,3, 4)e Sand hence 24eT. 
Thus, 24 is the GCD of T. 


27. (a) Let us assume that there are no even 


numbers in the sequence. This means that 
Xn+ 1 iS obtained from x,, by adding a 
non-zero even digit of x, to x,, for each 
n>1. 
Let E be the left most even digit in x, which 
may be taken in the form 

x, = 0,0, ...O,ED,D, ... Dj 
where O,, O,...,O, are odd digits (k2 0); 
D,, D,,..., B._, are even or odd; and D odd, 
a 
Since, each time we are adding at least 2 to 
a term of the sequence to get the next term, 
at some stage, we will have a term of the 
form 

x, = 0,0, ...O,E999...9 F 


where F = 3,5, 7 or 9. Now we are forced to 
add E tox, to get x, , ;, aS it is the only even 
digit available. After at most four steps of 
addition, we see that some next term is of 
the form 

x, =0,0,...0,G000...M 
where G replaces E of x,,G=E+1, 
M = 1,3,50r7.Butx, has no non-zero even 
digit contradicting our assumption. Hence, 
the sequence has some even number as its 
term. 
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(b) If there are only finitely many even terms 
and x, is the last term, then the sequence 
Xn nave. = Xr aps Xp 4 20+) is Obtained in 


a similar manner and hence must have an 
even term by (a), a contradiction. Thus, 
(Xn np =) has infinitely many even terms. 


28. It can be easily seen that 


29. 


Qn = 2b + 2c - a)’ + Rc + 2a-by’ 


+ @a+ 2b-c). 
Thus, we can take p, =p2=P,;=2, 
Q, = 92 = 4, = 2 and rm =r, = = — 1. Suppose 3 


does not divide GCD (a,b,c) Then, 3 does 
divide at least one of a,b,c, say 3 does nct 
divide a. Note that each of 2b+ 2c -a, 
2c + 2a —- band 2a + 2b - cis either divisible by 
3 or none of them is divisible by 3, as the 
difference of any two sums is always divisible 
by 3. If 3 does not divide 2b + 2c — a, then we 
have the required representation. If 3 divides 
2b + 2c — a, then 3 does not divide 2b + 2c + «. 
On the other hand, we also note that 


9n = 2b + 2c + a)’ + 2c -2a— by 

+ (-2a+ 2b-c) =x? +y? + z?, 
where x =2b+2c+a, y=2c-2a-—b and 
Z=-2a+ 2b-c. Since, x - y =3+ a) and 3 
does not divide x, it follows that 3 does not 


divide y as well. Similarly, we conclude that 3 
does not divide z. 


Suppose Oe A. Then, a? = a? + 0x bis rational 
and ab = 0° + ab is also rational for all a, b in 
A, a # 0,b # 0,a # b. Hence, a = a, /M for some 
rational a, and natural number M. For any 
b + 0, we have 
biM = 2, 
a, 


which is a rational number. 


Hence, we may assume 0 is not in A. If there is 
anumber ain A such that -ais also in A, then 
again we can get the conclusion as follows. 
Consider two other elements c,d in A. Then, 
c? + da is rational and c? — da is also rational. 
It follows that c* is rational and da is rational. 
Similarly, d° and ca are also rationals. Thus, 
d/c = (daY(ca)is rational. Note that we can vary 
d over A with dc and d¢a. Again c* is 
rational implies that c=¢,/M for some 
rational c, and natural number M. We observe 
thatc/M = c,M is rational, and 


30. 


so that aM is a rational number. Similarly is 
the case with -a/M. For any other element d, 


bVM = Mc, dq 
4 


is a rational number. 

Thus, we may now assume that 0 is not in A 
and a+ b+ 0 for any a, bin A. Let a,b, c,d be 
four distinct elements of A. We may assume 
la|>|b. Then, d? + abandd? + be are rational 
numbers and so is their difference ab — bc. 
Writing a*+ab=a?+be+(ab-—bc) and 
using the facts a? + hc, ab — be are rationals, 
we conclude that a? + ab is also a rational 
number. Similarly, b? + ab is also a rational 
number. 


Consider g=2=2 +40 


b b?+ab 

Note that a? + ab> 0. Thus, q is a rational 
number and a = ba. This gives 

a? + ab=b’@? + q) Let us take b2(q? + q)=1. 


1 x 
Then, lbl= | = /-, 
\a+a & 


where x and y are natural number. Take 
M =xy.Then,|b| JM =x isa rational number. 
Finally, for any c in A, we have 


cM =bvM €, 


is also a rational number. 


We show that x is irrational. Suppose that x is 
rational. Then, the sequence (a,)7_, is 


periodic after some stage; there exist natural 
numbers k,! such that a, =a, ,; for all n>k 
Choose m such that ml >k and ml is a perfect 
square. Let 


m = pps? ... per. = pips? ... per, 


be the prime decompositions of m,1 so that 
a, + B,is even for1< j<r. Nowtakea prime p 
different from p,, P2,-...,P,- Consider ml and 
pml. Since pml - ml is divisible by ], we have 
Gyr = Any. Hence, d(pml) and d(ml) have same 
Parity. But d(pml) = 2d(ml), since GCD@, ml) = 1 
and p is a prime. Since ml is a square, d(ml) is 
odd. It follows that dm) is even and hence 
Qy py # 4,4. This contradiction implies that x is 
irrational. 


31. (a) Consider 
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As earlier, assume that x is rational and 
choose natural numbers k,! such that 
@, =@, ,, for all n2k Consider the numbers 
Om +O 6200251 Am ayy Where m2k is any 
number. This must contain at least one 0. 
Otherwise a, = 1 for alln2k Buta, = Oif and 
only if r is a square. Hence, it follows that 
there are no squares for n> k, which is absurd. 
Thus every | consecutive terms of the 
sequence (a, ) must contain a 0 after certain 
stage. Let ¢ = max{k, I}, and consider ¢? and 


(t + 1). Since, there are no squares between rt? 
and (¢+ 1), we conclude that a... ,=1 for 
1< j< 2t. But then, we have 2t6 /) consecutive 
terms of the sequence (a,) which miss 0, 
contradicting our earlier observation. 
F(D)= An. y+ Clay, _ 5, 
O< j<™m, where m is a natural number. We 
observe that f(0)= 2a, is divisible by 2a,,. 
Similarly, 
f)=a,, +1 74m -} = 2am, 
is also divisible by 2a,,. Assume that 20m 
divides f( j) for all O< j <1, where! <m. We 
prove that 2a,, divides f (1), Observe 
f(l- =a, .)_, + CD!~1a,, 1, 
FU-2)= ay )2 + Cl) 2@, 1, > 
Thus, we have 
Qn 1 = 2a, +1-1 + Uy 41-2 
=2f(1-1)-2¢-1)'-'a, _),, 
+TU=2Cl) “a, ys 
= 2f(1 - 1)+ f(l- 2) 
+ ¢1)'""@,, _) + 2-24, 4,1) 
= 2f(1 -1)+ fl -2)+ ©1)!"!a,, _). 
This gives 
FQ =2fd -1)+ fd -2) 
By induction hypothesis 2a,,, divides f (I — 1) 


and f(/-2) Hence, 2a,, divides f() We 
conclude that 2a,, divides f(j)forO0< j-<m. 


(b) We see that f(m)=a,,,. Hence, 2am divides 


@>,, for all natural number m. Let n = 24! for 
some |> 1. Taking m = 24~"'), we see that 
2a,, divides a, . Using an easy induction, we 
conclude that 2‘a, divides a,. In particular 
2* divides a,,. 


32. Suppose n = pr, where p<q are primes and 


r>l. Then, p22,q23 and r22, not 

necessarily a prime. Thus we have 
n-22n-p=pqr-p25p>p, 
n-22n-q=qr -1)23q>q, 
n-22Nn-pr=prq-1)22pr>pr, 
n-22n-qr=qr(p-1)2qr. 

Observe that p, q, pr, qr are all distinct. Hence, 

their product divides (1 - 2). Thus, n? = p2q?r? 

divides (7 - 2)! in this case. We conclude that 

either n = pq where p, q are distinct primes or 

n= p* for some prime p. 

Case! Suppose n= pq for some primes p,q 


where 2<p<q. Then, p>3 and q>5. In this 
case 


n-2>n-p=plq-1)2 4p, 

n-2>n-q=qp-1)22q 
Thus p, q, 2p, 2q are all distinct numbers in the 
set (1,2,3,....,2-2) We see that n? =p*q? 
divides (n - 2)! We conclude that n=2q for 
some prime q 2 3. Note that n- 2 =2q-2<2q 
in this case so that n* does not divide (n — 2)!. 
Case Il Suppose n = p* for some prime p. We 
observe that p, 2p, 3p,..., (p*~! — 1p all lie in 
the set {1,2,3,...,— 2}. If p*-! - 122k, then 
there are at least 2k multiples of p in the set 
{1,2,3,...,-2}. Hence, n?=p** divides 
(n - 2)!. This p*-! -1<2k 
If k>5, then p*-! -12>2*-!-122k, which 
may be proved by an easy induction. Hence, 
k< 4. Ifk=1,we getn =p, a prime. Ifk = 2, then 
p-1<4so that p =2 or 3, we getn =2° =4 or 
n=32 = 9. For k=3, we have p* -1< 6 giving 
p=2;n=2> = Bin this case. Finally, k = 4 gives 
p -1< 8 Again p = 2andn = 2* = 16. However 
n? = 28 divides 14! and hence is not a solution. 
Thus, n = p, 2p for some prime porn = 8, 9. Itis 
easy to verify that these satisfy the conditions 
of the problem. 


33. (i) Suppose ne N is faithful. Let ke N and 


consider kn. Since n=a+b+c, with 
a>b>c, clb and bla, we see that 
kn = ka + kb + kc which shows that kn is 
faithful. 

Let p>5S be a prime. Then, p is odd and 
p =(p-3)+2+ 1 shows that pis faithful. If 
ne N contains a prime factor p > 5, then the 
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above observation shows that n is faithful. 
This shows that a number which is not 
faithful must be of the form 2°3°5”. We also 
observe that 24=16=12+3+1, 

37 =9=6+2+1 and 57 =25=22+2+1, 
so that 24,3? and 5? are faithful. Hence, 


ne N is also faithful if it contains a factor 
of the form 2% where « 2 4; a factor of the 


form 3° where f 2 2; or a factor of the form 
5’ where y 2 2. Thus the numbers which are 


not faithful are of the form 2°3°5", where 
a<3,B<1 and y< 1. We may enumerate all 
such numbers. 

1, 2, 3, 4, 5, 6, 8, 10, 12, 15, 20, 24, 30, 40, 
60, 120. 

Among these 
60 = 48+ 8+ 4, 40 =36+3+1, 
30=18+ 9+ 3, 20=12+ 6+ 2, 
15=12+2+1,and10=6+3+ 1. Itis easy 
to check that the other numbers cannot be 
written in the required form. Hence, the 
only numbers which are not faithful are 
1, 2, 3, 4, 5, 6, 8, 12, 24. 

Their sum is 65. 

(ii) If n=a+b+c witha<b<c is faithful, we 
see that a>1,b2>2 and c2 4. Hence, n>7. 
Thus 1, 2, 3, 4, 5, 6 are not faithful. As 
observed.earlier, kn is faithful whenever n 
is. We also notice that for odd n> 7, we can 
write n=1 + 2 + (n -3)so that all odd n>7 
are faithful. Consider 2n,4n ,8n, where 
n27 is odd. By observation, they are all 
faithful. Let us list a few of them: 
2n: 14, 18, 22, 26, 30, 34, 38, 42, 46, 50, 54, 

58, 62, ... 

4n: 28, 36, 44, 52, 60, 68, ... 
8n: 56, 72, ... 
We observe that 16 = 12 + 3 + land hence it 
is faithful. Thus all multiples of 16 are also 
faithful. Thus we see that 16, 32, 48, 64, ... 
are faithful. Any even number which is not 
a multiple of 16 must be either an odd 
multiple of 2 or that of 4, or that of 8. 
Hence, the only numbers not covered by 
this process are 8, 10, 12, 20, 24, 40. Of 
these, we see that 

10=1+3+ 6,20=2x10,40=4.x 10, 
so that 10, 20, 40 are faithful. Thus, the 
only numbers which are not faithful are 

1, 2, 3, 4, 5, 6, 8, 12, 24. 

Their sum is 65. 


120=112+7+1, 


Unit 2 Theory of Equations 


Unit 
Theory of Equations 


Polynomial 


An expression of the form 
gx” + x") + ax"? + +a, Xt a, 


where nis a whole number and ap, a, @>,...,@, belong to some number system F, is called a polynomial 
in the variable x over the number system F. A polynomial is denoted by f(x) or g(x) etc. 


Real Polynomial 
A polynomial is called a real polynomial if all the coefficients are real numbers. 


Leading Coefficient and Leading Term 


If dy # 0, then ap (the coefficient of highest degree term) is called the leading coefficient and Qx" is called 
the leading term. 


Degree of Polynomial 
The highest index of the variable x occuring in the polynomial f(x)is called the degree of the polynomial. 


Zero Degree Polynomial 
The constant c = cx” is called a polynomial of degree zero. 


Linear Polynomial 
The polynomial f(x) = ax + b,a # Ois of degree one and is called a linear polynomial. 


Quadratic Polynomial 
The polynomial f(x) = ax* + bx + c,a# Ois of degree two and is called a quadratic polynomial. 


Cubic Polynomial 
The polynomial f(x) = ax? + bx? + cx + d, a # Ois of degree three and is called a cubic polynomial. 
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Biquadratic Polynomial 


The polynomial f(x) = ax‘ + bx? + cx?+ dx +e, a#0 is of degree four and is called a biquadratic 
polynomial. 


Zero Polynomial 


A polynomial, all of whose coefficients are zero, is called a zero polynomial. 


Equality of Two Polynomials 
Two polynomials 
FX) = Ay + A,X + Ax? +... + A_X” 
(x) = Dy + Bx + box? +... + DX 
are said to be equal if the coefficients of like powers of x in the two polynomials are equal. 
When m2 n, if f(x) = g(x), then ap = by, @, = by, «--5 Qn = Dy Dy 1 = On 2 = = Om = 9 
When m < n, if f(x) = g&) then ay = by, @, =B,...5Qm =Pms Om 41 = 4m 42 == 4 =0 


Complete and Incomplete Polynomials 


A polynomial of degree n, which contains all powers of the variable from 0 to n, is called a complete 
polynomial. Otherwise it is said to be incomplete polynomial. 

For example, the incomplete polynomial 2x5+7x?-5 can be made complete by writing it as 
2x5 + Ox4 + 7x3 + Ox? + Ox - 5. 


Theorem 1 /f (atleast) one of the two polynomials f(x) and g(x) is the zero polynomial, then the 
product f(x): g(x) is also the zero polynomial. 


Proof Let 
fx) =a + ax t+ ax? +...tax' +... 
gx) = Dy + BX + box? +... + Bx! +... 
be any two given polynomials. 
Since, atleast one of the two polynomials f(x), 9) is zero polynomial. 
Without loss of generality 


Let f(x)= zero polynomial 
Now, coefficient of x' in f(x): g&) 
= Agh, + Ab, _, +... + Abo = 0-5 + 0-b_, +...4+0-bo =0VIZ0 
f(x). gx) =0 
Thus, the product f(x): gx) is a zero polynomial. 


Theorem 2 Let f(x), gx) be two non-zero polynomials, then 
(i) f(x). g& is a non-zero polynomials. 
(ii) deg {f (x)- g(x)} =deg fx) + deg gx) 


Proof Let FX) = dy + AX + Ax? +..4 a x! +... 
and : g(x) = by + D,x + Box? +0. + Bx! +... 
be any two non-zero polynomials. 

Let deg f(x)=m 


o am #0 anda, =0 
Vi>mand deg gix)=n 
a b, #O0andb =0,Vi>n 
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(i) Coefficient of x™ *" in f(x). g&) 
= Adm sn + Dn sn 1 toe + Am Op + + Am +n Bo 
= Ay 0+ A, +04 1.4 Om Dy +... + 0+ Dy fa, =OVl>m, b =0V1>n| 
= Amb, #0 [Am #0, by #0.Am BD, # 0) 
f(x): g(x) is not a zero polynomial. 
(ii) Coefficient of x" *"*! in f(x). gx) 
= Fm ons + Bm on t+ An Pn e+ Om + 1m ++ Om one % 
=A):0+4,:0+...+ Gy 0+0°b, +...+ 0° Bg [. bh = OWVl>nanda, =0V1>m) 
=0 
.. Coefficient of x" *"*! in f(x). gx) =0 
Similarly, coefficient of x” *" * 2 in f(x). g(x)=0 and so on 
Also coefficient of x” *" in f(x). g(x) #0 


deg {f():g&)}=m+n 
=deg f(x)+ deg gx) 


Division Algorithm 

If f(x)and g(x)are two non-zero polynomials, then there exist unique polynomials q (x)and r (x)such that 
fe)=q4 &)- 9%) + r&) 

where either r(x) = 0 
deg r(x)< deg g(x) 

The polynomial q (x) is called the quotient and r (x) the remainder. 

When f(x) is divided by g(x) then degree of q (x) = deg f(x) - deg g(x) 

Particular Case : When g(x) = ax + b, a linear polynomial, then either r(x) = 0 or 
deg r(x) <degg Xx) =1 

Le, det rix)=0 


So that r(x) is a constant. 


Root of an Equation 


A number ‘a’ is called a root of equation 


f(x) = 0, iff fe) =0 
ais a root of f(x)=0 
=> fe)=0 
Conversely f@) = 0 
= ais a root of f(x)=0 


Theorem 3. Remainder Theorem : If f(x) is a polynomial, then f(h) is the remainder when f(x) is 
divided by x — h. 

Proof Let Q(x)be the quotient R the remainder. 

When f(x) is divided by x — h. 

Then, fx)=& -h)Qk)+R 

Putting x=h, fH=R, 

Le, R=f(h) 
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Theorem 4 Factor Theorem : If h is a root of equation f(x) = 0, then (x ~ h) ts a factor of [(x) and 
conversely. 
Proof Let Q(x)be the quotient and R, the remainder when f(x) is divided by x ~ h. 


Then, fe)=&% -h)QK)+R 

Putting x=h,fh)= R, 

But fh)=0 

: his a root of f(x)=0 

: R=0 
fe)=-hA)Q 


which shows that x — his a factor of f(x} 
Conversely, if x — his a factor of f(x) h must be a root of f(x)= 0. 
Divide f(x) by x - hand let Q(x) be the quotient. 

Then, f&)=& - h) Qk) 
Putting x =h,fth)= 0, 

which shows that h is a root of f(x) = 0 


Theorem 5 Fundamental Theorem of Algebra : Every polynomial function of degree > 1 has atleast 
one zero in the complex number. 

Proof Let f(x)= a,x" +a, _,x"~! + ...+ @x + a with n2 1, then there exists atleast one he C such 
that a,h" +a, _,h"-!+...+ ah+ay=0 


from this it is easy to deduce that a polynomial function of degree ‘n’ has exactly n zeros. 


Theorem 6 Every equation of the nth degree has n roots and no more. 
Proof Let the given equation be 

f) = gx" + ax" -) + ax"? +... +a, =0 
Since, this equation must have a root, real or imaginary (by fundamental theorem of algebra). 
Let us denote it by a, so that x — a, is a factor of f(x) 
Thus, fx) = & - a) o,&) i) 
where 6, (x)is a polynomial of degree (n - 1) 
Again, the equation , (x) = Omust also have a root. Let us denote it bya. so that x — a, is a factor of o, &) 
Thus, 1%) = & — O2)2%) ii) 
where ,(x)is a polynomial of degree (n - 2) 
Putting this value of , (x) in Eq. (i), we get 

f&)= & - — 0, - O)bo(x) 
seal in this way, we shall obtain n factors of f(x) 
f&)= & - — 0) - Oo)... & -a, n On &) 
$,0x)is a polynomial of degree (n — n)i.e., 0 so that $,,(x)is a constant polynomial. 
Let o,K)=K 
Thus, Ax” + x"-" + ax"? + + a, 
= K& -a)& - a2)... % -a,) 
Comparing coefficients of x" on both sides 
a =K 
FX) = ag — a, )& —a2)...% -a,) 
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so that the given equation may be written as 
f(K) = ag - 0) - a2)... % —a,)=0 -- (iii) 
This is satisfied by n values of x viz., 0, ,02,..., On. 
Hence, equation f(x) = 0 has n roots. 
If possible let x = B be any other root distinct from Oy, Op, ..- Oy. 
Then, F(B) = ag(B - a (B - a2)... (B - Oy) 
Since, a) 0 and f is distinct from QQ... Oy 
ia B-a, #0,pB-a, #0,...,B-a, #0 
.. f(B) can never vanish. 
.. Bis not a root of f(x)=0 
Hence, f(x) = 0 has exactly n roots. 


Theorem 7 nan equation with real coefficients, non-real complex roots occur in conjugate pairs. 
Proof Let the given equation be 


f&)=0 ..-(i) 
Let a + iB (where B # 0)be a root of f(x) = 0, 
then fo+ip)=0 ...(ii) 
We have to prove that o — # is also a root of (1) 
Divide f(x) by [x — @ + iB)][x — @ — iB) 


Let Q(x)be the quotient and if there is any remainder, since it must be a linear polynomial in x, take it as 
Rx + R’. 
* Fx) =[x - @ + iB)][x - @ - 1B) Q&)+ Rx + R’ ..-(iii) 
Putting x =a + BB, 

fa+iB)=Re+ ip)+ R’ 
But fa+ip)=0 [- Eq. (ii)] 
” R@ + iB)+ R’=0 or (Ra + R’)+ iRB=0 
Equating the real and imaginary parts on both sides. 


fat F=8) ...fiv) 
RB=0 ..-(V) 
from Eq. (v), either R=Oorp=0 
Now, B+#0 
[. in case B = 0 even the complex root a + iB becomes real] 
3 R=0 
Putting this in Eq. (iv), we have R’ = 0 
.. from Eq. (iii) 
fx)=[x - @ + iB)I[x - @ -i1B)] QR) 
ie., [x — @ + iB)I[x - @ - iB)] 
divides f(x) exactly. 


Hence, a - if is also a root of the given equation f(x) = 0. 


Corollary Every equation of an odd degree having real coefficients, has atleast one real root, because 
complex roots occur in pairs. 
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Theorem 8 im an equation with rational coefficients irrational roots occur in conjugate pairs. 
Proof Let the given equation be 


Fix)=0 * 
Let a + JB be a root of Eq. (i) {where o and f are rational, f is +ve but not a perfect square] 
* f+ \B)=0 -- fi 
We have to prove that a — J is also a root of Eq. (i) 


Divide 
f(x) by [x - @ + VB)IIx - @ - VBI 


. Let Q&x)be the quotient and if there is a remainder, since it must be a linear polynomial in x, take it 
as Rx + R’ 


. fx)=[x - @ + VB)I[x - @ - VB) Q&)+ Rx + R’ .. (iii) 
Putting x=a+ fp 

f+ JB)= Re + JB)+ R’ 
But fa+ /p)=0 [- Eq. Gi)] 
i Re + /p)+ R’=0 
i.e, (Ra + R’)+ RJB =0 


Now, rational and irrational number cannot destroy one another. 
If there sum vanishes, each must vanish separately. 
=> Ra + R’=0 ...(iv) 
Rp =0 ...(V) 
Since,B #0, .. from Eq. (v), R=0 
Putting R = 0 in Eq. (iv), R’=0 
-. Eq. (iii) becomes 
fx) =[x - @ + VB)IIx - @ - VB) Q&) 
This shows that 
[x -@+ JB)I[x - @ - JB)] is a factor of f(x) 
Hence, a — Jf is also root of f(x) 


Theorem 9 if the rational number f ,q # 0,0, q)=1(.e.,p andq are relatively prime) is a root of the 


equation a,x" + Gq _ x" ~1 4 1+ aX + Ay = 0, Where ay, @,,@2,...,a, are integers and a,, # 0, then p is a 
divisor of ay and q that of a, - 
Proof. Since, 2 is a root of given equation, so we have 
a. n n-1 
a,(2) +a,.(2) +4 OF 4 dy =0 
=> a,p" + a, \qp"~' +...+.a,9"~'p + agg” =0 A) 


=> a, yp"! +a, .p"-"a+... + a" ~*p + agg"! = — SnP” -- iD 
q 


Since, the coefficients a, _,,@,—2,---+@ and p,q are all integers and hence the left hand side is an 
integer, so that right hand side is also an integer but p and q are relatively prime to each other. 


.. q should divide a,,. 
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Again 
a,P" +a, _,qp" 1 +...+ aq" ~‘p=- ag” 
=> Of sa. a +...°ag 
This shows that P should divide a, since (p, q)=1 
ee .. iii) 
p 


As a consequence of the above theorem we have the following corollary. 
Corollary : Every rational root of the equation x” + a,x"”~' + ...+ a, = Owhere eacha,@ =1,2,...,n)isan 
integer, must be an integer. More over every such root must be a divisor of the constant q,,. 


Theorem 10 iff) be a polynomial of degree n anda. is any complex number, show that there exist 
unique numbers by, b,, by, ...,b, such that 


£X) = bg +  - a) + bo -aF +...+ DB, & - a)" &, + 0) 
Proof Let us prove by induction 
if n=0 
, deg f(x)=0 


=> f(x) is a non-zero constant polynomial, let 
fx) = by => fx) = by - 0) 
.. Result is true forn=0 
Assume that result is true for n= k- 1 k> l)ie., f(x) = by + by & —a) + by & —aP +...+ by_, & —ak"! 
Now, we shall show that result is true for n =k, ie., to prove that 
fK)= by + BK -a)+ bo -a) +...+ by & -aF i) 
Let degree of f(x) be k. 
..By Euclidean algorithm there exist a polynomial g(x) of degree k — 1 and unique remainder by such that 
fx)= & -a)g&)+ by ...(ii) 
where g(x) is a polynomial of degree k - 1 [using Eq. (i)! 
fx) = & - a)[b, + by —0)+ By -aF +... + by - ak] + by 
fx) = Dy + & - a) + BLK -aP +... +b. - a} 
.. Result is true for n =k 
-. By induction result is true. 


Common Divisor 


Let f(x), g(x) be two polynomials over any number system F such that atleast one of them is non-zero. 
A non-zero polynomial h(x)is said to be a common divisor of f(x), g(x), if h(x) | fx) and h&)I ge) 


Theorem 11 Let f(x), 9x) be any two non-zero polynomials over k. Then their gcd exists and is 
unique. Further, if 
d&)= (fF), g&)) 
then d(x) = ax) fx) + b&) gh) 
for some polynomials a(x) and b(x) over k. 
Concept Two non-zero polynomials f(x), g(x) over k are said to be relatively prime or coprime, if 
(fF), g&))=1 


or (f&), g&)=c 
where c # 0 overk 
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Theorem 12. tTwonon-zero polynomials f(x), g(x) overk are coprime, iff there exist some polynomials 
a(x), b(x) over k such that 

ax) f&)+ b&)g&)=1 
Proof Let f(x), g(x) be coprime 


“. (f&), g&))=1 
. There exist some polynomials a(x), b(x) over k such that 
atx) f(x)+ b&)g&)=1 
Conversely 
Let there exist polynomials a(x), b(x) over k such that 
ax) ff) + b&)g &)=1 
We shall prove that (f(x), g(x)) = 1 
Let (f&), g &)) =a) 
&; Ax)| fx) and d(x)| g&) 
d(x) a(x) f&) and d(x)| b&)g&) 
AK) ax) fx) + b&) gk) 
as ax) 
Hence, d|()=1 
. f(x), g&x) are coprime. 
Concept Let f(x) be a non-constant polynomial. Then, a complex number «a is called a root of 


multiplicity m>0O of the polynomial equation f(x)=0, if there exist a polynomial g(x) such that 
f&x)=& - a)" g&)and ga) 0 


Note 1. Ifm=0, thena is not a root of f(x) =0. If m=1, thena is called a simple root of f(x) = 0a is 
called a repeated root of f(x) = 0, iffm>1. 


2. Let deg f(x) =n, where n 21. Leta. be a root of multiplicity m > 0. Then, there exist a polynomial 


g(x) such that 

f(x) =(x -a)" Q(x), | 
where g(a) #0 
“ deg f(x) =deg(x - a)” + deg g(x) 

n=m-+degQ(x) 
deg g(x)=n-m 

Since, degree of a polynomial is always a non-negative integer. 
i n-m20 


n2m ormsn 
Hence, if is a root of multiplicity m of the equation f(x) = 0 of degree n, 
then msn 


Theorem 13 4 complex number «a is a repeated root of a polynomial equation f(x) = 0, if and only if it 
is a root of both f(x) = 0 and f’ (x)= 0, where f’ (x) denotes the derivative of f(x) 
Proof Leto be a repeated root of f(x)=0 

- a)" | fx) where m 2 2 
om f)=& -a)" gh) 
for some polynomial g(x) 
Differentiating both sides, we get 
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f’ &)= & — a)" g’ x) + m& - a)" ~"g&) 
Putting x = a on both sides, we get f’ @)=0 
-. ais a root of f(x)= 0 as well as f’ (x)= 0 
Conversely let a be a root of f(x) = 0 as well as f’ (x) = 0 
§ f@)=0 and f’@)=0 
Since, a is a root of f(«)=0 
x & -a)| fx) 
fix) = & - ag) i) 
For some polynomial g(x) 
Differentiating both sides, we get 
fF’ &) = & - ag’ &)+ g)-1 
Putting x =a on both sides 


f’@)=9@) = g@)=0 [- f’ @) = 0) 
=> & - a)lg&) 
> 9X) = & - a) hx) ... (ii) 
For some polynomial h(x) 
From Eqs. (i) and (ii), we get 
FR) = & - oF he) 


which shows that a is a repeated root of f(x) = 0. Hence, the result is true. 


Corollary (1)« is a repeated roots of f(x)= 0 iff « is a common root of f(x) = 0 and f’ (x) = 0 


(2) A complex number « is a repeated root of the polynomial equation f (x)= 0, iffa is a root of d&)=0, 
where d(x) = (f(x), f’ &)) 


Proof Leta bea repeated roots of f(x)=0 
f&)= & —a)*gtx), where g@)+ 0 
f’ &) = & —a)?g’ &) + 2% — a) gh) 


= & — a)[& - a) g’ &) + 29h) = & - a) Ge) 
where . G@)= 0 + 2g@) = 2g@)+*0 
. a is aroot of f’(«)=0 
x -alf(x) and & -a)|f’ &) 
x -al ft), f’ &) 


=> x -ald &) 

= ais a root of d()=0 

Conversely . 

Let a be a root of d(x)=0 

a x-a|d) 

But ARN(FR) FR) => AwIFK), ARIF’ &) 


; x -alf(x)and x -a|f’&) 
“. ais a root of f(x)=0 as well as of f’(x)=0 
“. ais a repeated root of f(x) = 0 
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Note in order to test whether a given polynomial equation f(x) = 0 has repeated roots we find gcd of 
f(x), P(x). 


Let d(x) =(f(x), f(x) . If d(x) =1, then d(x) is a constant polynomial. 
-. [thas no roots. 
f(x) =O has no repeated roots. 
If d(x) is a non-constant polynomial, then the roots of d(x) = 0 are repeated roots of 
f(x)=0. 


Theorem 14 Prove thata is a root of multiplicity m of the polynomial equation f x) = 0, iff 
(i) & — a)" fx) and (ii) & - a)" *" | Fe) 


Proof ais a root of f(x) = 0 of multiplicity m, iff there exist a polynomial g(x) such that 
fx)= & - a)" gh) 
where ge) +0 a) 
“ & - a)" |f) 
Next we have to prove that 
& -a)™ * 1 fee) 
Let if possible 
& -a)™ * fe) 
Then, 3a polynomial h(x) such that 
f&)= & -— a)" * he) (ii) 
From Egs. (i) and (ii), we get 
& — a)" gx) = & -a)™ * he) 
=> & - a)" [g&)- & - ah) = 0 
Since, ( - a)" is not a zero polynomial. 
-. gx) — & —a)h&) must be a zero polynomial. 
; g&)- & -a)h&)=0 


gk) = & - a)hk) 

g@)=0 
which is a contradiction. 
.. Our supposition is wrong. => gla) # 0] 
om &-ay"*1y fe) [ ge 


Example 1 Prove that the sum of two constant polynomials is a constant polynomials. 
Solution Let f(x) = aq + aX + 2px? +... 4x! +. 
Q(X) = Dy + Dx + Dox? ++ Bx! +... 
be two constant polynomials. 
, a, = Ofori >Oandb =Ofori>0 
f(x) = and g(x) = by 
f(x) + g(x) = + Dy =Co 
where Cy = a) + by =a constant 
“. f(x) + g(x) is a constant polynomial. 
[coefficient of x, coefficient of x?, ... are all zero} 


Theory of Equations 


Example 2 


Solution 


Example 3 


Solution 


Example 4 


Solution 
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Let f(x) =a + a,x + ax? +...+4,x", find a polynomial g(x) such that 
f(x) + g(x) =0 
Also, show that this polynomial g(x) is unique. 
f(x) = ap + ax + aox? +... +.4,x" 
. a=0,Vi>n 
Let g(x) = by + bx + box® +... + bx! +... be a polynomial such that 
f(x) + g(x) = 0 = zero polynomial 
.. Coefficient of x! in [f(x) + g(x)] =0 
[-: All coefficients are zero in zero polynomial] 
a+b =0 b=-a; ' Wi#e0 
b =-a, fori =0,1,2,3,...,n 
b=0,Vi>n 
Q(X) =a — a,x —apx? -... - a,x’ 
For uniqueness, 
Let g(x) and h(x) be two polynomials such that 
f(x) + g(x)=0 and g(x) + h(x) =0 
f(x) + Q(x) = f(x) + A(x) 
Q(x) =h(x) 


n 


Hence, g(x) is unique. 


Let f(x) = x° + x* +1. Find a polynomial g(x) such that the degree of f(x) + g(x) is 
zero. Is it possible to find more than one such polynomial g(x)? If so how many. 

f(x) =xo + x4 +1 : 

Let g(x) = Dp + b,x + box” +... + x! +... be a polynomial such that degree of 

{f(x) + g(x} =0 

.. Constant term of f(x) + g(x) #0 

and coefficient of x! in [f(x) + g(x)] =0, V i21 

% 1+ Dy #0,/.€.,b) #-1 

and by = 0, bs = 0,b, =-1,b, =-1b, =0, 


and b =0, Wi>5 
Hence, Q(X) = by - x4 — x, 
where Dp #-1 


Since, we can find infinite number of by) # —1in the given number system. 
Hence, there are infinitely many such polynomials g(x). 


Prove that if degree of f(x). g(x) is 1, then one of f(x), g(x) is a constant and the other 
is a linear polynomial. 


Since, deg {f(x)-g(x)} =1 
deg f(x) + deg g(x) =1 
Either deg f(x) =1and deg g(x) =0 
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Example 5 
Solution 


Example 6 


Solution 
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or deg f(x) =0 and deg g(x) =1 
.. Eitherf(x) is a linear polynomial and g(x) is a constant polynomial or f(x) is a 
constant polynomial and g(x) is a linear polynomial. 


if(x —h}* divides a polynomial f(x). Prove that(x - h)‘~' divides f’ (x). 


“: (x —h)k divides f(x) 
= There exist a polynomial q(x) such that 
f(x) =(x — h(x) 
(x) =(x — hq’ (x) + q(x)k(x = hy! 
= (x — hy '[(x —h)q’ (x) + kq(x)] 
=(x -h)~'r(x) 
[where r(x) =(x —h)q’ (x) + kq(x)] 

=> (x —h) ~' divides f’ (x) 


Find the GCD of f(x)=x’ -1 and g(x)=x°-1 and express it in the form 
a(x) f(x) + b(x)g (x), wherea( x) andb(x) are polynomials with integral coefficients. 


First we find GCD of f(x) and g(x) 


x? 


x —1)x? -1 
ae 
x2 Dx 1x3 + x 
gat 
xe -1 
en 
x1) x2 -1(x41 
x =x 
x-1 
x-1 
x 


(f(x), g(x) = (x — 1) = a(x) 
The above division can be written as 
f(x) = x°g(x) + x? -1 


= x? —1=f(x) - x2g(x) (i) 
and Q(x) =(x? -1)(x3 + x) + x -1 . (ii) 
- x -1=9(x)-(x? -1)(x3 + x) 

= 9(x) — (f(x) — x79(x))(x° + x) [using Eq. (i)] 


Ax) = Q(x) — (x? + x) f(x) + x2(x9 + x) g(x) 
= —(x9 + x) Ax) + (x9 + x3 + 1) Q(x) 
Hence, A(x) = a(x) f(x) + b(x) g(x), 
where a(x) =-(x9 + x), B(x) = x8 + x3 44 
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Example7 Findc ifGCD of f(x) = x? + cx?— x + 2c andg(x) = x? + cx — 2isa linear polynomial. 


Solution 


Example 8 


Solution 


x 
x? + ox -2)x? + cx? — x + 2c 
x3 + cx? - 2x 
X + 2c)x?40x-2(x-c 
x? + 2cx 
-cx-2 
— cx -— 2c? 
2c? -2 


GCD of f(x) and g(x)is a linear polynomial, if g(x) is exactly divisible by x + 2c /.e., if 
remainder 


2c? -2=0 
> c? =1 
=> c=t1 


If f(x), g(x) and h(x) are three polynomials such that (f(x),g(x))=1 and 
f(x)| g(x) h(x), prove thatf(x)| h(x). Is the result true, if(f( x), g(x)) #1? Give reasons. 
Since, f(x)| g(x) h(x) 
.. There exist a polynomial q(x) such that 
Q(x) A(x) = f(x) q(x) 

Again, °. (f(x), g(x)) =1 
.. Jtwo polynomials a(x), (x) such that 

a(x) f(x) + B(x) g(x) =1 
Multiplying both sides by h(x), we get 

a(x) f(x) A(x) + B(x) g(x) A(x) = A(x) 


or a(x) f(x) h(x) + B(x) f(x) q(x) = h(x) 

or f(x) [a(x) h(x) + B(x) q(x)] = A(x) 

or f(x) Q(x) = A(x) 

where Q(x) = a(x) h(x) + B(x) q(x) 


This shows that f(x)| h(x) 
If (f(x), 9(X)) #1. The above result may or may not be true. 
For example, take f(x) = x? -1 . 

g(x)=x +1 

A(x) =x -1 

GCD of f(x), g(x) =x +1 
g(x)h(x)=x? -1 

Clearly, f(x) | g(x) h(x) 
But f(x) does not divide h(x). 


108 


Indian National Mathematics Olympiad 


Example 9 /f f(x), g(x) are two polynomials (not both zero). Show that 


Solution 


(f(x), Q(x) = (f(x) + Q(X). f(x) - g(x) 
Let (f(x), g(x)) = a(x) 
”. A x)| f(x) and a(x) | g(x), where d(x) is a monic polynomial. 
Again d(x) f(x) and d(x) | g(x) 
.. J two polynomials a(x) and b{x) such that 
f(x) = a(x) a(x) (i) 
g(x) = x) a(x) --(ii) 
Adding Eas. (i) and (ii), we have 
f(x) + g(x) =[a(x) + O(x)]a(x) 
i.e, d(x)| f(x) + g(x) [: a(x) + (x) is a polynomial] 
Similarly, a(x)| f(x) - g(x) 
a(x) | (x) + g(x) 
and a(x)| f(x) - g(x) (iii) 
Let d,(x) be any other common divisor of f(x) + g(x) and f(x) - g(x) 
; a,(x)| f(x) + g(x) 
3 a polynomial p(x) such that 


f(x) + g(x) = Ax)a,(x) (iv) 
Again -- a,(x)| f(x) — g(x) 
: 3 a polynomial q(x) such that 

f(x) — g(x) = q(x)a,(x) .(V) 


Adding Eas. (iv) and (v), we have 
2f(x) = a,(x)[ P(x) + Q(x)] 
or f(x) = a(x) PUPA 


d,(x)| f(x) [° Pre isa polynomial 


Subtracting Eq. (v) from Eq. (iv) 
29(x) = 04(x)[ P(x) - Q(x)] 
g(x) = o,(x) PUD a) 


a(x)| g(x) 
Now, a;(x)| f(x) and d,(x)] g(x) 

d,(x) divides the GCD of f(x) and g(x) 
i.@., d(x) | a(x) (vi) 
Also, f(x) + g(x) and f(x) - g(x) are not both zero. 

f(x) and g(x) are not both zero. 

(f(x) + g(x), f(x) - g(x)) exists. 
From Eas. (iii) and (vi), we have 

(f(x) + g(x), x) - g(x)) = (F(x), g(x) 
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Example 10 Show that the polynomial f(x) = x*+ px + q has a repeated zero, if 
4p? + 27q? =0 
Solution = f(x) = x° + px + q and f(x) =3x? +p 
zeros of f’(x) are given by 
3x*+p=0 => ea 


If = is a zero of f(x), then ( =) =0 


3/2 v2 
—P —P 
or = — =- 
( 3 * o( 3 ) s 


Squaring both sides 


=> Pp p 42P =q? 
27. 3 9 

=>" —p® - 9p* + 6 p® = 27q? 

a 4p* + 27q? =0 


which is the required condition. 


Example 11 /f 1 is a twice repeated root of the equation ax® + bx? + bx +d =0. Show that 
a=d=-b 
Solution The given equation is .x)=0, 
where f(x) = ax? + bx? + bx +d 
Since, 1 is a twice repeated root of f(x) =0 
“. 1 is a simple root of 
f’ (x) = 3ax? + 2bx + b=0 


= f(1)=0 andf’(1)=0 

= a(1)° + b(1)? + b(1)+ d=0 

i.e., a+2b+d=0 ssa(i) 
and 3a(1)? + 2b(1)+ b=0 

i.e, 3a + 3b=0 

=> 3a =-3b 

=> a=-b ...(ii) 


From Eq. (i), we get 
-b+2b+d=0 = b+d=0 
d=-b (ili) 
From Eqs. (ii) and (iii), we have a=d =-b 
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Example 12 Solve the equation 
x4 + 4x? + 6x? 4+ 4x +5=0. 
Given that its one root isi. 
Solution One root of 
x4 4 4x3 + 6x2 + 4x +5=0 ...(i) 
is /, the other root is —i [coefficient of Eq. (i) are real] 
“. (x -i)(x +1) is a factor of 
x44 4x3 4+ 6x7 + 4x +5 
x? +1is a factor of x* + 4x9 + 6x? + 4x +5 
So, x4 + 4x3 + 6x? + 4x +5 
=(x? +1)(x? + 4x + 5) 
.. Other two roots are gin by 
x*+4x+5=0 


yah t VI6-20 _-44 4 
a 2 aaa. 


i.e., 


Hence, all roots are + /,-2+/. 


Example 13 Construct a real polynomial equation of degree 4 having 2+ 3i as a root with 
multiplicity 2. 
Solution Since, 2 + 3/ is a root of multiplicity 2 of a real polynomial equation. 
2-8) is also a root of multiplicity 2. 
.. The required equation is 
(x -2+ 3i)*(x -2-3i)? =0 


= [(x - 2)? - 9/7] =0 
or (x? -4x +449)? =0 
or (x? - 4x +13)? =0 
i.@., x4 + 16x? + 169 - 8x? + 26x? -104x =0 
i.e., x4 — 8x? + 42x? —-104x +169 =0 


Example 14 Find the rational roots of 2x° - 3x? -11x + 6=0 


Solution _Let the roots be of the form a where (p,q) =1and q >0 


Since, q| 2, q must be 1 or 2 and p|6. 
=> p=4t14+2,4+3,4+6 
By remainder theorem 


(2-0) 


So, the 3 roots of equations are 7 -2and 3. 
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Example 15 (a) Form an equation of the lowest degree with real and rational coefficients, one 
of its roots being V2 + V3 +i. 
(b) Find an equation with rational coefficients which shall have for the roots the 


values of the expression ®,,.p + 2,/q + 3r, where @? = 1,03 = 03 =1. 
(c) Use the fact that a cubic equation has atleast one real root to find the real value 


of [27 + J756)"° + [27 - 756)". 
Solution ia x=/2+/3+i, 
x-i=42+V3 
On squaring both sides, we get 
x? +i? -2xi =5 + 2V6 
x? -6 = 2xi + 2V6 
On again squaring both sides, we get 
x4 ~12x? + 36 =-4x? + 244 BxiV6 
x4 — 8x? +12 = 8xiV6 
On squaring both sides, we get 
(x* — 8x?)? +144 + 24(x* — 8x?) = -64x(6) 
or x® —16x® + 88x‘ + 192x? +144=0 
ep Let us suppose that x =6,,/p + @5,/q + ,Vr square and put 0? = 63 =03 =1 
x? -(p+qtr)= 20,0,./pq + 20,0,/qr + 20, 8,,/rp 


squaring again and putting 
67 = 63 = 6 =1, we get 


x* -2x*(p+q4+r)+(p+q+r? 
= pq + gr + rp) + 88,82 03V/pqr[8,/p + 02g + 04Vr] 
[x* - 2x*(p + q+r)+ p? + q? +r? - 2pq - 2qr- 2rp}* 
: = 64pqrx? 
as 0,/p + @,/q +O3Vr =x and 6? =03 =62 =1 
(c) Let x =a"* + b" cube both sides 
x8 =a+b+ 3a"3p"8a"3 4 pV) 
x? = 54 + 3[27? — (756?)]"3x 
x? =54 + X-27)"?x 
Now, real value of root of (-27)"" is - 3 
x? =54 + H-3)x 
x3 + 9x -54=0 
Evidently x ~ 3 satisfies. It showing there by the real value of x is 3, which is 
therefore the required value of the expression. 


Example 16 /f the roots of the equation 
x" -1=0 
are 1,a,B,¥,..., show that 
(1-a)(1-B)(-y)...=9 
Solution « 1,a,f,¥,... are roots of x" -1=0 
x” —1=(x -1)(x -a)(x -B)(x - 7) --(i) 
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Example 17 Show that x* + qx? + s = 0 cannot have three equal roots. 


Solution 
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Dividing both sides by (x -1) 


a =(x -a)(x -B)(x -¥) 
or Ng ye xe eK ED =(X -— OX —B)X —Y).- 
Putting x =1, 
1+1+...n times =(1-a)(1-—B)(1 —Y).. 
Hence, (1-a)(1-B)(1-).-.=9 


Let f(x)=x4+qx?+s 
; f’(x) = 4x? + 2qx 
Now, f(x) = 0 has three equal roots, if 
f’(x)=0 has two equal roots. 


But f(x) =O gives 2x(2x2 + q)=0 or x=0,+ /-q/2 


Thus, no two roots of f’ (x) = 0 are equal. 


Hence, the given equation cannot have three equal roots. 


Example 18 /f the equation x* + ax® + bx” + cx + d =0 has three equal roots. Show that each of 


Solution 


them is equal to cis tll 
3a* — 8b 
f(x) = x4 + ax? + bx? + cx +d, then 
f(x) = 4x9 + Bax? + 2bx + 
f’’ (x) =12x? + Gax + 2b 
If f(x) = 0 has three equal roots, then 
f(x) =O and f’"(x) = 0 must have a common root 
Multiply Eq. (i) by 3 and Eq. (ii) by x and subtracting 
3ax? + 4bx + 3c =0 
Multiplying Eq. (ii) by a and Eq. (iii) by 4 and subtracting 
(6a* —16b)x + (2ab -12c)=0 


_ 8c -ab 
3a* - 8b 
is the common root of f’ (x) = 0 and f’’(x)=0 


Hence, required triple root of f(x) = Ois ee 
3a* - 8b 


Concept Relation between roots and coefficients 

1. Ifa, be the roots of the equation ax? + bx +c =0, 
then o, =a+B=-b/aando, =op=c/a 

2. Ifa,, y be the roots of the equation 


then 


and 


ax} + bx? +cx+d=0, 
6, sa+B+y=-b/a 
6, sof +Py+ye=c/a 
6, sapy=-d/a 


...(i) 
(ii) 


. (ili) 
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« It is convenient to write o, as a (B + 7) + By. 
If x, B, yand & be the-roots of the equation 


then 


and 


ax’ + bx? + cx? + dx +e=0, 
o,=a+B+y+5=-b/a 
6, =a + ay +05 + By + Bd+ y=c/a 
6, =ofy + afd + oS + ByS =-d/a 
6, =apys =e/a ’ : 


e It is convenient to write 


Example 1 


Solution 


Example 2 


Solution 


Example 3 


Solution 


62 = (a +B)y +8)+ of + 76 

63 =af(y + 5) + y8(a + B) 
Find the condition which must be satisfied by the coefficients of the equation 
x3 - px? + qx —r=0 when two of its roots a,B are connected by the relation 
a+B=0 
Let the roots of the equation be a, B, y. 
“. Lo=a+B+y=p 
But a+B=0 
. Y=P 
Now, 7 is a root of the given equation and as such y° — py* + qy- y=0 
Put the value of y 
». p?-p-p? + qp-r=0or pq =ris the required condition. 


If a,B,y are the roots of the equation (a — x)(b— x)(¢ — x) +1=0, then prove that 
a, b,c will be the roots of the equation(x —a)(x —B)(x - y)+1=0 
~: a, B, y are the roots of 
(a—x)(b-x)(Cc-x)+1=0 
“(a—x)(b- xc — x) +1=AMx -a)(x —B)(x -Y) 
Equating the leading coefficients, i.e., coefficients of x? on both sides 


-1=A orA=-1! 
(a-x)(b- x)(c — x) +1=—-(x -a)(x —B)(x - 7) 

=> —(x —a)(x — b)(x = ¢) + t= -(x -a)(x —B)(x - y) 
=> (x —a)(x —b)(x -c)-1 

=(x —a)(x —B)(x - y) 
= (x —a)(x ~B)(x - y) #4 

=(x —a)(x —b)(x -c) 
*. (x:-—a)(x -B)(x - y)+1=0 iti) 
=> (x —a)(x - b)(x —c)=0 


Hence, the roots of Eq. (i) are a, b, c. 


Find the condition that the roots of the equation x° + px‘ + qx? + rx® + sx + t=0 be 
in AP. 
Let the roots be a - 2d,a-d,a,a+d,a+ 2d 


Sum of roots = 5a=-p, -. a=-p/5 
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Example 4 


Example 5 
Solution 


Example 6 


Solution 
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But a is a root of the given equation which will satisfy it. Hence, the required 
condition is 


5 4 3 2 
=F ? — =) +3(2)+t=0 
(F) +o(Z) +o(Z) “lS 5 
or 4p° — 25qp® + 125rp” — 625 sp + 3125t = 0 


Find the condition that the roots of the equation x* — px? + qx — 1 =0 may be in AP 

and hence solve the equation : 

x3 —12x? + 39x - 28 =0. 

Let the roots of the given equation be a — d, a, a + d being in AP. 
Ya=a-d+at+a+d=p 


or 3a=p or a=f 


But ais a root of the given equation and as such it will satisfy. The given equation 


(5) -o(8) +9(@)--9 


or 2p? -9pq + 27r = Ois the required condition. Proceeding as above we find that 
a = 4/6 a root of the given equation which when divided by x — 4 gives quadratic 
equation (x? — 8x + 7)=Oother roots are 1 and 7 so, 1, 4, 7 are in AP. 


Find the condition that the roots of the equation x* — px? + qx —r =0 be in GP. 
Let the roots of the given equation be ap, a, ; being in GP. 
a 3 
SEPT <OPT “aa =r Of a°=r 


But a is a root of the given equation and as such 
a® - pa? +qa-r=0 


or -pa* +qa=0 [sa =r] 
or pa=q or p*a® =q® 
or p*r=q° 


or p°r — q° = Ois the required condition. 


Find the condition that the roots of the equation x* — px? + qx —r =0 be in HP. Show 
that mean root is 3r /q. Hence, solve the equation 6x? —11x? ~ 3x + 2=0. 
Let the roots be a, B, y which are in HP. 


Hence, 1,11 are in AP. 
a Bp y 


Adding yo. to both sides, we get 
af + By + yo = 3ya or gq =3ya or ya =q/3 


Theory of Equations 115 


Again afy=r or (2) B=r 
B= or ne is mean root. 
q q 


But Bis a root of the given equation and as such 


2) =o) (8) 


or 27r? — 9pqr + 2q? =0 
which is the required condition. 
Proceeding as above, we get 


Also, apy = : 


or (-2) moe 
6)" 6 


.. B = 2is a root of the given equation which when divided by(x — 2), by synthetic 
division gives the quadratic (6x? + x —1)=0 giving the roots as a and —. Hence, 


roots are -5.2, 3 which are clearly in HP, for their reciprocals —2, 7 3 are in AP. 


Example 7 The distances of three points A, B, C on a straight line from a fixed origin O on the line 
are the roots of the equation ax* + 3bx? + 3cx + d = 0. Find 


(a) the condition that one of the points A, B, C should bisect the distance between 
the other two. 


(b) the condition that the four points O, A, B,C should form a Harmonic division. 
Solution (a) Let OA =a, OB =B, OC = 7, so that a, B, y are the roots of the given equation. 
By the given condition, B bisects AC 
: AB=BC or OB-OA=OC-OB 


20B = OA + OC 
or BP=at+y 
i.e., a, B, y are in AP. 
(b) The required condition is 2p* - 3abc + ard = 0. The four points, O, A, B, C will 
form a harmonic division, if — + —- = — 
OA OC OB 
i.@., oa OS'S are in AP. 


OA, OB, OC are in HP. 
i.@.,a, B, y the roots of given equation be in HP and ad? - 3bcd + 2c* = 0. 


116 . Indian National Mathematics Olympiad 


Example 8 Find the condition that the equation x4 + px? + gx? + 1x + $=0, should have two 


roots connected by the relationa. + B = 0 and determine in that case the two quadratic 
which shall have for roots (a, B) and (y, 8). Solve completely the equation 


x4 ~ 2x3 + 4x? + 6x -21=0. 


Solution a+B=0 (given) 
ta=a+B+y+5=-p 

y¥+5=-p [- a+B=0] ...(i) 

Lof =(a + By +) + aB + y5=q 
or of + 5 =q (ii) 

Lopy = af y + 5) + yO(a + B)=—-r 
of(—p)=-r [from Eq. (i)] 
or ...(iil) 
p 

LoPy6 = afy5 =s or (Shs =s [from Eq. (ii) 
16 = & ..Aiv) 
Substituting the values of aB and y6 in Eq. (ii), we get the required condition as 


oi = =qor pgr - p*s + r? =0. Again, sincea +B = Oandafs a ..@ and Bare the 


roots of the quadratic x? - Ox + =0or px? +1 =0, Also, y + § =—pand y = 25 


.y and 6 are the roots of the equation x? -(-p)x + PS <9 
r 


or rx?.+ prx + ps =0 
f(x) = x4 — 2x3 + 4x? + 6x -21=0 

Since, a+B+y+6=2anda+B=0 

4 ¥+5=2 

Let of =/and y¥5 =m 


- f(x) =(x? + I(x? - 2x +m) 
Comparing the coefficients 
1+m=4,-2/=6, > /=-3 andm=7 
f(x) =(x? - 3)(x? - 2x +7)=0 

x =V¥3,-V3.1+iV6 


Example 9 Show that the roots of the biquadratic ax‘ + 4bx? + 4dx +e = 0, have only two 


distinct values p20 Sbd = 
istinct values, is ie 


Solution Since, the roots are of two distinct kinds, it means that the biquadratic has two pairs 
of equal roots o., 0, B, B. 


_ Sim te __ 2b 
La = Aa +B) = : “Othe se 
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and ap? = 


Comparing the coefficients of like powers of x, we get 


2 
x + aye =0 (i) 
a 


le “at (ii) 
a b 
b? 


ByEq. (i), 225+2=0 or 2b%+a%d=0 
a’ ob 


2 2 
Put bea 8Z, . op 87 atato 
e e 
or 2bd + ae =0 
or 3db = bd - ae 
3bd = 
bd -ae 
2 
and atm 
b*‘e 


Example 10 /f z* + 6Hz? + 4Gz + (a3/ - 3H”)=0 has two pairs of equal roots. Prove that G = 0 


Solution 


Example 11 


Solution 


and agi =12H?. 
Let the roots be a, a, B, B 
La = Aa+f)=0, «. nahee 

Let aB =A; ..Z quadratic pen. roots a, Bis 27 +0z+2%=0 
. f(z) =z* + 6Hz? + 4Gz + ad! - 3H? =(22 4.2)? 
— 2h = GH, 4G = 0,22 = aél — 3H? 

24 =3H and 9H? =a%/ - 3H? 

agl =12H? 
Hence, required conditions are that 

G=0 and ag 31 =12H? 


Ifx + ay + a°z =a°, x + by + b*z =b*, x + cy + cz =c%. Find the values of x, y and 
z. 
a, b,c satisfy the cubic t? = t?z + ty + xort® - t?z - ty — x = Ohasa, bandcasits roots 
La=a+b+c=2z 
Lab=ab+bc+caz=-y 
Labc = abc = x 


Hence the values of x, y and z are abc,-(ab + be + ca) and (a+b+c) 
respectively, 
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Example 12 /fa.,,2,..., a, are the roots of the equation 


Xx” — pyx"=" + pox? — pax" 3 +... + (-12 Pp =O, 
find the value Of(1+ 0,)(1+ Oo)...(1+ a,). 
Solution — Now, (1+ ,)(1+4)...(14a,)=1+ 5, +S) +53 +... +S) 
, Ss, = Sum of roots taken n at a time 
=(-1)[(-1) p,]=(-1)” Pp, =P, 
Hence, the required value is 1+ p, + D2 +...+ Pn 


Example 13 /fc.,,a,,...,0, are the roots of the equation x” + nax - b= 0, show that 
(a, -a@2)(a, —ag)...(a, -a,)=n (a7 ~'+ a) 
Solution f(x) =(x -a, (x -a@o)...(x -a,) 
log f(x) =log(x — a) + log(x -a2)+...+ log(x -a,) 


rixye fd, 19, , foo 


br or nx"~'+ na =[(x —a2)(x -a3)... 
X-Q, XQ X-a, 


(x —a,,)] + [other (n —1) factors of the above type each of which will contain x — a, 
as a factor]. 


Putting x =a, in both sides, we get 
nat" + a) = (4, -G2)(O, -a3)...(a,-a,)} 


‘. All other factors vanish because of (x — a.) in them. 


Example 14 Show that all the roots of the equation 
X" + Px?" "+ pox”? + + py_ ax +p, =0 
can be obtained when they are in AP. 
Solution The roots of the given equation being in AP. may be taken to be a,a+d, 
a+ 2d...a+(n—-1)d. 
We have to find values of a and d 
La =nat+ f+2+34+44 --+(N-1}}d=-p, 


or na+ (a= sm d=-p ...(i) 
a? +B? + 7° =(0 +B + 7) — AaB + By + yx) 

i.e., Lo? =(La)* — Lap) = p? - 2p, 

The above relation holds good for any number of roots. 

or a’ +(a+d)’ +(a+ 2d)? +...+{a+(n-1)d}? = p? - 2p, 


or na? —2ad {1+ 2+3+...+(n-1)} +0? f? + 2? +... +(n-1)} = p? — 2p, 
zn = At) ail zn? = nee +) 


Putting n =n —1in above formulae, : 
2 A(n-1) | d*n(n-1)(2n -1) r 
2ad ——— + — AEE Lp? 
na + as 6 Py - 2p, (ii) 
Now, if we square (i) and subtract it from n times (ii) a willbe eliminated and we can 
find d?. Flowing found d we can find a from Eq. (i). When a and d are known, all the 
roots are known. 
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Example 15 /f f(x) = 0 is a cubic equation whose roots area., B, y anda. is the harmonic mean of the 
roots of f(x) = 0. Show that a? = By. 
Solution Let a, B, y be roots of 
x? — px? +. qx -r=0 
: La =p, Lop=q,oBy=r and f'(x)= 3x? - 2px +q=0 
If its roots be a, b, thena + b= 2p/3and ab=q/3 
Now, a being the HM of a, b. 
“.a@,a,D are in HP. 


~ Zab o(2). 22-9 = 08 


a+b 3 3 p ka 
a(a +B +y)=a8 + By + yo 
a” =By 


Example 16 Solve for x, y, z the equations 
x+y+z=5, yz + 2x + xy =7 and 
xyz =3. 
Solution The given equations are symmetric with respect to x, y, Z. 
The equation whose roots are x, y, Z is 
th-(x+ y+ z)t? +(yz+ 2x + xy)t— xyz =0 
or t? -5t?+7t-3=0 i) 
By trial, t = 1 satisfies it. 
Dividing LHS of Eq. (i) by t -1 
The depressed equation is t? - 4+ 3=Oor (t-1)(t-3)=0 ». t=1,3 
values of x, y, Z are 1, 1, 3. 


Concept To transform an equation into another whose roots are the reciprocals of the roots of the 
given equation. 


Let 


= -1 . 
F(X) = gx" + Ax"~) + ax" 2 +... +a, _\x+a,=0 


be the given equation. If x be a root of the given equation and y that of the transformed equation, then 
y= dorx=t ; : 
x y 


Hence, the transformed equation is obtained by putting x = 5 in f(x) = 0 and is therefore ita =0. 


i.e, 


or 


y 


i 1 1 
Ay — + Aj —— +, +...+@,_,;—+@,=0 
y" y” Vn] n-1 n 


any" a an ee 


Rule If the equation given be complete (if not, it may be made to take that form), then the above 
transformation is effected, if we take the last coefficient to be the Ist, last but one to be the IInd and so 


on. 


Concept All those equations which remain sini when x is replaced by 1/x are called reciprocal 
equation. These are of two types 
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(i) those in which the coefficient of terms, equidistant from the begining and the end, are equal and of 
the same sign. e.g., 


x4 + 6x? + &x? + 6x +1=0 
(ii) those in which these coefficients are equal but of opposite sign e.g., 
x5 — 4x4 + 7x3 - 7x? + 4x -1=0 
Thus, we conclude that if « is a root of the reciprocal equation, then 1 / « must be its root. Hence, the 
root of a reciprocal equation occur in pairs of «, 1/a, B, 1/B, y, 1/y and so on. 


In case, the equation be of odd degree then it will be seen that one of its roots must be either +1 or ~1.In 
case, the equation be of even degree and of IInd type, then it will be seen that x? — 1 will always be its 


factor e.g., 
6x®°+5x°- 44x14 + 44x? -5x-6=0 
6 &® -—1)+ Sx&* - 1)- 44x°@? -1)=0 
(x? — 164 + x? + :1)+ Sx&? + 1)- 44x7]=0 
(x? - 16 x4 + 5x3 - 38x? + 5x + 6)=0 
Above shows that (x? — 1)is a factor of the given equation. The equation 6x4 + 5x3 — 38x? + 5x + 6 = 0, is 


of even degree and of the first type i.e. , the coefficient of terms equidistant from the beginning and the 
end are equal and is called in the standard form to which all the reciprocal equations can be reduced. 


Concept Totransform an equation into another, whose roots are the roots of the given equation with 
sign changed. 


If y be the root of the transformed equation, then y = - x or x = - y. Hence, transformed equation is 
obtained by putting x = - y in f(x)=0, 


.. f(y) = 0, which takes the form 
ayy" -ay"~"'+a,y"-? —...+(¢1)"a, =0 


Rule If the given equation be complete (if not, it may be made to take that form), then the 
transformation is effected by changing the sign of IInd, IVth, VIth, i.e. , all even terms, i.e. , by changing 
the sign of every alternate term beginning from the IInd. 


Concept To transform a given equation into another, whose roots are the roots of the given equation 
multiplied by a given number m. ’ 


If ybe a root of the transformed equation, then y = mx or x = y / m. Hence, the transformed equation is 
obtained by putting x = y / minf(x)=Oand .. f(y/m)=0 


y" n-1 y"-2 
Le, al rs aa Ts a aa 
or ayy" + amy"~' + aym’y"-? 4... + m"a, =0 


Rule If the given equation be complete (if not, it may be made complete), then the above 


transformation is effected-by multiplying the successive terms beginning from the IInd by m, m’*, 
m?,...,m" respectively. 


Note 1. The above transformation is very useful when we are dealing with equations with fractional 
coefficients. We can get rid of fractional coefficients by multiplying the roots of the given 
equation by the LCM of the denominators of the fractional coefficients. Similarly, if the coefficient 
of leading term be not unity but k and we want to make it unity, then it can be done so by 
multiplying the roots of the given equation by k. 


2. If we have to divide the roots of the given equation by m, we Say that we have to multiply its 
roots by 1/m. 
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Concept To transform a given equation into another, whose roots are the roots of the given equation 
diminished (or increased) by a constant h. 


Let FX) = gx” + ax" -"! + ax"? + 4+, 5x +a, =0 i) 
If ybe a root of the transformed equation, then y = x - horx = y + h. Hence, the transformed equation is 
obtained by putting x = y + hin f(x)= 0 and is therefore, 

f(y + h)=0 
= ag(y + hy" + a(y + hy -! + a,(y + hy’ ~*+....4 a, =0 


The simplification of the above equation will be difficult and let us suppose that this equation, when 
simplified.and arranged in descending powers of y takes the form. 


Agy” + Ay" ~! + Apy"~? + ...+A, yt A, =0 .-(ii) 
The problem is to‘find Ao, Ay; Apy.--s An 
Now, y=x-h 
‘ Ao& — hy" + Ay - hy"! + Ay — hy’ ~?'+ ...+ A, —h)+ A, =0 
or [Ag - hy'~! + Ay& - hy'-? + Age — hy 3 +... + A,_ 1) @ —h)+ A, =0 .. (iii) 


The LHS of the above is identical with LHS of line (i) and hence, if f(x) be divided by (&« —- h), then the 
remainder is the value of A, and the quotient is Ay(x — h)'~! + Aj -h)'~?+...+.A,_, and the 


quotient when again divided by (x — h)leaves the remainder A,, _;- If we continue the above process, then 
we shall find A,,, A, _;,..., Az, A, and the last quotient A, is clearly equal to A: 


Rule In order to find the successive coefficients of the transformed equation, we have to divide the 
given complete equation by (x — h), the quotient again by x — hand so on. The successive remainders that 
are left in the above procedure of division are the required coefficients, the first coefficient being the 
same as that of the given equation. 

Example 1 Solve the equation x* - 10x° + 26x? -10x + 1=0. 


Solution Dividing throughout by x? it can be written as 
[x + 3) -10(« + *)« 26=0 

x< J: x 

1 1 
Put X+—=y, .. x°+—[7=y*-2 

, x x 


(y? - 2)-10y + 26=0 
y? -10y + 24=0 


=> (y-6)(y-4)=0 
1 
=6,4 or x+—=6 
y=6 > 
x? 6x 4120, x= S98 3 2/3 
1 
and x+—=4 
x 
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. 5 2 aa . r 
Example 2 Form equation, whose roots are the roots of the equation x” — x* + x - 3 = 0 with their 
sign changed. 


Solution —_The given equation being not complete, may be written as 
x> + Ox4 + Ox9- x? + x-3=0 
and the transformed equation is 
x® —Ox* + Ox9 + x? +x +3=0 


xo 4x2? +x+3=0 


Example 3 /f the reciprocal of every root of x° + x? + ax + b= Ois also a root. Prove thata =b=1 
or a = b=-1. In each case find the roots. 
Solution Let f(x)=x?+x?+ax+b=0 ...(i) 


If a is a root, then ms is also a root. 
" 
-. It is a reciprocal equation. 
It remains unchanged by the transformation 


y=— 
x 


On putting x = , , we get 


1 14 ie 
(2)-4+g+at+o=0 


y y y 
or 1+ y+ay?+by?=0 
or by? +ay?+y4+1=0 
Writing it in x, 
. bx? + ax? +x+1=0 Ail) 


Eqs. (i) and (ii) represent the same equation, j.e., they have same roots. 
On comparing coefficients of Eqs. (i) and (ii), we get 
Ss ite et = a®=1anda=b 
re a=b=1t1 
(i) If a=b=1, Eq. (i) becomes 


x3 2 


+x©+x+1=0 
or n x?(x +1) +(x +1)=0 
(x? +1)(x +1)=0 
x=-1,2ti 
(ii) If a= b =—1, Eq. (i) becomes 


x3 4x? -x-1=0 


> x?(x +1)-(x +1)=0 
=> (x +1)(x? -1)=0 
=> (x + 1)(x +1)(x -1)=0 


Roots are —1, -—1,1 


Theory of Equations 123 


Example 4  /f 0.8 and y are roots of the equation x* - 6x? + 12x — 8 = 0, find an equation whose 
roots area. — 2,B - 2, y — 2. Hence, find roots of the given equation. 
Solution —_ Roots of equation 
x? — 6x? + 12x -8=0 --(i) 
and o.,B,y. Diminishing its roots by 2 


FS x3 =0 (ii) 
Roots of Eq. (ii) are 0, 0, O 

i.e, a-2=B-2=y-2=0 

&, ’ a=Bp=y=2 

Roots of Eq. (i) are 2, 2, 2. 


Example 5 Find the equation whose roots exceed by 2, the roots of the equation 
4x‘ + 32x° + 83x? + 76x + 21=0. Hence, solve the equation. 


Solution Equation is 


4x4 + 32x3 + 83x? + 76x + 21=0 ...(i) 
Dividing 4x* + 32x° + 83x? + 76x + 21 successively by x + 2 
2 te 32 83 76 21 
8 —48 -70 =| 
4 24 35 6 9 
4 16 3 0 
p ~16 
4 8 -13 
‘ 4 0 
4 
Transformed equation is 
4x‘ -13x?+9=0 .. (ii) 
i.e., (4x? - 9)(x? -1)=0 
. xX=+£3/2,+1 


Roots of Eq, (ii) are the roots of Eq. (i) increased by2 
Roots of Eq. (i) are the roots of Eq. (ii) decreased by2 
Roots of Eq. (i) are 3/2 - 2, - 3/2 -2,1-2,-1 -2. 

i.e, 1/2,-7/2,-1,-3 ” 
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. 2 a ‘ ‘i 
Example 6 The difference between two roots of the equation 2x3 + x? -7x -6=0, is3. Solve it 


Solution 


by diminishing the roots by 3. 
Let a,a + 3,B be the roots of given equation 

2x? + x? -7x -6=0 --(i) 
Diminishing its roots by 3 


Transformed equation is 
2x3 +19x? + 53x + 36=0 (il) 
Roots of this equation are a —'3,a,B - 3. 


Thus, Eqs. (i) and (ii) have a common root a, finding the HCF of the LHS of Eas. (i) 
and (ii) 


HCF = x + 1, equating it to zero, x =-1 
*, -1 is a root of given equation. 
Dividing Eq. (i) by x +1 


-1 2 1 a7 -6 


-2 1 6 
2 = -6 0 
Depressed equation is 2x* - x -6=0 
eal i+ 48 
4 
1+7 = 
= 2, 3 


Hence, the roots of the given equation are -1, 2, -3/2. 
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If «, B, y are the roots of 8x* - 4x? + 6x -1=0, find the equations whose roots are 
a+1/2,8+1/2and y+1/2. 
Solution : 8x? — 4x? + 6x -1=0 (i) 


Roots of required. equation are the roots of given equation increased by 1/2 (or 
decreased by —1/2) Diminishing the roots of Eq. (i) by -1/2 


Example 7 


Hence, required equation is 
8x3 -16x? + 16x -6=0 
or 4x° — 8x? + 8x -3=0 


Symmetric Functions of the Roots 
A symmetric function of the roots of an equationis a function in which all the roots are involved alike, so 
that the expressions remains unaltered when two of the roots are interchanged. 
e.g., The expression of + By + ya is a symmetric function of the roots a, B, y of a cubic. For the sake of 
brevity, we generally denote such symmetric functions by attaching = to one of its terms. 
Thus, Loaf = of + By + yo 
Rule To find the number of terms in:a symmetric function. 
If n= the total number of roots of the equation. , 
r = the number of roots occuring in the symmetric function. 
k= the number of roots having the same index (degree), then the total number of terms in the 


symmetric function. 
n! 


2 (n—ryikl 


For Example 
1. Ifa, B and y are the roots of a cubic equation, then the total number of terms in 


3! 
Xap is —~——_ = 
* *@-3)0! ° 


298 = sopy~ is ___3! 
Y 


(3—2)!2! 


2. Ifa,B, y and 6 are the roots of a biquadratic equation, then the total number of terms in 
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Example 1 Calculate the values of the following symmetric functions for the cubic 
x? + px? + qx +1 =0, whose roots area. B. Y 


(i) Zap (ii) Za? (iii) Sar? (iv) SaBy 
(v) Zap? (vi) 208 (vii) Za‘ (viii) Zar 5B? 
Solution (i) Lo*B =a °B + 02y + Py + Pas Yat YB [Number of terms 6) 
Now, LoLap =(a +B + yXaB + By + Aa) [Number of terms 9] 
= LaB + 3afy 


Lap = La Lop - 3afy=(-pXq@)- 3(-1)=3r- 9a 
(ii) Za? =a? + B+ 72 
Now, (2a)? =(a + B+ y)? = Ea? + 220 [Number of tems 9] 
; La? =(Za)* - 22(af) = p* - 2q 


Note nove relation is true for equations of all degrees and will be used frequentty. 


(iii) Lau? =a + p> + y° 
Now, La La? =(a +B + ya? +B? + Y°) 
=Ias + lap 
o La? = La Da? - Ta B 
The values of Za? and ZaB have already been calculated in relations (i) and (/) 
FA La° =(-p)(p* - 2q)—(3r - pq)= 3pq - p> -3r 
(iv) 2a*By =0By + B*y0 + YOR =aBy- Za 


Hence, La Py = aBy La = pr 
(v) Lap? = 0.28? + By? + yu? 
Now, (Zo)? =(aB + By + yu)? = Ea PB? + 2a Py 


Lap? =(Lof)* - 28a By = q? - 2pr 
(vi) 2 a°B =a + a3y + Bo + By + ya + YB 
Now, Za? E oP =(a?+B* + y*)(af + By + yx) 


= Ea Bp + Lay 
2o.B = La*Zap - oy: Za 
=q (p* - 2q) - pr 
= p’q - 2q? - pr 
(vii) £a* =(Za7)? - 2(EaB*) 
=(p* -2q)* - 2(q? -2pr) [by relations (ii) and (v)) 
=p‘ —4p*q + 2q* + 4pr 
(viii) Dan5B? 
Now, Lo Lo P? = Lap? + Dap y 


La 5p? = Lo La *B? - ofy Sop 
=-p(q? - 2pr)-(-r)q 
=-pq* + 2p*r + qr 


Theory of Equations 


Example 2 
Solution 


Find the equation, whose roots are the squares of the roots of x3 + qx +r=0. 


Given equation is 
x3+qx+r=0 i ...(i) 


" If y be a root of the transformed equation, then 


Example 3 


Solution 


Example 4 


Solution 


ae Ali 
Now, we have to eliminate x from Eqs. (i) and (ii) 


[Method Collect terms with odd powers of x on one side and with even power of x 
on the other side. Square and put x? = y] 


From Eq. (i) x3 + qx =-r 
Squaring, we get x® + 2qgx4 + q?x? =r? 
Putting xeay 2 

y> + 2qy? + q*y -r? =0 


which is required equation. 


Find the equation, whose roots are the squares of the roots of 
x3 + px? +qx+r=0 
x3 + px? +qx+r=0 wall) 

If ybe a root of the transformed equation, then y = x? .. (ii) 
we have, now to eliminate x from Eqs. (i) and (ii) 
From Eq. (i), x? + qx =-(px? +r) 
On squaring both sides - 

x® + 29x4 + q?x? = p?x4 + 2prx? +r? 
Putting x? = y, we get 

y® + (2q - p®)y? + (q? - 2pr)y -r? =0 
which is required equation. 


Find the equation whose roots are the squares of the roots of 
— x4 + ax3 + bx? 4+0x4+d=0 
and ifa, B, y and are the roots, find the values of 


(i) Za? (ii) Da.7B? (ili) Za."B?y? 
(a) x* + ax? + bx? +cx+d=0 (i) 
If y be a root of the transformed equation, then 
y=x? ; ii) 


We have to now eliminate x between Eqs. (i) and (ii). 
From Eq. (i) -x* + bx? +d =-(ax* + cx) 
On squaring both sides, we get 
x® + b2x4 + d? + 2bx® + 2bdx? + 2dx4 = a2x® 4 2x2 + Dacx4 
On putting x? = y, we get . 
y* + b?y? +d? + 2by® + abdy + 2dy*=a?y3 + c®y + 2acy? 
a y* +(2b-a*)y® + (b? + 2d'- 2ac)y? + (2bd - c2)y -g? =0 ...(iii) 
which is required equation. 
(b) Ifa, B, yand 6 are the roots of Eq. (i), then the roots of Eq. (iii) are a, B2, y2, 82 
(i) Za? =-(2b-a?)=a?- 2b 
(ii) Za2B? = b? + 2d - 2ac 
(iii) Za2B*y? = -(2bd - c?) =c? - 2bd 
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Example 5 Form an equation whose roots are B? + 7°, 7° + 0.7,” + B*, where a, B, y are roots of 
Z + pZ+q= r@) 


Solution —_--a,B, yare the roots of 
23+ pz+q=0 (i) 
gp es, ii 
oBy=-9 


If the transformed equation is in terms of y, then 
y =B? + 7° =(B + y)? - By . 
2a = 9? gee [ Eq. (i) 


=(-a) - 


y=224 28 or z2>-zy+2q=0 ...(iii) 


Subtracting Eq. (iii) from Eq. (i) 


q 
(p+ y)z-q=0,..z= 
pty 


Putting this value of z in Eq. (i), we get 
g _4 
(p+y) pty 
q* + p(p+y)+(p+ yy =0 
or y>+ 4py? + 5p*y + (2p? + q?)=0 
which is the required equation. ; 
Concept To find the sum of the integral power of the roots of an equation. 
gx" + x" -! + ax" 24..44,40 AA) 
If a, ,, 03, ..., are the roots of the polynomial equation, then let us represent s, = Lai 


+p +q=0 


i.e., S$, = To, =O, +42 + O34... 
S, =Zo7 =a7 +03 +05+... 
ee ee ee 
S, = Toy =O) +05+03+... andsoon 


The following results will help us to find out the value of 5, s,, 5;,..., 5. 


ae FOP Ai) 

AySz + AS, + 2a, =0 Ai) 

ApS; + A,S2 + ApS, + 3a, =0 .. (iii) 

oS, + AS, _1 + AS, _2 +--+ A, 1S + 1a, =O iv) 


From result (i), we can find the value of s, and by putting its value in result (ii) we can find s,. Proceeding 
in the same way we-can find the value of s,, provided r < n. If however r 2 n, then multiply Eq. (A) byx’ ~" 


ahh + ax!) + ah? 4. Fy ir" 1 + ah" = lV) 


Putting x = 0), 0,...,@, in succession, 


r r-l r-2 r-n+l 
Ag; + ao, + ag, 


+. + Ay _ 0) +a,a"~" =0 


2+ ot @, 705-8 +a" =6 


r r-l r- 
Ags + aa. + an, 
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apy, + aor) + aon? +...4a, 05°"! + aor" =0 


Adding, we have 
: gS, + AS, _) + AS, _2 +... + Ay 1-41 + MNS -n =O 

Putting r=n,n+ 1,n+ 2 etc, we get 

ASy + AS, 1 + AgS__2 +... + Ay 15, + Na, =0 
[- Sy =a? +08 + 4 =n] 

FOSp 41 + ASy + ApSq 1 +--+ Aq 182 + nS, = 0 
BSy 4 2 + ASy 41 + BaSq +... + Ay 153 + An Sz = 0 

and so on. These results gives values of 


Su Sas Spe 20! 


Example 1 Find the sum of the cubes of the roots of the equation x* + ax® + bx? +cx +d =0. 


Solution —_Leta,,a.3,a3 anda, be the roots of the equation. 


Here, A =1, a; = a, ag =D, a, =C,ag =a 
ApS, + aj =O>5,+a=0 
S,=-a 
> O,+O,+03+0,=-a 
Now, ApSo + aS, + 2a, =0 
=> Sp + a(-—a)+ 2b=0 
. $. =a" -2b 
= a? +03 +03 +02 =a? - 2b 
Now, AS3 + AsS2 + AS, + 3az =0 
=> Sy + a(a? — 2b) + b(-a)+ 3c =0 
S$, =-a° + 3ab- 3c 
=» a? +03 +03 +03 = 3ab-a® - 3c 


Example 2 /f a, B and y be the roots of the equation x? + px + q =0, find value of Ex°. 
Solution = a = 1,4, = 0, 2g =P, 43 =Q 
ApS, + a, =O>5,=0 
ApS2 + aS, + 2a, =0=>S, =-2p 
ApS3 + 4;Sp + ApS, + 3a, =O S, =-3q 
Multiplying both sides of given equation by x? 
x5 + px? + qx? =0 
Putting x =a, B, yin succession and adding 
Ss + PS3 + QS2 =0 
or Ss + p(-3q) + q(-2p)=0 
Sg = Ex® = 5pq 
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lfc, B, y be the roots of the equation x° -7x +7 = 0. Finda-* +B‘ + y‘*. 


Roots of the equation x? - 7x + 7 = Oarea, B, y. Changing x to 1/x and multiplying by 
x?, we get 
7x3 -7x? +1=0 (i) 
Its roots being the reciprocals of the roots of given equation are 1/a, 1/B, 1/7. 
Let us denote them by a’, B’, 7. 
We have to find 
a*+Bp*+y* =(a’)* +(B)* +(¥ * = 
Here, A =7,a, =-7, a2 =0, ag =1 
i ap + a, =O0=>7s',-7=0 
g,=1 
ApS’ p + aS’, + 2a49 =O=>7s-7=0 
So =1 
ApS’ 3 + a)S’p + ApS’; + 3a, =0 
> 7s'5-7+3=0 
me %3=4/7 
Multiplying Eq. (i) by x, we get 
7x* ~7x3 + x =0 
Putting x =a’, B’, ¥ in succession and adding 
78 4-783 +5 =O>7s, -44+1=0 
Hence, a +B“ + y* =3/7 


$,=3/5 
Ifa+B+y=6;07 +B? + =14 anda’ +B* + y3 = 36. Prove that 
a‘ +B4 +74 =98. 
Let a, B, y be the roots of the equation 
AgX? + a,x? + ax + ag = O(a #0) i) 
We are given that s, = 6,s, =14 and s, = 36 
: ApS, + a, =O > Bay + a, =0 
a, = —6aq 
#; ApS2 + a,S, + 2a, =0 
™ 14a — 6a9(6) + 2a, =0 
fe @2 =11a 
Now, 4pS3 + 4,82 + 42S, + 3a, =0 
=> 36a — 629(14) + 11a9(6) + 3a, =0 
as a3 = — 6a) 
Putting these values of a), a2, ag in Eq. (i) and dividing by ao, we get 
x3 - 6x? +11x -6=0 Ai) 


Multiplying both sides of Eq. (ii) by x, we get 
x* - 6x? + 11x? ~6x =0 
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Putting x =a; B and yin succession and adding 
S4 — 683 + 1185 — 6s, =0 
Sq — 6(36) + 11(14) - 6(6) =0 

S4 = 216 -154 + 36 =98 


Hence, a* +B4 + y* =98 


Find x° + y® + 2°, it being given that 
X+yt+z=1 x? + y? +2? =2; 
x3 + y34 29 =3. 
Let x, y, Z be the roots of the equation 
aot? +at?+a,t+a,=0 (a #0) .--(i) 
We are given that s, =1, sp = 2,s, =3 
ApS; + a, =O =a) + a, =0 


a, =-a 
ASp + Ay; + 2p = 0 = 2a — ay + 2a, =0 
a, = -20 
= @ 
€0S3 + Sz + ApS;'+ 3a3 = 0 
=> Bap - aq(2)- 52-1 + Sag =0 = Say + 2 =0 
bale) 
a, =-— 
a 6 


Putting these values of a;, a2, a3 in Eq. (i) and dividing by ap, we get 
1 1 
PoE ~ot-s=0 

or 6t? -6t? -3t-1=0 . ...(ii) 
Multiplying both sides of Eq. (ii) by t 

6t* -6t° - 30? -t=0 
Putting t = x, y,z in succession and adding 

6s, — 683 - 3s. -s, =0 

or 6s, — 6(3) -3(2)-1=0 


a 


Multiplying both sides of Eq. (ii) by t? 
6t® - 6t* - 3° -t? =0 
Putting t = x, y, Z in succession and adding 
6s, — 684 — 353 - S_ =0 
6s, -6(2)-3(a)-2=0 
i Sg =6 
Hence, x5 + yh4 2536 
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Example 6 /f «,B andy are the roots of x° + px + q = 0. Prove that 


Solution 


(i) H+ BP + ¥° a9 +B +7 a? +p? +77 
5 3 2 
(ii) 3(a? + B? + y°a® + BS + y°)=5(a? + B° + ¥°Ma* + B* + 7‘) 
Here, a) = 1, a, = 0,a, = p,a3 =q 
ApS, + a, =O=>sS,=0 
ApS2 + aS, + 2a, =O S, =-2p 
ApS3 + AjSp + 42S, + 3a, =0 
S3 =-3q 
(i) Multiplying both sides of given equation by x?. 
x° + px? + qx? =0 
Putting x =a, B, yin succession and adding 
Ss + PS3 + QS> =0 
Ss — 3pq - 2pq =0 


=> 


or 


Ss = 5pq ...(i) 
Ss. 
Now, “5 = : 
5 pq 
8y 82 _ (ay-p)— 
2 52 = (-g)(-p) = pq 
$5 _S3_ Sp 
5 3 2 
5 5 3 3 3 2 2 
Batis. wePer ether oft per 


(ii) Multiplying both sides of the given equation by x, 
x* + px? + qx =0 
Putting x =a, B, yin succession and adding 
S4+PS2+qQs,=0 or s,-2p?=0 
Sq = 2p* 
Ss = 5pq 
3(a° + B* + y°)(a5 + B° + 75) = 35,5, 
= {-2p)(5pq) = - 30pq 
5(a° + B° + y°)(a* + B* + y*) = 5s,5, 
= 5(-3q)(2p*) = - 30p2q 
Hence, 3(a? +B? + y’)(a® + B® + 75) 
= 5(a° +B? + y°)(a* + BS + y4) 


Also, [from Eq. (i)] 


Example 7 /fa+b+c=0, show thata® + b® + c® =-5 abc(bo.+ ca + ab) 


Solution 


Let a, b,c be the roots of the equation 
x? + ax + a, =0 ...(i) 


[IInd term is missing: a + b+ c = 0] 
We are given that s, =0; 
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a,=0 
2a 
So + AS, + 28, =0 = 7 
0 
ApSg + Sp + AS, + 3a3 =0 
3a, 
> 53=-—— 


ri) 

Multiplying both sides of the Eq. (i) by x”, 
px° + Box® + ax? =0 
Putting x = a, b,c in succession and adding 
ApSs + AoS3 + AzS2 = 0 


or ty Se — 09 
oy = 288s or a® + b° + 08 = 22288 
4 ao 


a a 
Also, bc + ca + ab=— and abc = -— 
4 cl) 


—5abe(be + ca + ab) = -5(- 22) (2) ue 5a2a3 
A ao 4 


Hence, a° + b® + c° = -5abe(be + ca + ab) 


Show that sum of products of the first integers taken three at a time is 
n*(n + 1)%(n - 2)(n -1)/ 48. 
The equation whose roots are first n integers is 
f(x) =(x -1)(x - 2)(x -3)...(x =n) [say] 
=x" + px + pox”? + pax" 3 4+. 0 
We have to find the symmetric function of the type. 


LaPy = — Ps. Here, a, B, y, ... means 1, 2,3 ... respectively. i.e., first n integers. 
Now, in usual notation 


Sa14243444..40= 20s) 
Sp a1? + 22 4324 424.4 n2 = UAt Wen +1) 
6 
Pease des. onda {meen} 
2 
Mow, S, +P, =0; 
pan 2nint?) 
2 
& =1 


Sp + PS, + 2p. =0 
n(n+12n+1)_n%(n+1)P 


or cme Sie —— oe 
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6 


, 
ea + 
ee 
n(n+1)P? _n(n+1) n(n +1)(2n +1) 


or 
4 2 6 
4 a(n +1) shee +1)? _ n(n +1)(2n +1) Ms 3p3=0 
4 4 6 
- n?(n +1)? 14 Mos] ovine Wn) (14 5)+ 3p =0 
4 4 | 12 2 
2s n*(n+1)2[4+n? +n_(2n+1) 3], 3p _ =0 
4 4 3 2| 
a Moa fare end 2) , ap, =o 
“mo: ego: 
2 2 
~py = TT (n? — an + 2) 
2 2 
os Silly ap 2) 


48 


Example 9 /f a,8,7,... be the roots of the equation f(x) =0. Prove that a ==ZS,,_1.x-” where 


Sn is sum of the nth powers of the roots. 
Solution f(x) =(x —a)(x —B)(x — y)...n factors. Taking log on both sides, 


logf(x) =log( x —a) + log(x —B)+ log(x —y)+... 
Differentiating w.r.t. x, we get 


P(x) =—— 1 1 


+ Pisa i 
as -a ge x-¥ =A 
-1 
Now, 1 -+(1-2] 
x-Q@ xX x 
1 a a 1 a @ @ 
=—|]1+—+— [+--+ Sh heh ee 
i +S )-2 eo es a 
Pix) 1 oe 1,6 pp 
tae ttt. tt Sete f 
(x) x oa an x . es . or n roots 
ap oh 4 Bey Bg 
x xe x* x 
Now, So =1+14+14+...= 
f(x) 


-1 -2 -3 -4 
—— = SX" + S)X™* + Sox? + Sax +... 
(x) 0 Ss 2 3 


= =rSn = wn 
Hence proved. 
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Concept Let f(x)=a x" +a,x""'+...,€,_; X+@, polynomial of degree n21 with integral 


coefficients and a,, +0, then every integral zero of f(x) is a divisor of the constant terms @,,. But the 
converse is not always true. i.e., every integral divisor of the constant term need not be a zero of the 
polynomial with integral coefficients. 
For example let f(x)=x? + 6. 
Here, 3 divides 6. The constant term of the polynomial f(x) with integral coefficients. 
But f@)=32 + 6=15+40 
3 is not a zero of the polynomial f(x) 
Hence, the converse may or may not be true. 
Concept Upper and lower bounds for the real roots of an equation. 
Two real numbers M and m [m< M]are called the upper and the lower bounds respectively of the real 
roots of the real equation f(x)=0, if the real roots of f(x) = 0 (if any) lie between m and M. 
Method of grouping for finding an upper bound of the real roots. 
(1) Combine each —ve term with a + ve term. (the power of positive term must be greater than —ve term). 
No —ve term is to be left alone. . 
(2) Choose a value of x say M which makes every group +ve or zero. 
Then, M is called an upper bound of the real roots of the real equation f(x) = 0. 
Method of grouping for finding a lower bound of the real roots. 
Let f(-x) = g(x) if m is the upper bound of the real roots of g(x)=0, then — m is the lower bound of real 
roots of f(x)=0. 


Example 1 Find all the integral roots of 5x* —11x? + 12x - 2=0. 
Solution —f(x) = 5x° - 11x? +12x -2=0 
Here, constant term =-—2 
Divisors of constant term are + 1, + 2. 
So, possible values for integral roots are + 1,+ 2 
Now, f(1)=5-11+12-20 
f(-1)=-5-11-12-240 
f(2)=40- 44+ 24-240 
f(—2)=- 40 - 44-24-20 
Hence, there is no integral root of this equation. 


Example 2 Find the integral roots, if any of the equation x* + x° — 2x? + 4x — 24 =0. Also solve 
the equation. 
Solution _Let f(x) = x4 + x? - 2x? + 4x - 24=0 
f(x) = x4 - 2x? + x3 - 244 4x 
= x? (x? — 2) + (x3 - 24) + 4x 
Clearly, x = 3 makes every groups on RHS +ve or zero. 
M (an upper bound) of real roots of f(x)=0 is 3. 
f(- x) = 4x4 - 4x3 - 8x? -16x - 96 
=x4~ 4x3 + x4 -8x? + x4 -16x + x4 - 96 
= x3 (x — 4) + x? (x? - 8)+ x(x -16) + x4 - 96 
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Clearly, x =4 makes RHS +Vve or zero, 
m (lower bound) of f(x) = Ois 4. 
Divisors of - 24 between - 4 and 3 are -4,-3,-2,-1, 1, 2, 3, So 0 Is not a root. 


Now, f(1)=20 #0 

1 is not a root. 
Divisors decreased by 1 are - 5, - 4, - 3, ~ 2, 1, 2, 3 does not divide f(1) = - 20 
“. —2 rejected ' 


f(-1)=-30#0. So, -1, is not a root. 
Divisors increased by 1 are -3,- 2,-1,3, 4. 
4 does not divide 30 

-. 3 rejected 

Divisors left -— 4,-3, 2 

Hence, integrals roots are —3, 2. 


Concept Continuation and variation of signs. 

Continuation (or Permanence) or of sign 

In any polynomial f(x), whose terms are arranged in order, when a + ve sign follows a + ve sign and a — ve 
sign follows a — ve sign, a continuation of sign is said to be occur. 

Variation or Change of sign 

In any polynomial f(x) whose terms are arranged in order, when a + ve sign follows a - ve sign or a = ve 
sign follows a + ve sign, a variation or a change of sign is said to occur. 


Some Important Observations 


1. 


If an equation of degree n is complete, then it has (m + 1) terms. In this case (the number of 
continuation in sign) + (the number of variation in sign) =n. 


e.g. In the polynomial . 
2x5 + 7x4 - 5x3 - 4x2 445 
Number of continuation in signs =3 
Number of variations in signs =2 
So, n=5 


. If the equation is incomplete, then (the number of continuation in sign) + (number of changes in sign) 


= total number of non-zero terms in the polynomial - 1. 
e.g., Consider the polynomial x* - 3x2 + 5 

The signs are + - + 

Number of continuation in sign = 0 

Number of variation in sign =2 

Number of non-zero terms =3 


0+2=3-1 


. If fx)= Ois a complete equation, then a continuation in sign f(x) becomes a variation in sign in f(-X) 


and vice-versa. But if the equation is not complete, the result may or may not be true. 
e.g., Let f(x) =x? - 3x? + 4x - 5 be a complete polynomial. 

The sign are + -+- 

There are 3 changes of signs and no continuation in sign. 

Again f(-x) = - x3 - 3x? - 4x - 5. There are 3 continuation of sign. 
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(Ist, Und, Dird, [Vth] and no changes of sign. 
Let fFx)=x4 4x2 45 
Signs are + + + 
There are 2 continuations of sign and no change of sign. 
So, result need not be true, if the polynomial is incomplete. 
4. If between two like signs (either both + ve or both — ve), we introduce any number of + ve or — ve Signs. 
then the total number of resulting variations will be an even number. 
5. If between two unlike signs (one + ve and other is - ve), we introduce any number of + ve or — ve signs 
then the total number of resulting variations will be an odd number. 


Descarte’s Rule of Signs 


The polynomial equations f (x)= 0 with real coefficient cannot have more. 
1. +ve roots than the number of changes of sign in f(x) 


2. —ve roots than the number of changes of signs in f(x) 


Concept Location of Zeros 
Consider the polynomial ° 


= Qa, -1 a. a, 
@=a,x" +a, _ xP + ax 4 ay sax" 1+ oh + + | ae en 
FD te On -1 a ee AnX a,x"-) a,x" 


For every large value of |x|, the quantity in the bracket is very near to 1. 
.. f(x)behaves like a,x”. Hence, for every large values of |x| ,the graph of y = f(x)is similar to the graph of 
y=a,x". 
It moves up (or down) as x > + 
Thus, for a, > 0, we have 
(i) a,x” —> © asx —>t 
(ii) a,x" —> 0 asx —> ~, if nis odd. 
(iii) a,x" —> - 0 asx —>~, if nis odd. 


Same is true for f(x) 


Theorem Letf(x)be a real polynomial of degree n (2 1)anda, b be two real numbers such thata < b. 

(i) Iff@)andfb)are of opposite signs, then the polynomial f(x) has atleast one and always an odd number 
of real zeros in (a,b). 

(ii) If f(a)and fb) are of the same sign, then the polynomial f (x) has either one real zero or an even number 
of real zeros in (a, b). 


Corollary 1 Every equation of an odd degree (having + ve leading coefficients) has atleast one real roo: 
of a sign opposite to that of its last term. 


Proof Let f(x) = 0, where 
FC) = a,x" + Ay 1X" + ay OX"? + + aX + ay 


\ 


max] + hots as $l I a, >0; 
a,X a,x" 

n being odd. We have, f(+ 2») = »; f(0) = ao; f(-e) = - 

If ay > 0, then there must be one root of f(x)=0 in (-», 0) ie., a real - ve root. 

If ay < 0, then there must be a root between 0 and ~ i.e., a real positive root. 
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Corollary 2 Every equation of an even degree whose constant term is - ve has atleast 2 real roots, one 
+ ve and other - ve (leading coefficient being + ve). 


Proof Let f(x)= 0, where 
f)=a,x" +a, _ x" 7) +... + aX t+ A 


* nis even anda, >0 
f+ )=+ 0; f(0)=ay; fl)=- 
a <0 
-. Atleast one root lies between —s: and 0 and another between 0 and + 


There must be atleast one + ve and atleast one -ve root. 
Rolle’s Theorem 


Between two consecutive real roots of a polynomial equation f(x)= 0 with real coefficients there lies 

atleast one and always an odd number of real roots of the equation f’ (x) = 0. 

Corollary 1 Between two consecutive roots of f’ (x)= 0 there lie almost one real root of f(x) = 0 

Corollary 2 Between any two consecutive real roots a and b of f’ (x) = 0 there lies, 

(a) no real root of f(x)= 0, if fa@)fb)> 0 

(b) a unique real root of f(x) = 0, iff f@)fb)< 0 

Method to determine the number of distinct real roots and to locate them. 

Let f(x) be a given real polynomial equation. 

1. Solve f’ &)= 0 for real roots. 

2. Arrange the real roots of f’ &) = 0 in ascending order say a, 03, ... ,m- 

3. Determine signs of f(x) at —°,a,,@ ...,0,,°. 

4. The number of changes of sign in the above sequence of signs determine the number of real roots of 
f&)=0. 


Note It follows from above that if f(x) = O has n real roots, then f(x) = 0, can have at most m + 1 real roots. 
: If deg f(x)=n, then equation f(x) =.0 has atleast n - @m + 1)=n-m - 1 non-real roots. Also, f’ (x)= 0 
has (n - 1)- m=n-m - 1 non-real roots. 

Hence, the number of non real roots of f(x)= 0 cannot be less than the number of non-real roots of 
f’ x)= 0. ; 
Example 1 Consider the polynomial 
2x? + 7x4 - 5x? = 4x? + x45 
There are two changes or variation of sign. 
[lInd, IlIrd place + —; IVth, Vth place — +] 


Ambiguity When any term of a polynomial f(x) has double sign + or ¥, an 
ambiguity is said to be occur. 


Example2 Letf(x)=a) +a, x + apx* +... +a, x"be areal polynomial of degreen and ap +0. Let 
r and s denote the number of variations in signs in f(x) and f(-x) respectively. Show 
thatn -1 —s is even. 


Solution Let f(x) =a + aX + 4pX°+... +a, x" 
is a real polynomial of degree n. 
i (0) =a) #0 (given) 
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Example 3 
Solution. 


.. Ois not a root of the equation f(x)=0. 
. Every real root of f(x)=Ois either +ve or —ve. 


Let p be the number of + ve roots of f(x)=0 and q be the number of -ve roots 


+: f(x) is a real polynomial. 
.. Non-real roots of f(x)=0 occur in conjugate pairs 


-: Number of non-real roots of f(x) = 0 is even say 2k where k is a +ve integer. 


p+q+e2k=n 
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Ai) 


[-- degree of f(x) =n.. f(x) =0 has n roots] 
By Descarte's rule of sign p which is the number of +ve roots of f(x)=0 is <r, the 


numbers of variations in sign f(x) and falls short of it by an even number. 


Let p=r-2t where fis an integer 
Similarly, : q=s-2/ 
From Eqs. (i), (ii) and (iii), we have 

r—-2t+s-—2/+2k=n 
=> n-r—-s=2k -2t-2al 

=2[k —t-/]=2k, 

where k, =k —t =/= is an integer 
Here, n —r —s is even. 


If a>O, prove that x° + ax + b=0 has two complex roots. 
Casel b>0 
Let f(x) =x? + ax+b 
Signs are +, +, +. 
Since, there is no change of sign in f(x). 
.. f(x) =O has no + ve root. 
Again, f(-x)=-x?-ax+b 
Signs are -,-—,-. 
Since, there is one change of sign in f(—x) 
f(x) =O has one — ve root 
f(x) =O has 2 complex roots 
Case ll b<0O 
f(x) =x? + ax+b 
Signs are +, +, -. 
*: There is one change of sign in f(x) 
is f(x) =O has one + ve root 
Again, f(-x)=-x? -ax+b 
Signs are -, -, -. 
Since, there is no change of sign in f(-x) 
: There is no - ve root of f(x)=0 
f(x)=O has 2 complex roots 


.. Ail) 
...(iii) 
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Example 4 


Solution 


Example 5 
Solution 
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Case Ill b=0 

x? + ax + b= Obecomes ax + x* =0 
= x(x? +a)=0 
> x=0 or x*+a=0 


x?+a=Ogives x=+ Vai [- a>] 
f(x) =O has 2 complex roots 


If f(x)=0 is a complete equation and has all its roots real, then the number of + ve 
roots equals the number of variation in signs and the number of —ve roots equals the 
number of continuation in sign of f(x). ‘ 

Let p be number of variation in signs and 

q be number of continuation in sign of f(x). 

Let P be number of + ve roots and 

N be number of — ve roots of f(x) =0 


Let f(x)=0 be the equation of degree n 
Z f(x)=Ois a complete equation 
Now, Pp+q=n ...(i) 


and equation does not have zero as a root. 
oa f(x) =O has all its roots real 
So, P+Ne=n ...(ii) 
From Eqs. (i) and (ii), we get 
p+q=P+N ...(iii) 
We shall prove that P= p and N=q 
Let it possible P # p. Either P>porP<p 
But P > p, then, number of + ve roots of 


. [f(—x) = 0] > Number of variation in sign of f(x). 


Which is contrary to Descarte's Rule. 

If P<p, then from Eq. (iii) N>q. 

= Number of - ve roots of [f(x) = 0] > Number of continuations of sign of f(x). 
=> Number of - ve roots of [f(x) = 0] > Number of variations in sign of f(—x). 
Which is contrary to Descarte's Rule. 

*. Our supposition is wrong. 

Hence P=p 

Now, from Eq. (iii), p+ q=P+N=> q=N 


Separate the real roots of the equation. 3x* + 4x> - 6x? -12x + 2=0. 
f(x) = 3x‘ + 4x5 - 6x? -12x% + 2 
f’ (x) =12x9 + 12x? -12x -12=12(x3 + x? - x -1) 


=12(x + 1)(x? -—1)=12(x -1)(x +1)? 
Roots of f’(x) = 0 are given by 12(x -1)(x +1)? =0 
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= -1, 1 are the only roots of f’(x) =0. 


Note that for large | x|, f(x) behaves as 3x‘ 
f(x) =O has a unique real root in each of the intervals (—1, 1) and (1, ) . 
It also shows that f(x) = 0 has 2 real roots. 


Example 6 Find the interval in whichk should lie so that the roots of equation 
2x? - 9x? +12x —k =0 are real. 
Solution = f(x) = 2x3 — 9x? 4+12x —k 
f’(x) = 6x? -18x +12 = 6(x? - 3x + 2)=6(x -1)(x - 2) 
Roots of f’(x) = 0 are given by 


6(x -1)(x -2)=0 
=> X =1,2 which are real roots of f’(x) =0 


For large values of | x|, f(x) behaves like 2x°. Since, all roots of f(x) =0. 


a; 5-k>Oand4-k<Oie,k<5and4<k 
ie., 4<k<5 .«. ke(4,5) 


Example 7 Show that x* — 5ax + 4b =0 has 3 real roots or only one real root, according as 
a° >or <b‘, a andbare both + ve. 
Solution f(x) = x® — 5ax + 4b 
f’ (x) = 5x* - 5a =5(x4 —a) =5(x? - Ja)(x? + Ja) 
. The real roots of f’ (x) =0 are given by 
x? - Ja=0 
=> x=ta"4 


‘. Only real roots of f(x) = 0 are —a"4 and a4 


For large |x|, f(x) behaves as x°®. 
(i) If -4a°* + 4b< Oi. a° >bora® > b* 
then f(x) = 0 has 3 real roots one each in 
(2, -a*);(-a"4, a4) and (a", + 00) 
(ii) i -4a°* + 4b>O/.e., a° <b’, then f(x) =0 


has only one real root in (-, -a"*), 


Additional Solved Examples 


Additional Solved Examples 


Example 1. Solvex (y + z)= 44; y(z + x)=50; 2 + y)=54. 
Solution On adding the given equations 
2xy + yZ + ZX)=148 
xy + yZ+ X=74 
On subtracting given equations one by one from 1, we get 
yz = 30, zx = 24, xy = 20 
On multiplying the three, given above together. 
x*y2z? = 30 x 24 x 20 =xyz= + 120 
On dividing Eq. (ii) by the values of xy, yz and zx respectively, we get 
x=t4,y=4+5,z=1+6 


=> 


Example 2. Solve the system | 
XK + y+ Z)=a*; yu + y+ Z)=b"; 
ze +y+ z)=c*. 

Solution On adding the given equations termwise, we get 
«+y+ zh sa?+b? +c? 


=> x+y4+ zat Ja? +b? +c? 
Consequently, 


2 2 
x= s b 


ce 


z= 
+ Ja? +b? +c? 


Example 3. Solve the system 
xX +yY+ Z)=a-yz,y=K+ y+ Z)=bD-xz 
zx + y+ Z)=C—Xy. 

Solution Given system can be rewritten as & + Z)K + y)=a; 
(y + Z(y + X)=b; (z+ x)(zZ+ y)=c 


Multiplying these equations and extracting a square root from both members of 


equality, we have 


‘ (x + zx + YMy + 2)=+ Vabe 
Hence, y+ rae Exe zo TO, 
x+yet wae 


On adding these equalities termwise, we get 


= Y= ——______ 
+ Ja? +b? +c? ta? +b? + c? 


-.(i) 


(ii) 


the obtained 
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vabe (1.1.1 _ , Vabe 1 1-1) 
Keys zat OE (24342) x=4 OE (7+ 1 
lee (2 1 1 
yrt—]—+—--—]; 
Y 2- ac 5) 
z=+ Gee (1,11) 
2 Ab ac 


Example 4. Solve the systemx + y+ z=a;x+y+V=bix+z+V=Cjy+ztved. 
Solution Adding all the given equations, we getx + y+ 7+ V = arprerd consequently, 


v=&+y+Z+v)-K+yV+2Z) 


~atb+c+d_ ~_b+c+d~-2a 
3 3 
On likewise, we get 
zaatct+da-2b , atb+ed-2 
3 3 
x fb eid 


Example 5. Solve the system ay + bx = c;cx + az=b and bz + cy =a. 


Solution Dividing the first equation by ab, the second by ac and third by bc (assuming abc + 0), we get 
Yb ky Fal oh 
b a abacacc b 
Adding all these equations termwise, we find 
X4 Ve 2=3($+2+) 
2\ab ac be 


& 
fa 


abe 
Z_(x x +2) (: x) =3(5 Boy ho. 
Hence, c (5 boc a b Hab iac be ab 
zia@+b?-c? 
= c 2abc 
a+b? -c? 
=. 2ab 
ey ae ee 
a°+c’-b b‘+c‘-a 
. = ————__ , X= 
Similarly, ™ 2ac 2bc 


Example 6. Solve the system cy + bz = 2dyz; ax + cx = 2d’ zx; bx + ay = 2d’’xy. 


Solution First of all we have an obvious solutionx = y = z = 0. Let us now look for non-zero solutions.i.e. 


for such in which x, y, z are not equal to zero. Dividing the first of the given equations by yz, the second by 
zx and third by xy. 


Hence, ay b + 
x sy 
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a_ ’eq"- basa’: 
y 


Finally, a en eee 
d’+d-d' d+da"-d’ 
pt Oe ie. 
d+d’-d” 


Example 7. Solve the system 
xy wand b;—Y2 =a. 


=C; =D; = 
ay + bx AZ+CX bz+cy 


Solution Rewrite the system in the following way 
ay+bx _l.az+cx_1,bz+cy_1 


xy c XZ b yz a 
Hence, a Doda, Cob, cud 
xX ycxx zby za 
Proceeding in the same way as in example 6 
Sure 2ab?c 
"ac+ab-be"” be+ab—ac 
_  2abc? 
~ be + ac —ab 


Example 8. Solve the systemy + z-x = Ori 


a 


Z. 
z+x-y="% iX+Y- ZS, 
( oe 


Solution Obvious solution is x = y = z = 0. 
Dividing both members of each equation of our system by xyz, we get 


—+—-— =; Sal tet 
XZ xy yz a® xy yz xz be 
a ae ae 
yZ XZ xy Cc 
On adding pairwise, we find 
Segoe ee ve Ee 
— Fa + a ERS t+ ei = ne 
xy a Bb’ yz Bw ct’ gt ce 
2a*b? 2b°c? 
= ; Z= . 
Consequently, ; xy tp y: Ba 
2a*c? 
XZ= 
a? +c? 
On multiplying the equalities, we get 
x2y2z? = 8a‘b‘c4 
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22-2 
es a" 22 a*b*c 
Va? + b?)b? + cya? + c?) 
2,2 
Using the equality - aS 
a‘+b 


We find for z two values which differ in the sign. By the obtained value of z we find corresponding 
values of y and x from the equalities. Thus, we get 2 sets of values for x, y and z satisfying our 
equation. 


Example 9. Solve the system 
z+ay+ax+a=0 


z+by+b’x+b=0 
z+oyt+erx+C =0. 
Solution The given equations show that the polynomial a + xu? + yo + z vanishes at three different 
values of a namely at « = a, a = b and ato = c (assuming that a, b, c are not equal to one another). 
Set up a difference 
a? + xx? + yo + Z- @ - ala — ba - €) 
This difference also becomes zero at a equal to a, b, c. 
Expanding this expression in powers of a, we get 
&+a+b+c)a? + (y-ab-ac-—bc)a+ z+ abe 
This second degree trinomial vanishes at three different values of a and therefore it equals zero 
identically and consequently, all its coefficients are equal to zero. i.e. , 
x+a+b+c=0;y-ab-ac-—bc=0; 
z+abc=0 
Hence, x=+@+b+c) 
y=ab+ac+be 
z=-abc 
is the solution of our system. 
Example 10. Solve the system 
X, + Xp+Xzt+...+X, =1 
Xt Xyit nt Xy_ = 
Xp tXytXq tc tXy_ = 


Solution Let x, + X2+X3+--.+X, =S=1 
Then s- x, =2; 


Consequently, (since s = 1) 
X2 = —1,X%3 =—2,...,X_ =- M-1) 


Hence, 


Xt My tt My = (42+. + 1 Da MED 


Finally, X = 1 = &2 + Xt... +x, alt aa 
Similarly, we can find other values. 
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Example 11. Solve the system 
x sna+ysin 2a+ zsin3a=sin 4a 
x sin b + y sin 2b + zsin 3b =sin 4b 
x sinc + y sin 2c + zsin 3c = sin 4c 
Solution We have, sin2a =2sinacosa 
sin 3a = sin a(4cos a - 1) 
sin 4a = 4sin aQcos’ a — cosa) 
-. The first equation of our system is rewritten in the following way 
x + 2ycosa + z(4cos? a - 1)= 42cos’ a - cosa) 
The remaining two are similar. Expand this equation in powers of cos a, we have 
8cos’ a - 4zcos* a- Qy + 4)cosa+ z—-x=0 
Putting cosa = t and dividing both members by 8, we get 


2 ,2_¥+2,,2-X_9 
2 4 8 


Our system of equations is equivalent to the statement that the equations has three roots : f = cosa; 
t =cosb and t =cosc, which follows : 


2 -cosa+cosb+cosc 
2 
yr+2 
i =-(cosacosb+cosacosc + cosbcosc) 


<= =cosacosbcosc 


The solution of our system will be 
x = 2(cosa + cosb + cosc) + 8(cosacosbcosc) 
y =-2-4(cosacosb + cosacosc + cosbcosc) 
z=2(cosa + cosb + cosc) 


Example 12. Solve the system 
x? =a+(y-2F 


y? =b+ (x-zP 
z=c+(x-yy 
Solution Reduce the system to the following form 
k+y-z)K+z-y)=a 
V+ Z-x)¥+x-Zz)=b 
w+ Z-y)(Z+y-x)=c 
Multiplying and taking a square root, we get 
(x+y —- zx + Z-yMy + Z-x)=+ Vabe 


Further, y+z-x=t [x4 z-y=s woe X+y-zZz=+ ab 
a + \o 
_41{ fac ab 1{ [bc b nl 3 
Consequently, xoel{ 2% Vero] [Se ap _, 1 { |be , jac 
' ave Ve} ’"*2l\a "Ye p2"*alva Vp 
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Example 13. Solve the system 


x+y? +xy=C? 


2+x? +x2=b* 
y+z22+yz=a 
Solution Subtracting the equations term-by-term, we have 
& - ye + y+ z)=b? -a? 
&— 2K +y4 Z=c? -a? 
Putx + y+ z=t, then 
& -y)t =b? -a?;@« - z)t=c? -a’ 
On adding these two equations termwise, we have 
[Bx —& + y + z))t=b* +c? - 2a? 
_t +b? +c? - 2a? 


Hence, x 
3t 
_t? 4a? +0? - 2b? 
_ 3t 
walt + a? + b? -2c? 
3t 


Substituting these values of x, y, z in one of the equations, we find 
t* —(@? 4 b? +0?)t? +a + b4+c¢4 -a’b? -a’c? -b*c? =0 


a? +b? +c*)+ (a+ b+c\-atb+c) 
a. 1 eobavias bee) 


2 


Hence, 


Knowing t, we obtain the values of x, y, z. 


Example 14. Solve x2+y?4 27 =14 

xy +yzZ+ Zx=11 

x+y+2z=9 
Solution We have, eye he zea |! os 
1j xy + yZ+ ZX =11 . ce eal 
xX+y+2z=9 (ii) 


Adding double of Eq. (ii) in Eq. (i), we get 
x? + y? + 2? + 2xy + 2yz + 22x = 36 


or w+y+ zy =36 
or X+y+Zz=+6 iv) 
Subtracting Eq. (iv) from Eq. (iii) 
z=9+6=3,15 
z=3,x+y=3 “ ; [from Eq. (iii)] 
zethx+ ye - 21 [from Eq. (iii) 
Also from Eq. (ii), : xy + 2K +y)=11 


xy+3x3=11 
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or ne? 
when & + y)=3,xy =2 
3 x=1,2;y=2,1 


From Eq. (ii), when x + y = - 21 
xy + 15¢-21)=11 
xy = 326 


el es =F + ye -21 - 863 
Hence, x=1,2, -21+ J/- 863 
2 


yn2,1, ~2ht y= 863 
' ' 2 


z=3,3,15 


Example 15. Solve the equations 


x+y+z=14 
x24 y? + 27 =91 


y? =m. 
Solution We have X+y+z=14 ...(i) 
x+y? +27 =91 ii) 
y? = zx .. ii) 


Squaring the Eq. (i), we get 
x? + y? + 2? + 2xy + 2yz + 2zx = 196 
Putting the values of x? + y? + z” from Eq. (ii) and of zx from Eq. (iii), we get 
91 + 2xy + 2yz + 2y? = 196 
axy + 2yz + 2y? = 105 
2y& + y + z)=105 
10 
2y4)=105 or yatee 8 


Hence, x + z=14- e [from Eq. (i)] 
41 
or X+Z= |= 
_(15) 
Also, x= 74 [from Eq. (ii) 
225 
AXa 
or 16 


Hence, x and z are the roots of the equation. 


t?-@ + z)t+z)=0 or eat y, B5_9 


16 


or 16? - 164r + 22500 = ta 14% neal = aS tert 


2 
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= 1-414 412-900 _ 41+ /@1+ 30)41 - 30) 
8 8 
_ 41+ J71xII _ 41+ V781 
8 8 
Hence, X= 41+ V781 
8 
15 
=f¢_ — 
- 4 
7a 41+ v781 
8 
Example 16. Solve the equations x+y+z=9 
x? +y? + 22 =29 
x+y 4+ 7 =99 
Solution We have x+y+z=9 ..-(i) 
x? +y? + 22 =29 ii) 
x+y+ 2 =99 -- (iii) 
On squaring both sides of Eq. (i), 
. x2 + y? + 2? + Wy + yz+ Zx)=81 
or ny + yz + zx) =52 [from Eq. (ii)] 
or xy + yZ+ ZX =26 . 
Also, 344+ 2 -3xyz=Ke + y+ ZK? + y? + 2? —xy -yz- zx) 
99 - 3xyz = 9@9 - 26) . 
or 3xyz=72 or xyz=24 ...(iv) 
Now, xy + yZ+ ZX =26 
or 2 + 2& + y)=26 [from Eq. (iv)] 
or a + 2(9- z)=26 [from Eq. (i)] 
= 2-92? + 26z-24=0 
or z=2,3,4 
Since, the equation is symmetrical. 
Hence, x =2,3,4 
y =3,4,2 
z=4,2,3. 
Example 17. Solve the equations 4x + 2y + 4z)=21 
y& + 2y + 4z)= S 
zx + 2y + 4z)=21 
Solution 4x + 2y + 4z)=21 i) 


yix + 2y + 4z)= 20 ii) 
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zx + 2y + 4z)=21 
From Egg. (i) and (1i) 4x 2 or y=2x 
y 


From Eqs. (i) and (iii) x. 1 or z=4x 
Zz 


Substituting the values of y and z in Eq. (i), we get 
4x(x + 4x + 16x)=21 
or 84x? =21 or x? =21 
84 
xet1/2 


y=tl 
z=+2 


Alii) 


Example 18. Determine the values X1)Xo.X_rXqiXs Satisfying Xz + Xp = YX} X, + Xz = YXQiX2 + Xq = YX} 


X3 + Xs = YXqiXq +X) = YX, where y is a given parameter. 
Solution Xs + Xp = YX 
Hy + Xz = YXQ 
Xp + Xq = YX3 
X3 + Xs =YXq 
Xq +X) = Xs 
Express x, and x; from Eqs. (i) and (ii) 

X5)= YX — XQ 

X3 = YX2 — Xy 
Substitute Eq. (vi) into Eq. (v), we get 

Xq =? - Dx = yxy 
After substituting Eqs. (viii) and (vii) into Eq. (iii) and ordering the equation 
? + y-1)&) -x2)=0 
Substituting Eqs. (vi), (vii) and (viii) into Eq. (iv), we get 
(y? + ¥- My - 1)x, -x,)=0 
If y’+y-1=0 
ie, y= ales then Eqs. (ix) and (x) is satisfied for arbitrary x, 
transformations are reversible, these values uniquely determine x,, x, , Xs. If 
y?+y-1#0, 
Then Eqs. (ix) and (x) gives x, — X2 = 0 
(y - 1)x, - x, =0 

Implying (y -2)x, =0 


For y = 2 the value of x, = x2 can be arbitrary, if x, = x, =c, then x, =x, =X, =¢ 


and x, ; since all our previous 


.. (i) 
..- xi) 


Finally, if y #2, then x, = 0 from Eq. (xi) and x, = 0 from Eq. (xi) implying that all one 


original system are equal to zero. 
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Example 19. Solve log, x + log, y + log, z=2: 
log; Y + logy z+ logy x =2 
log, Z + log, x + logigy =2 
Solution log, x + log, y + log, z=2 
> (log, x)log, 4+ log, y + log, z=2 
= x*yz = 16 [-- log, 4 = 2] 


Similarly, the remaining equations reduce to 
y*zx =81 and z’xy =256 
Solving xyz = 16;xy?z = 81 and xyz’ = 256, 
we get . 
xX =2/3;y =27/ 8; z=32/3 


Example 20. Ifa+b+c=1;a° +b? +c? =9anda@+b+0=1, find + * + 2. 


Solution Since, 
a+b+c) =a? +b? + c*+ 2c + ca + ab) 


& be + ca+ ab=[l? -9]/2=-4 ...(i) 
Also, @+b +c -3abe 
=(a+b+ cha* + b* +c? - bc - ca - ab)=1(9 - (-4)) 
a+b +0 -3abe=13 .. ii) 
So that abc = (1 - 13)/3=-4 .-- (iii) 
Now, Aa og ha Eres Pd (4)/(-4)=1 


Example 21. Solve the following system of equations for realx, y, z 
x+y-Z=4;x?-y? + 2? =-4:xyz=6. 
Solution Given equations can be written as 
x-z=4-y;x? +z? =y? -4:x2=6/y 


By using the identity (x - zy + 2xz=x? + 2%, we eliminate x and z from the above equations, so as to 


get 
G@-yP+ay?-4 
y 
“ y(4-yf +12=y(y? - 4) 
= 2y? -Sy-3=0 
=> =-1/2 or 3 


When y =-1/ 2;x? +z? =-15/ 4 which is not possible for any real values of x and z. 

Wheny = 3,x - Z=1,xz = 2,so thatx and-zare the roots of t? - t -2 = 0, giving t = 2or-li.e. either 
x=2,Z=1 

or ‘ x=-1,z=-2 
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Example 22. Solve the equations 
x+y+z=ab 


x} 4+yh+ zl =a tb 
xyz =a? 
Solution x+y+z=ab (i) 
bpd ha ...(ii) 
x y za 
xyz=a° .-. (iii) 
By Eqs. (ii) and (iii), we have 
xy + yz+ zx =a°b ---(iv) 
Now, by Eqs. (i), (iii) and (iv), it is clear that x, y, z are roots of 
t? - abt? + a®bt -a@ =0 AV) 


We see that the above equations vanishes for t = a, i.e.,(¢ — a)is a factor of Eq. (v). 
So, by remainder theorem, Eq. (v) is 


t?(¢ - a)+ at(t - a)+ a’(t — a) — abt(t -a)=0 
or (t - a)(t? + at + a* - abt)=0 
or (t — a)? + t(@-ab)+ a7}=0 
ie., either t =a, 


- o -~ 492 
és r= 8 ae aby’ - 4a”) 


i.e.,X,y, Zare 


a, >a [b -1+ |b? 2b -3}, 
Salb -l- yb? — 2b — 3] respectively. 


Example 23. Solve the equations 
x+y? + 2 = 495;x +y¥+ Z=15;xyz=105. 


- Solution . e+y4+ 7 = 495 w 
xX+y+z=15 a) 
Seats Aili) 


From Eqs. (i) and (iii) 

++ 2 -Bxyz= K+ y+ 2K? +y2 + 22 —xy-yz- zm) 
or 495 - 315 =15[x? + y? + 2? -~ xy -—yz- zx] 
10 =I&+¥ + 2? -30y + yz zx)] 


12 =[225 - 3&xy + yz + zx)] 


or 


or xy + yZ+ ZX =71 

ichigo iv) 
From Eq. (iv), x(y + Z)+ yzZ=71 
or x15 -x)+ 295 - 7) 


% x [using Eq. (ii] 
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x?(15 —x)+ 105 -71x =0 

x3 — 15x? + 71x - 105 = 0 
This equation is satisfied when x = 3,5, 7 
-. By symmetry y=5,7,3 
z2=7,3,5 


Example 24. Eliminate x,y, z,u from the equations 
x =by +cz+ du;y =cz+ du+ ax 
z=du+ ax + by;u=ax + by + Cz. 
Solution Now, xX + ax =ax + by +cz+ du 
y + by =ax+ by+cz+ du 
z+cz=ax+by+cz+du 


and u+ du =ax + by+cz+ du 
If ax + by + cz+ du=k (say) 
Then, x+ax=k 
=> x= k 
, l+a 
Similarly, y= x ’ 
1+b 
Z= k and u = k 
l+e l+d 
Substituting these values in 
ax + by + cz + du =k, we get 
ak m" bk re ck 4 dk =k 
l+a 1+b l+ec l+d 
or See Dee. Bee Se 


l+a 1+b lt+e i+d.. 


Example 25. Eliminate x,y, z from the equations 
Xt yt zZ=O0j;x2+y?+ 2 =a%, 
B+ey4+7=b and 8 +y4+ P=. 


Solution Given, x+y+z=0 ..€i) 
x? 4+y? 4 2? =a? ..- di) 
e+y~427=b .. (iii) 
+p + Dad ..Aiv) 


From Ea. (i) we can conclude 

x+y + 2=3xyz = b= 3xyz, {using Eq. (iii) 
Squaring first equation 

x2 + y? + 27 + 2xy + yz+ zx)=0 
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or a? + 2xy + yz+ zx)=0 
2 
XY + 2+ DK = — 


Now, multiplying Eqs. (ii) and (iii), we get 
07+ y? + 270344 DF) aw 


Pye Pex 4 x22 + 22d 4 yas 2x3 + 2x? = a7 


or + xy? + y+ y22z2(y + z)+ 2x27(z+x)=a°h 
or C+ x?y?Cz)+ y2z2x)+ 2x?*-y)= ab? 

or © -—x*y*z- xy?z? - yx?z? =a’? 

OF © -xyzey + yz+xy)=a°b? 


From Eqs. (i) and (ii) it becomes 


oF (-<) ate 
3 2 


or 6c? + ab? = 6a2b? or 60 =Sa’h 


Example 26. Eliminate x, y from the equations 


X+y=a; x*+y? ab*; x4 +y* act, 


Solution -- x+y? =K + yh —2y 
* b? =a? -2xy -. xy=a?-b? 
Now, x4 + yt =? + y?? — 2x2y? 
or ct =b4 -o(#=#} 
2 
- ; 2c* = 2b‘ - a‘ + b* — 2a*b?) 
ae b* —a* -2c* + 2a*b? =0 


Example 27. Eliminate x,y, z from the equations 


ahs nash he Zab (E+) (Zaz) (24% 
y zx zx y yz 


Solution Multiplying the given first two equations 


2 
ab = XiV%42 Xv, Z\- x” xy 
[ z2 xJ\2 x ¥ ere 


y yz Zz 
ies. c=(2+2} (2+ 2) z,X 
y Z)\z x}\x y 
2 
" c-(2+2+% +2} (202) at ibe 
ZY ZF RIAX 
x2 22 ox 2 
ent ++ 54s 4] 
yz XY yS 2x 2 


(ii) 


[-x+y+z=0] 


(i) 
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ao x? xy AM) 
=> c Bo he ey 
Hence, from Eqs. (i) and (ti) 
ab-3=c-2 
ab=c+1 


Example 28. Eliminate x, y, z from the equations 


x2(y + 2) _ y'(z+ x) K+) XY! oy, 
Y oe abc 


Solution Given equations can be written as 


x*(y+z)=a ll) 
y(z+x)=b ll) 
Z(x+y=c . il) 

xyz = abc sally) 


From Eas. (i), (ii) and (iii) 
x*y2z2(y + z)\(z+ x(x + y)=a? x bx! 
atb’c2(y +'z)(z + x(x + y= a@ bic? 


Using Ea. (iv), 
‘ abc = (y + z)(z+ x)& + y) 

= (yz + YX + 22 + 2x)& +) 

= xyz + x2y + xz? + x22 + y*z + y'x + yz" + xyz 

= xyz + x*(y + 2)4 y4(z +x) + Z4(x + y)= Zabe + a? + b+ 
Hence, @ + b+ c+ abc =0 


Example 29. Eliminate x,y, Z from the equations 
(x+y —-—ZXx-Yy + Z)=ayz; 
(y+ z-xMy - Z+X)=bzx |; 
(z+x-y\z—X + y)=Cxy. 
Solution Given equations are 
(x+y -z)(x +y + z)=ayz 
(y + Z-Xx)(y - 2+ X)=bzx 
(z+xX-y)(Z-X + y)=CXy 


.(l) 
(il) 


.. (LU) 
Multiplying Eqs. (0, (i), (it), we get . 
w+ y- Zh (x-y + ZR(y + 2-xP =abex*y*z? 
or (x3 -y? - 23+ y?z+ yz? + 2°x + 2x? + x*y + xy? - 2xyz=abex*y*z? (Iv) 
On dividing both sides of Eq. (iv) by x*y?z? 
‘ 2 2 2 
ix abee (ME -Z Eke Bed oS 2 t42-2) Av) 
yz ZX XY X X yp yy £ 2 


But Eq. (i) may be written as 


PO We acd Le 
: yz yz 2 
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or aavek -% 2 
ywzozy 
Similarly, batek 22 
x xX Z 
and Pee 2 
xy y x 
Now, from Eq. (v) 


abc =(2 - a)+ Q-b)+ Q-c)-2F 
abc = (4-a-b-c¥ 


Example 30. Show that 
a+b+c} - 46+ cc + alla+ b)+ Sabe=0 
is the eliminant of ax? + by? + cz? 
=ax + by +cz=yz+ mx +xy=0. 
Solution Given equations are 


ax? + by? + cz? =0 ...(i) 
ax + by +cz=0 ..-(ii) 
yZ+ zX+xy=0 ..- (iii) 


Multiplying Eq. (ii) by (« + y + z), we have 
(ax + by + cz) + y+ z)=0 


or ax? + by? + cz? + xy@+ b)+ yzb + 0)+ xC+a)=0 
But ax? + by? +¢cz* =0 
ia xy + b)+ yzb+c)+ xC+a)=0 
Also, xy t+yz+ =0 
Se eee ee | 
ssid b-a c-b a-c k (say) 
Dividing each ratio by xyz ; ; 
fg Ey ke 
z@-a) xc€-b) ya-c) k 
aaa Te See k 


¢-b)"” @-c) @-a) 


Substituting these values in Eq. (ii) 
a k +b ak +C =0 


ab - aXa -c)+ bc - b)\b - a) + cle - bya-c)=0 
or a+b +c -@+ b\b+ chc+a)+ Sabc =0 


or +b +0 +3@+ bb+ che + a)-4@+ bb + cc + a)+ Sabc=0 
sie a+b+c) - 4a + byb + cle + a)+ Sabc = 0 


Theory of Equations 


Example 31. Eliminate a, b,c from the system 


Xv a2 gt b+? =1; 
abe 
a+b+c=l1 
Solution Put x_y_Z_1 
abe. 
Then, a=M:b=y\ic=na 
Now, (a+ b+cy =a? +b? +c? + 2ab+ 2ac + 2be 


a+b+c=landa’+b*+c?=1 
On putting these values in Eq. (ii), we get 


ab +bc+ac=0 
Taking into the consideration equalities Eq. (i), we get 


xy +xz+yz=0 
Example 32. Eliminate x,y, z from the system 
y? + 2? -2ayz=0; 
z? +x? -2bxz=0; 
x? + y? - 2cxy = 0. 


Solution We have, Y 4 2 22g;24%=2b; 
zy xX 2 
and X,Y = 
y xX 
Squaring these equalities and adding them, we get 
2 2 2 2 2 2 
ee EE So On dal + ab? + 4? 
zw y* xe ze yt & 
On multiplying these equalities, we get 
2 2 2 2 2 2 
y+ +5 +++ 4+ 2= Babe 
Zz yf x Zz YF 


Consequently the result of eliminating x, y, z from the given system is 
a? +b? +c? -2abc=1 
Example 33. Eliminate x, y between the equations 
x? — y? = px - gy; 4xy = qx + pyix? + y? =1. 
Solution Given equations are 


-y* = px -ay 
Axy = qx + py 
x?+y%=1 

Multiplying the Eq. (i) by x and Eq. (ti) by y, we get 

x? - xy? = px? - qxy 
and 4xy? = py? + axy 
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.--(i) 
..-(ii) 


(given) 


dD 
.--(ii) 
-- (iii) 


...(iv) 
...(v) 
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From Eqs. (iv) and (v) 
x) + 3xy? = px? + y?) 
Hence, by Eq. (iil) 
pax! + 3xy?iq = 3xiy +" 
p+qak+yiip-qawk-y) 


2 2 a 
+4) + p- a) w+ yF + Ky = 2K? +") 
p+ qh + pq =2 

Example 34. Eliminate x, y, z between the equations 
y? + 2? mayz;z? +x? = bzx; x? + y* = cxy. 


Solution We have, Vp zeae exeabsk+Minc 
zy Zz y xX 
Multiplying together these three equations 
2 2 2 (4 2 2 
24% 24 Zh yd ae a = abc 
we yt xe Ze yt x? 


2+ (a? - 2)+ &* -2)+ ¢? -2)=abc 
a+b?+c*-4=abc 


Example 35. Eliminate x,y, z between the equations 


Solution We have, | 
x(y? - 22) + y(z? - x?) + 2(x? - y?) 


a+b+c= 
xyz 
= (¥- Z2-x)(x-y) 
xyz 
If we change the sign of x, the sign of b and c are changed, while the sign of a remains unaltered. 

Hence a-b-ca Ya ZAZ+ x(x + y) 

’ a 
b cn d= (Yt 2e-XNx~y) 

xyz 
cea ba Wt ZZ+XV(x-y) 

XYZ 


 @+b+clb+c-alc+a -blatb+c) 
_- = z°y(z? -x2Pq?2 -y’y 
xty4z4 


--(£-2) (2-2) (-2] 
z y)\x zily x 
=-a’*b*c? 


2b*c? + 2c%a® + 2a*b? - a4 - bt ~ 64 4 g2h%e? = 0 
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Example 36. Ifa. B, y be the roots ae cubic ax3+ 3bx2+ 3cx + d = 0. Prove that the equation iny whose 


By-a? . yo-p? . oB-y? ; ‘ 
roots are ~* _—___ ; ; is obtained by the transformation +b + y)+ c= 0. Hence, 
B+y-20' y+a-28 a+p-2y ” f oa 


form the equation with above roots. 
Solution --a,f, y are the roots of the equation 
ax} + 3bx? + 3cx+.d=0 (i) 


a+B+y=-2; ap + By + yo = *, 


‘ a 
Now, yoY-@ _-_i@ = aa 
B+y-2a @+B+y)-3a _3PD_3, 
a 
= dta0 _ d+ae 
3a(b+ aa) 3xb+ ax) 
: 3xyb + ax)=d + ax3 
or ax? — 3ayx? - 3byx +d =0 (ii) 
Subtracting Eq. (ii) from Eq. (i), we get ‘ 
3 + ay)x® + 3(¢ + by)x =0 
(b+ ay)x+c+by=0 [-x #0] 
. axy+ bx +y)+c=0 
Which is the required transformation. 


Now, (ay + b)x =- by +c) 
x-- wre 
ay+b 


Putting this value of x in Eq. (i), we get 


3 2 
-a(%*<) +p -3c( +0), aco 
ay+b ay+b ay+b 
or aby + c) - 3b(by + cay + b) + 3chby + cay + b) - day + b} =0 
Which is the required equation. 


sa 37. Ifa,B,y are the roots of the equation x + ni + 3x + 1 =0. Form an equation whose roots 
1 1 Ly 1 1 - a 1 


ae s+s aa : =, 
a ae a a 
as Roots of the equation 
x3 + 2x2 43x+1=0 i) 
are af, y. Let us form an equation, whose roots are a’,B’, y’. If y is a root of the transformed 
equation, then 
ae 
yen (ii) 
To eliminate x between Eqs. (i) and (ii) 
Eq. (i) can be written as x? + 1 = - @x* + 3x) 
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On cubing both sides, we get 
x? + 3x9 + 3x3 + 1 = —[8x5+ 27x? + 18x3Qx? + 3x)] 


x9 + 3x5 + 3x3 + 1 = -[8x° + 27x? + 18x? Cx? - D] 
Putting x? = y in this equation 
y® + 3x? + By +1=—By? — 27y + 18y? + 18y 
or y’ -7y? +12y+1=0 -»-(iii) 
Its roots are a3, p?, y3 
Changing y to 1/y, Eq. (iii) becomes 


1 7 , 12 
=-++—+1=0 
yyy 
or y? + 12y?-7y+1=0 ...(iv) 
111 
Its roots are —,— ,—. 
a B? y~ 


Let us denote them by a, b,c. 
a+b+c=-12 
We have to form an equations whose roots are 
J,i1.1,1,1 1. 
Pp Pp oy B' 
i.e., whose roots are b + c - a,c + a-b,a + b-c where a, b,c are the roots of Eq. (iv). If the new 
equation is in terms of z, then 
z=b+c-a=(@+b+c)-2a=- 12-2y 
y=-l2+z 
2 
Putting this value of y in Eq. (iv), we have 
02+ zP , 15, 02+ zF +7. 42+ 2) 
8 4 2 


+11=0 
@2+zP 4502+ zY _7@2+2z) 


: -11=0 

12 + zP - 2402+ z - 2802+ z)- 88-0 
ie (2+ zP-2402+ z? -2802+ z2)- 88-0 
te Z + 12z? -172z-2152=0 


Which is required equation. 


Example 38. Ifx,,x,, x3 are the roots of x° - x*+ 4 = 0, form the equation whose roots are x, + xe +28; 


2 oaf2s Bia? 
Xg + Xz + Xp FXy t+ Xp + XZ. 


Solution «: x,,x,,x; are the roots of equation 
xi-x' + 4=0 i) 


Xy + X2 + Xz = 15 XX + XNXy + XgX, = 0; 
X\XoX3 = - 4 
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If the transformed equation is in terms of y, then 
Y=X, + xP + xP =x, + Wy + Xy)* — WXoN; 
=X, ae =X, + a-xF+* 
xX 1 


yex+Q-xh+ bax?-x4148 
x x 


or x3 - x? +x -xy+ 8=0 -- (ii) 


Subtracting Eq. (ii) from Eq. (i), we get 


xy-x-4=0 => ira 
y-l 
Putting this value of x in Eq. (i), we get 
64 16 
jt ear 
=> (y -1¥ - 4(y -1)+ 16=0 
or y? -3y?-y+19=0 


Example 39. If«a,B, are the roots of the cubic x3 + px? + qx + r=0, find the value of (B + y)(y + @) 
@ + B)in terms of p, q,r. 


Solution Roots of the equation , 
x3 + px? + qx+r=0 i) 
are a, B, y- 
Let us first form an equation whose roots are 
B+yy¥+a,a+ B 
Let y be a root of the transformed equation, then 
y=BP+y=a+B+y-a 
== Dp -a 
=-p-x 
“ x=-(y +p) 
Putting this value of x in Eq. (i), we have 
-(y + p) + ply + pP - gly + p)+r=0 
or y? + 2py? + (p? - q)y + (pq-r)=0 
Its roots areB + 7, y+ a, + B. 
(B+ y)(y + a)(a + B) 
= product of the roots of Eq. (ii) = - @q - r)=r- pq 


(ca+B+ y=-p) 


.. ii) 


* is also a root. 
-a 


Example 40. Ifa is a root of equation x* + ax® - 6x?- ax + 1 = 0, then show that = 


Hence, show that the other two roots are 
a-1l 
a+ 


= 
a ' 
Solution Since, a is a root. 


a‘ + ao> - 607 -an+1=0 


(i) 
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Putting x = =** we get 
-a 


(A + a) + 0 -a)*J+ afl + al{l -—a) 
(1 +a -[1 -of -6(0 +00 -aFJ=0 


On simplification it reduces to Eq. (i). Hence, : * & is also a root. Again if we replace x by ~1/ x, we 
-@a 


get the same equation. 


. If a is a root, then -1/a is also a root and if - | is a root, then 2+ ©1/0) 5 6 &-1 is also a root. 
a 1-¢l1/a) atl 
Example 41. ifa,8, be the roots of x3 + 2x? -3x -1=0. 
Find the value of > + 3 + * 
Solution Roots of the equation, 
x? + 2x? -3x-1=0 i) 
are a, B, 7. 
Let us first form an equation whose roots are o°, B?, 7’. 
If yis a root of the transformed equation, then 
y=x3 ; (ii) 
To eliminate x between Eqs. (i) and (ii), Eq. (i) can be written as 
x? —- 1 =- Qx? - 3x) 
On cubing both sides of above equations 


<s x9 — 3x® + 3x3 - 1 =-[8x° - 27x3- 18x? Qx? — 3x)] 
” x? — 3x® + 3x3 - 1 =-[8x® - 27x3 - 18x30 - x3)] 
FP x? — 3x® + 3x3 — 1 =- 8x® + 27x? + 18x? - 18x® 
= x? + 23x® - 42x3 -1=0 


Putting x? = y in this equation, we get 
y? + 23y? - 42y-1=0 .. ii) 
Its roots are o°, B’, 7’. 


Changing y to . Eq. \iii) becomes 


y? + 42y? -23y-1=0 .. div) 


ot git yy Sumof roots of Ea, iv) = 42 


ao 6 
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Example 42. Find the value of k for which the roots of the kx? + 2x? — 3x + 1 = O are in HP. 
Solution Leta, B, y be the roots of 


kx} + 2x? -3x+1=0 --(i) 
which are in HP. 


Transform the given equation whose roots are in AP. replace x by 


x? - 3x? 4+ 2x+k=0 (ii) 
Let the roots of Eq. (ii) be 


a-d,a,a+d 
Sum of roots, 3a = 3 


=> a=1 
Since, a = 1 is one of the root of Eq. (ii) 

It will satisfy the equation. 

We get, °1-3+2+k=0 
=> k=0 


Which is a contradiction as the given equation is a degree three polynomial. 
.. There is no value of k for which the roots are in HP. 


Example 43. Ifa,B, y be the roots of the cubic equation x? + 3x + 2 = 0, find the equation whose roots are 
@ -B)@ — y), (B - y)(B -— @), (y - «) (y - B) Hence, show that the above cubic has two imaginary roots. 


Solution Let z= (a-B\a - y)=a7 - of - oy + By 
=a? - Sop + 2087 
a 
or az =a? - 3a, + 2-2) (: Zap = 3 ;oBy = - 2) ...(i) 


Also, o° + 3a + 2=0, we get 
a? -3a=-6a-2 
On putting this value in Eq. (i) 
az=- 60-6 ora(z+ 6)=-6 
6 
z+6 


a=- 


But a is a root of x? + 3x +2=0 


3 
ea | (ee sr 
z+6 z+6 


(z + 6) - 9(z + 6 - 108=0 
z+ 9z*-216=0 
Let z,, Z), Z be the roots of above equation, then 
2222 = (a — B)(a — y)(B— y)(B - a) (y — a) 
(y -B) =216 
we - (a -BY(B - yP(y - a? =216 
(a - BY (B - yP?(y - a =216 
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Hence, one of the factors in RHS must be -ve say (a - B) is -ve. Le., 0 - B = pure imaginary, 
showing that and B are conjugate complex. 
Hence, the given equation has two imaginary roots. 


Example 44. Find the remainder when (x + 1)" is divided by & - 1). 
Solution Letx -1l=y (so that x = y + 1) 
We find that (x + 1y' =(y+2y' 


a2" 4 nyan-ty MAW 2 pn-2y 
2 
The remainder when RHS is divided by y 
=2" + ny.2n-1 4 MAD yagn-2 
=2" + nx -1p"-! + AND e120? 


= n(n —1)-2"-3x2 + x [-ngr—1)- 2-2 +n 2"-"Y 4 mn —1)-2773 -n- 27-1 + 2" 
= n(n - 1). 2"-3x? — 2" - 2x [n? — 3n] + 2" -3[n? —5n + 8] 


Example 45. Show that (x - 1) is a factor of x" - nx +n-1. 
Solution Let f(%)=x”" -mx+n-1 


Since, f&)=0 
«. f(x)is divisible by x - 1 [by factor theorem] 
sO, f&)=&" -1)-n& - 1) 
= K-VK + x" 2 ++ 1m =e - gh) 
where g)=xr- ext 2 4 tan 
Since, gll)=0 
x -1 is a factor of g&) [by factor theorem] 


. f(x)is divisible by & - 1) 


Example 46. Show that (x - 1) is a factor ofx"*! -x" -x +1. 
Solution x™th yt _ x 41 =" -1)K-1) 
= he — 176" - + Fm 2 +) 


It is clear that 
& - 1¥ is a factor of x"*!-x"-x+1 


Example 47. f(x) is a polynomial of degree atleast two with integer coefficients. Show that which it is 
divided by (x -a)(x - b) where a+b, the remainder is x [far=t0)). af) bra) 
a- a- 
Solution Since, the divisor is a polynomial of degree 2 the remainder will be of the form Ax + b. 
By division algorithm, we have 
fK)=q &)&K -a)& -b)+ Ax+ B Ww 
where q(x) is the quotient. 
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Substituting x = a,b successively in Eq. (i), we get f(@)= Aa+ B;f )=Ab+ B. 
Solving for A and B, we have 

A=(f(@)-f))/ @-b) 

B=[af(b)-bf(@)\/ @-b) 


Example 48. Let p(x)=x? + ax + b be a quadratic polynomial in which a and b are integers. Given any 
integer n, show that there is an integer M such that p(n)p(n+ 1)=p (M). 
Solution Let the zeros of p(x) be a, B so that p(x)= (&« - a) & -B) 
Then, pin)=(n-a)(n-B), 
pin+l)=(n+1-a)(n+1-B) 
We have to show that p (m)p (n+ 1)can be written as (t — a) (t — B) for some integer ¢ (which will depend 
upon n) 
p(n) p+ 1) =M-a)n-B)(+1-a)(n+1-B) 
={(n-a)(n+ 1-B)} {m - B)(1+ 1-a)} 
+{n(n+1)-n@+ B)-a + af} x in(n+1)-n@+ B)-B +a B} 
={n(n+1)+na+ b-o} {n(n+1) + na+ b-B} 
=((-a)€¢-B);t=n(n+ 1)+ an+ b=plt) 
Thus, p(n)p (1+ 1)can be written as p(M) for 
M=n(tn+1)+an+b 


Example 49. A polynomial f(x) with rational coefficients leaves remainder 15, when divided byx -3 and 
remainder 2x + 1, when divided by (x -1)*. Find the remainder when f&) is divided by (« —3)(x - 1). 


Solution Let quotient be q x) and remainder be r (x) when f(x) is divided by (&« —3)(x -1). 


Now, as divisor is a polynomial of degree 3 the remainder must be a polynomial of degree at most 2 
ie., it must be of the form ax? + bx +c ;a,b,c are some rational numbers. 


ax? + bx + c=alx -1)+ 1P + bI& -1)4 1]4c 
=ak-1%+Qa+b)x-l)+at+bec 


By division algorithm, 
FX)=q &)& -3)&-1? +a&-1? + a+b) R-1)+a+b4c (i) 
Now, according to given condition f(x) leaves a remainder 15 when divided byx-3 
fG)=15 


Now, putting x =3 in Eq. (i), we have 
15=9a+3b+c Ail) 
Also, from Eq. (i), we find that remainder when f(x) is divided by & - 1)? is Qa+ b)®-1)+ @+b+0) 
Since, this is given to be 2x + 1, we have 
Qa+b)x-1)+ @+b+c)=2x+1 

Putting x = 1, we get 

a+b+c=3 ... (ili) 
Putting x = 0 throughout, we get 

“Ress ...fiv) 
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From Eqs. (ii), (iii) and (iv), we get 
a=2,b=-2,c=3 
Remainder = ax? + bx +c 
=2x7-2x+3 


Example 50. For every pair p,q of + ve integers, whose HCF is 1. Show that 
&” - 1) 64 -1) divides @&™ -1)&-1) 
Solution Since, y — 1 divide y”-! for every + ve integers n. 
-. By writing x™ -1 as (&? -— 1 we find that x” — 1 divides x™ — 1. Similarly, x? - 1 also divides 
x™ —1, where p and q are prime to each other 
GCD of x? -1 and x? -lisx-1L. 
xP -l=&-1) f&) 


x4 -l=%-l)g&) 
where fx), gx) have no common factor. 


Now, f(),g &), & — 1) have no factor in common and each of them divides x” —1 


& —Df &)g &) divides x¥ -1. 
Scarce & -1F f&x)g&) divides &™ -—1)& -1) 


Le., &? -1)&4 - 1) divides &™? -1)& - 1). 


Consequently, 
and 


Example 51. Prove that the polynomial 


+X +X Aiscetan +X +1 
is divisible by x + 1. 
Solution Let 
M =x 9999 4, 8888 4777 4g Hy 
and N=x24x84x74...4x!41 


M —N=x° (9 —1)4 x8 698 1) 4x7 (7770 1) 4 x GINO _1) 
= x9 [610% — 1] + x8 [OPS — 1] + x? [62°77 — 1] + x [6PM] Gk 
Now, (x)°)' is divisible by x!°-1,vn21 
RHS of Eq. (i) is divisible by x'° -1 
-. M-—N is divisible by x’°-1 
and hence divisible by x? + x°+...+L 
Example 52. Ifn is an odd + ve integers not divisible by 3. Show that xyx + y)(? + xy + y?) is a factor of 
&+yf -x"-y". 
Solution We have, xy (&« + y)(x? + y? + xy) 
=xy & + Y)& — wy) & - wy) 


{w,* are non-real cube roots of unity] 
It is enough to show that (x + yf’ -x” -y” vanishes for x =0;y=0, 


Now, x =-yix =oy and x =w’y 
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The polynomial obviously vanishes for x =@y 
(oy + yl -@yl' -y” =y" [(@+ 10 -o" - 1) 
=y¥" [of -o" -1]=-y" ((@+ If -o" -1) 
=¥" [of -o" -1)=-y" [o” +0" + 1) ¢: nis odd) 
Let n=3p+1, then" =o?*! 
and oa” =@*2 <0 
* Above expression =- y” [w” + @ + 1J=0 
If n=3p+ 2, then a” =@?,@™ = and the above expression is zero. We can similarly prove that the 
given polynomial vanishes for x =a" y. If nis an odd +ve integer not divisible by 3, then 
& +y)" -x" —y” is divisible by xy &? + xy + y*) 


Example 53. If gx) and h(x) are polynomials with real coefficients and f (x)= g &°)+ x h 6°) is divisible by 
x* +X + 1. Show that g (x) and h(x) are both divisible by x - 1. 
Solution If f&)=g &*)+ xh &?) is divisible by x? + x + L We can write 
fe)=qax? +x4+1) 
Let w be a non-real cube root of unity. Then, 
f(@)=q (@)(@” + @ + 1)=0 
f(@?)= 4 (w?)(@ + wo? + 1)=0 
gQ)+@hQ)=0 and gQ)+a*hQ)=0 
So, gQ)=ha)=0 
Both g(x)and h &)are divisible by x - 1. 


Example 54. Let z be a root of x> - 1 = 0 with z+ 1. Find the value of z'> + z'© + z7 +. + 7 
Solution z+ z'®+...+ 2° 


=75 (2) 4.4 2) =1(2=4)-1(221) =) 


z-1 


Example 55. Let f(x) be a polynomial leaving the remainder A when divided by & - a) and remainder B 
when divided by x - b (a+b). Find remainder left by this polynomial when divided by & - a) - b). 
Solution Since, the products (x - a) (x - b)is a second degree trinomial when divided by it, the polynomial 
f(x) will necessary leave a remainder which is a first degree polynomial in x,aa + B. 
Thus, there exists the following identity. 
fe)=k-a&-b)Q&)+ax+B 
It only remains to determine a + . Putting in this identity first x =a and then x = b, we get 
f @)=aa + B:fb)=of + B 
Remainder from dividing f(x) by x —a is equal to f (a), so fla)= A :f®)=B 
Thus, for determining a and f, we get the following system of two equations in two unknowns 
aa+B=A ;oB+B=B 


Hence, a=—'_(-nanap-2-™ 
a-b a-b 
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Example 56. Find out at what values of p and q the binomial x4 +1 is divisible byx? + px+q? 
Solution Let us suppose 
x44 1L=(? + px + gq)? + p’x+Q’) 


=x4 + (+ p’)x3 + @+q’+ pp’)x? vq’ + ap’) x + 4q’ 
For determining p,q, p’ and q’ we have four equations 


er wi) 
a egait ... (ii) 
pq’ + qp’=0 . (iii) 
qq’=1 (iv) 
From Eqs. (i) and (iii), we find p’ = - p q’-q)=0 


Assume 
Case! p=0,p’=0,q+q'=0,qq’=1,q?=-1 

qQ=+ti;q’=ti 
The corresponding factorization has the form 

x4 +1=(x? + i)? -i) 
Case Il q'=4,q* =1,q=+1 
Suppose first q’ = q = 1, then pp’ = - 2,p + p’= 0, p? =2, p=+ V2,p’=+ V2 
The corresponding factorization is 

x4 + 1 = (x? - J2x +1)? + V2 41) 

Assume, then 

q=q'=-1;p+ p'=0;pp’=2;p=+,2i 

p=t 2i 
Factorization will be 


xt + 1=(e? + V2xi- 1? - J i-1) 


Example 57. Prove that 
(i) the polynomial x(x"~' - na"~')+ a" (1-1) is divisible by («x - a)’. 
(ii) the polynomial (. - x") (1 + x)- 2nx" (1 - x)- n’x" (1 - x)? is divisible by 0 -x}. 
Solution (i) Rewrite the polynomial as 
x” — a" —nxa"~! + na” = (x" - a")- na" ~!& - a) 
= (x - a)" ~! + ax"-? + 4a"! ~ngt-1) 
At x =a, the second factor of the last product vanishes and consequently is divisible by x — a. 
:. Given polynomial is divisible by (& - a)” 


(ii) Let us denote polynomial by F, and set up the difference P, - P,_,. Transforming this 
difference, we easily prove that it is divisible by (1 - x}. 


Since, it is true for any + ve integer n we obtain a number of equalities 
P, ~ P,_-, =0-x? 6,0) 
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Py — Py 2 = A - xP by -10) 


B - Py =Q-xP o> &) 

P,-R=(-x) 0, &) 
Where 6, (x) are polynomials with respect to x. 
Hence, P,- R=0-x¥ oe) 
But since PR =(-x? 


It follows that P, is divisible by (1 -x} and our proposition is proved. 


Example 58. Find out whether the polynomial 
xia + xabel +xier 2 . xid+3 
(a, b,c, d are + ve integers) is divisible by x} + x? + xX +1. 
Solution Put EG) mixta AO 1 py teh2 4 tees 
4x24 x¢ 1a 4+ DR 4+ DH + DR + DR -1) 
It only remains to show that 
f-D=fO=feEiD=0 
Try yourself 


Example 59. Show that the expression. 
w+ y +z)" -x™ -y™ - 2" (m is odd) is divisible by « + y + zP -x3 -y - 2. 
Solution It is known that 
w+ytzP-xe-y-2F=3K4+y) K+ ZDY+ 2d 
Let us prove that ( +y+zJ"-x™-y™ —z™ is divisible by x + y. Considering our polynomial 
rearranged in powers of x . We put in itx =- y. 
We have, (-y+y+z)" -(-y"-y" - 2" =0 [- mis odd] 
Consequently, our polynomial is divisible by & + y). Likewise we make sure that it is divisible by 
«x + z)and (vy + z) 
Example 60. Prove that the polynomial (cos $ + x sin 9)" - cosn-x sin nis divisible by x? + 1. 
Solution Put 
fx) = (cos + xsin 9)" -cosno-xsing 
But x? + 1=&+i)&-i) 
f= (cos 9 + isin 9)" - (cosno+ isinn)=0 
Likewise we make sure that f(-i)=0 
Our supposition is proved. 
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Example 61. Find out at what n the polynomial 1 + x? + x4 +...+.x™"~? is divisible by the polynomial 
L+x4+x274 x77), 


an _ 
Solution bon 4K 4 4x7 -* =<, . 
x*-1 
ae | 
L4x4x24...4x"-1 2% 
x-1 


It is required to find out at what n 


x™ -1) /(x" =1) win be a polynomial in x. 
x?-1 x-1 


we find, R=) x <2) 8" 41 

x*-1 x-l x+1 
For x” + 1 to be divisible by x + 1, it is necessary and sufficient that (- 1)' + 1=0 ie.,nis odd. 
Thus, 1 + x? + ...+ x2"? is divisible by 1+ x +x? +....4x"7! , if nis odd. 


Example 62. Find the condition necessary and sufficient for x? + y> + Zz + kxyz to be divisible by 
X+y+Z 
Solution The condition necessary and sufficient for a polynomial f(x)to be divisible by x — a, consists in 


that f(a)= 0 
Let fe)=axrr+kyzt+ y+ 2 
For this polynomial to be divisible by x + y + z, it is necessary and sufficient that 
feEy-z)=0 
However, 


fry -2)=-(v+ 2 -bz(y+2+y¥4+7 
=-(k+ 3)yz(y + z) 
Simplifying, we get k=-3 


Thus, for x? + y? + z + kxyz to be divisible by x + y + z it is necessary and sufficient that k=—3. 
Example 63. Solve the system of equation for realx and y 


sxf1+—! |=12 ;5y/a-—} Jaa 
x+y x? + y? 


2 2 
Solution Gx} + Gy) = Sa a. eee 


Put x? +y? =1, we have 


25_ 1 16 
— =—-—; + 
t a+r Q-ry 
So that 250 -¢?)P = 14400 - 0)? + 16rd + ¢)? 


or 25e* - 160¢° - 206r? - 160r + 25 = 0 
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Dividing by t*, we get 


2st? ~ 160¢ + 206 - 29° + 2 25-0 


ie, 25 (0? + *)- han 0 
t? 
Let t + 1 =u, we have 


25(u? — 2)- 160u + 206 = 0 


ie., 25u? — 160u + 156 =0 
y - 160+ y60" - 4.25-156) _ 160+ 100_ 6 26 
50 50 5'°5 
Whenu = 2,t+ >= ¢ which does not give any real values of t. 
If u=2Bir4t-2 which gives ¢ = = or 5 
1 2 1 


t=5 or = 80 that x se ia or 5 
When x? + y? = =, we get 


5x(1 + 5)=12,5y0 -5)= 4, 


2 1 
so that oes alata 
When x? + y? =5, we get 
sx(1+2)=12 :Sy(1-2)=4 
5 5 
so thatx =2,y=-1 
Thus, x=2,y=-Zandx=2,y=-1 


Example 64. Prove that the equation 
5x? + Sy? - &xy - 2x - 4y+5=0 
is not satisfied by any pair of real numbers x and y. 


Solution Rewriting the given equation as a quadratic in y 
Sy? — y(&x + 4)+ 5x? -2x+5=0 i) 


_ (8 + 4) + JO + 4)? - 206x? - 2x + 5) 
on 10 


_ + 4)+2 Sea 


Solving Eq. (i), we have 


(ii) 


Now, the expression under the radical sign in a - can never be +ve and therefore y cannot take a 
real value for any real value of x. In fact 


2 
~9x? + 26x - 21 = -9l(«-22) “a 
Which is -ve, whatever real value x may have. 
Given equation is not satisfied by any pair of real numbers x and y. 
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Example 65. Prove that if the coefficients of the quadratic equation ax? + bx + c = 0 are odd integers, 
then the roots of the equation cannot be rational numbers. 


Solution suppose A is a root of quadratic equation ax’ + bx + c = 0. Then, 


2 
a(2) + o(2)+e=0 i.e., ap? + bpq + cq? = 0. 
q 


If p and q are both odd, then all the terms of the expression ap’ + bpq + cq” are odd and so the 


expression cannot be equal to zero. If one of p and q is odd and other is even, then two of the terms 
are even. One term is odd. 


“. The expression cannot be equal to zero. 


Also, p and q cannot be both even as p and q are prime to each other. 
Hence proved. 


Example 66. Given that x‘+ px? + qx2+ rx + s = 0 has four real +ve roots. Prove that 
(i) pr - 16s 2 0 (ii) q* - 3652 0 with equality in each case holds if and only if four roots are equal. 
Solution Let the roots of the equation. 
x1 + px? + qx? +x + 5=0 bea,B,y,5 so that 
a>0,B>0,y>0,5>0 


Now, La=-p 
Lap =q 
Lapy =-r 
apy5 = s 
(i) pr = La Lopy 
By the inequality of the means 
: Za.2 By6)"* Ai) 
i Lopy > ys)” * .. Mii) 
From Eas. (i) and (ii), we get 
Js 2a Lofhy2 of 
ie, pr-16s>0 iii) 


Equality hold in Eq. (iii) <> Equalities hold in both Eqs. (i) and (ii) +a, B, y, 5 are all equal and afy, 
ofS, oS, By5 are all equal >a =f = 7 =5. 

(ii) q? = CaP)? > [6@B- cry- 05: Py - BS. 5)”°P = 36 afy6 = 36s 

: q’ 236s 


Equality holds if and only if of, oy, «5, By, BS, ¥ are all equal, i.e. , if and only ifa =B = y=8. 


Example 67. Let a,b,c,d be four real numbers, not all equal to zero. Prove that the zeros of the 
polynomial f (x) = x°® + ax? + bx* + cx + d cannot be all real. 


Solution Let us suppose that all the 6 roots of the given equation are real. 
Let us denote the roots by a, f, 7,5, A and p La = 0, Lai = 0 
: ta’ = (La*)- 22ap = 0 
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a? +B? + y? +82 + 22 +n? = Oanda, B... are all real. 
“ a=BP=y=5=A=yn=0 
Consequently we must have a = b = c = d = O which is impossible, since we are given a, b,c, d are all 
not zero. 
Hence, roots of given equation cannot be all real. 


Example 68. Prove that ifa,,a,,...,a, are all distinct, then the polynomial &« - a,)* & - a)... %-A,P +1 
can never be written as the product of two polynomials with integer coefficients. 
Solution Suppose that there exists polynomial f(x)- g(x) with integer coefficients such that 
FIG) = & - a PR -a,F ...K- ay? +1 i) 
~ RHS is always +ve. 
-. f(%)can never vanish 
So, its sign never changes. 
Similarly, g(x) can never vanish and its sign never changes 
~ f(x), 9) are always + ve, so f(x) and g(x) are both always +ve, 
Substituting x =a,,a), ... , a, in Eq. (i), we get 
f@,)g(a,)= 1, f@,)g(a,)= 1 igs f@, )g@,, )=1 
 £(@),...,f@,) are all +ve integers. It follows that 
fla,)=f@,)=...=f@)=1 
Similarly, g(a,) = g(a,)=...=g@,)=1 
~ f(«)-1,g&)-1 vanish when X =Q,Q,...,Q, 
” FX) — 1 = p&R)& - a) - a3)... -a,) 
By Factor theorem 
9%) — 1 =Q&)K — a) - ay)... % -— a,) 
px), g&) are polynomials with integer coefficients. 
 f&x)gk)is of degree 2n, p &) and q (x) nust be both constants. Suppose p &)=a,q &)=b. 
Then, f&)=a&K-a,)& -a5)...%-a,)4+1 
9%)=b & - a) - ay)... -a,)+1 
Substituting f(x) and g(x) in Eq. (i), we get 
ab=1,a+b=0 
7 sae = exist any real numbers a, b satisfying these conditions (these conditions imply 
a? =-1,b? =- 


+. There is a contradiction and given polynomial cannot be expressed as th 
polynomials with integer coefficients. © product of two 


Example 69. /f p(x) is a polynomial with integer coefficients and a,b,c are three distinct integers, then 
Show that it is impossible to have p(a) = b, pb) =c, p(c)=a. 
Solution Suppose it is possible that p(a)= b,p)=c and p()=a. 
. p(x)- p) vanishes, when x = b 
o (x - b) must be a factor of p(x)- p(b). 
a -b must divide p@)- pb)i.e.,b-c 
Similarly, b - c must divide a - b. 
“ b-c=+@a-b) 
.' a,b,c are all distinct, 
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So, we cannot have 
b-c=-(@-b) 
Consequently, b-c=a-b 
This means that b = 4 (a + c) so that b must lie between a and c. Similarly, we conclude that, c lies 


between a and b. It is obvious that both the conclusion cannot be simultaneous true. 
Hence, our supposition must be wrong. 
It cannot be possible that p(a) = b,p(b)=c and p(c)=a. 


Example 70. Let f(x) be a polynomial with integer coefficients and suppose that for five distinct integers 
= os 1a; , one has f(a,)= f(a,)f(a,) =f (as) = f(a;)= 2. Show that there does not exist an integer b such 
that = 9. 


Solution Suppose there exist an integer b such that f(b) = 9 
f)- f®)= 0, when x = b 
x — b must divide f(x) - f®) 
a, - b must divide f(a,)- f®) 
We are given that f(a,)- f(b)=-7 
“ (a, - b)|7) 
+: Only divisors of -7 are -7,-1,+1,+7 
*. a, - b must have one of these values. 
Similarly, a, - b, a, - b,a, - b,a, — b must take one of the values + 1, + 7. 
At least some two of the five numbers q, - b,i = 1,2,...,5 must be equal. 
This is not possible -. a, are all distinct. 
f(x) # 9 for any integer x = b. 


Example 71. Solve in R the equation 
2x% + 3x% + 2x97 + 3x% 4 + 2x 4+3=0. 


Solution 2x29 + 3x8 + 2x97 + 3x% + ...4 2x43 
= Qx + 3) + x 4 x94 41) 


The equation x® - 1 = 0 has only two real roots i.e., + 1. 


. The given equation has only 2 real roots i.e., -3 and -1. 


Example 72. Ifx,y, zare three real numbers such thatx + y + z= 4andx? + y? + z? = 6, Show that each 


ofx, y, zlies in the closed interval 2 12] ie., . Sxs 2.2 sys2, ; < ZS 2. Canxattain extreme value? or 2? 
3 


Solution Rewriting the given equation in the form 
y+z=4-x, y? +z? =6-x?, we get 


y= 51y+ z¥ -(y? + 2?)J=x? - 4x45 


Theory of Equations 


“. Y, Zmust be the roots of equation. 
tt? -4-x)t+x?- 4x 4+5=0 
 y, Zare real. 
Discriminant of Eq. (i) must be non-negative, i.e., 
(4-—x)? - 4x? - 4x + 5)20 


= 3x? -& +450 

= @x - 2) -2)< 0 

—! 2x2 
3 


Given equations are symmetrical in x, yz. 


.. We must have =< ys2, 2s zs2 


when x = a Eq. (i) becomes t? - x t+ _ =0 


So that t = 3 ; 2. We have solution (5 3 ; * >} Consequently x take the value :. 


Similarly, we find that when x = 2, Eq. (i) reduces to t? - 2t + 1 = 0so that t =1, 1. 
We have, solution (2, 1, 1) and we conclude that x can take the extreme value 2 as well. 


Example 73. Determine x,y, ze R such that 
2x? + y? + 22? — & + 2y — 2xy + 2xz- 162+ 35=0 


Solution 2x? + y? + 2z* — 8x +2y — 2xy + 2xz- 162+ 35 =0 
= ( -y) + & + Zz)? + 2? -16z- & + 2y4+35=0 
= &-y-1P + & + z-3% + z*-10z+ 25=0 
a & -y-1% + & + z-3)7 + (z-5% =0 
Thus, xX -y=1,x+ 2=3,z=5 
Hence, x=-2,y=-3 
Solution is x=-2, y=-3andz=5 


Example 74. Find all realx, y that satisfying x3 + yp =7andx? + y2+x +ytxy=4. 


Solution Let x + y =a,xy =B and hence x? + y? =a* — 28 
&3 + y3)= & + ye? - xy + y?) 


gi a(a* - 3B)=7 
=5 a? — 30 =7 
and xr+yrtxtyexya4 
=> a? -2B+a+p=4 
a a? -B+a=4 
er B=0?+a-4 
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--- (i) 


fi) 


(ii) 
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From Egs. (i) and (ii), we have 


=> 


Hence, @ - Lis a factor. 


So, 


So, 


When a = 1, B = - 2 and whena 
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a -3ae*+a-4)=7 
fa) = 20° + 3a* - 12a + 7=0 
fQ)=2+3-12+7=0 


fa) = 2a? + 3a? - 12a + 7=0 
= - 1a? + Sa-7)=0 
=a - Dae - 1Ra+ 7)=0 


a=lor-<4 
° 


< 


7 19 
on ieee 


If we take a = 1,B = - 2, thenx and y are roots of 


=> ( 
=> 


Le., 


If we take a =~ 7 and p= then x, y are roots of 4¢? + 14t + 19=0 


tr?+¢-2=0 
+2) -l=0 
t=-2andl 
x=-2andy=lorx=landy=-2 


Here, discriminant 14° - 4 x 4 x 19< 0. There are no real roots. 


Real values of x, y satisfying the given equation are @, - 1)or (-1, 2) 


Example 75. if x, and x, are non-zero roots of the equation ax? + bx + c= 0 and -ax* + bx +c =0 


ively. ay? = 0 has a root between x, andx,. 
respectively. Prove that — x +bx+c=0 1 . 


Solution If x, and x, are roots of 


We have, 


Let 


Thus, 


Adding 5 ax; in Eq. (iii), we get 


ax? + bx+c=0 
-ax? + bx+c=0 


ax? + bx, + c= 0-ax} + bx, +c =0 
fc)= Fx? + bx +c 
Fi )= Sx7 + bx, + 


foe2)= 5 x3 + bx, + 


ftx,)+ 4 ax? = ax? + bx, += 0 


1 
f&\)= - 5 axj 


fi) 
(ii) 


...(iv) 


cal¥) 
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Subtracting 3 ax? from Eq. (iv), we get 
fx.) - 3 ax} =-ax3 + bx, +c=0 


=> fx) = 3 ax} 
Thus, f(x,)and f(x.) have opposite signs. 
Hence, f(x) must have a root between x, and x). 
Example 76. Find all +ve integers x, y, z satisfying x” -y7" -z*” =5xyz. 


Solution x,y, z are integers and S is a prime number and given equation is x” -y”" -z”” = Sxyz 
Dividing both sides of the equation by xyz. 
x71 yl : zo} 


So, different possibilities are 


Taking Ist column 
x =5,y7 -l=1l;y? =2,y=2 and z=1 


and these values are satisfying the other expressions in first column. 
Similarly, from IInd column, we get 
y=5,z=2 andx=1 


From IIrd column, we get z=5,x =2andy=1 


Example 77. Show that 
fx) = x1000 — x50 + x100 + x + 1 = 0 has no rational roots. 


Solution If there a rational root, let it be , where (p, q)= 1,q # 0. Then, q should divide the coefficient of 


the leading term and p should divide the constant term. 


Thus, qll>q=+1 

and pll=p=+1 

Thus, aes 
q 


If the root ? = 1, then 
q 
f@)=1-1+14+1+1=340 
So, 1 is not a root. 
if? =-1, thenf(-1)=140 
q 


Hence, -1 is not a root. 
Thus, there exists no rational roots for given polynomial. 
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Example 78. Find all integers x for which 


x4 4x3 4x24x 41 isa perfect square. 


Solution Ifx* + x3 +x? +x +1 isa perfect square, then 
Let 2 3 2 


yr a=xts+ xP 4x27 4x41 
x/ x? 
Consider (x*+5) liek Hiner 


axtextextexsl-(3x?+x41] 


=y? 2 Gx? + 4x +4) 


As discriminant of Gx? + 4x + 4)is negative. 
Therefore, 3x? + 4x + 4 is always greater than zero. 


2 
Thus, (x*+4) <y? 
2 
or x274X%le 
5 ly] 


But x? + > = (x + 3} is non-negative, Vx « Z 


2,xX 2. 
x +=) =x~ + —<| 
9 7 yl 
If x is even, then|y|>x? + > +1 
yroxtadart ext ls ix? 
=> y*2 yr+2x? 


Which is not possible, 


If x + 0, then x = Ois the only solution when x is even. 


If xis odd, then x? +54 5 is an integer. 


1 
2(x?+3)+3 
So, Ivl2( sI*s 
2 
In this case yroxtexdex2exe]4 (XX _3 
4 2 4 
2 
Le., za yte x" _x_3 
ea ( 24 
=y?+ 1&2 2x -3) 
4 
and hence = x? - 2x 3) 0 
=> x*-2x-3<0 


=> &« -3)« + 1)< 0 
: -Ilsx<3 
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Odd integral values of x are -1, 1 and 3 of which 1 does not give a perfect square. 
There are exactly 3 integral values of x namely. 0, -1 and 3 for which the expression is a perfect 


square. 
Example 79. Let p(x) be a real polynomial function 
px) = ax? + bx? + cx +d. 
Prove, if|p(x)|< 1 for all x such that|x|<1 
then lal+|bl+\|cl+|d|<7. 
Solution Considering the polynomials + p (t x) We may assume without loss of generality that a, b> 0. 
Casel Ifc,d>0, then 


pQ)=a+b+c+d<l1<7 
Case Il Ifd<0Oandc20, then 
lal+\lbl+|cel+|ld|=at+b+c+d=@+b+c+d)-2d 
= p(1)-2p(0)s 1+2=3<7 
Case Ill If d>0,c>O0, then 
lal+|bl+|cl+|ld|=a+b-c+ad 
=F Pa) CD-Fp(5)+ Sr(s)so+i+ 8+ 8-2-7 
Case lV d<0,c<0, then 
lal+ |bl+|lcl+|d|=a+b-c-d 


Example 80. Ifx> - x> + x =a. Prove thatx® > 2a - 1. 


Solution x° + 1= (x? + 1)x4 — x? + 12 2x4 — x? + 1) fox? + 12 2x and x4 ~ x? 4.1 = @? - 17 + x?2>0] 
x§+122a 


Hence, x®>2a-1 


Example 81. Find the real points (x, y) satisfying 
3x? + 3y? - 4xy + 10x - 10y + 10 = 0. 


Solution It can be considered as a quadratic in x 
3x? + (10 - 4y)x + By? - 10y + 10)=0 


{(4y - 10)} + (@0 - 4y¥ - 126y? — 10y + 10) 


Solving for x we get 
x= 


ole 


Since x, y are real 

(10 - 4y? - 12Gy? - 10y + 10)20 
Which on simplification gives (y - 1)? < 0 
ie, y=landsox=-1 
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Example 82. Solve 


(12x - 1)(6x - 1) (4x - 1)(3x -1)=5. 
Solution We can write the equation in the form 


(eB Neasadas : 


Substitute x = y + 3 in Eq. (i), we get 


3 1 1 3 \s 5 
(y+ Al Z)0 Alt a) eas 


b*- (8 ("-@) sda 


49 

So, 2 

aye 
. 7 
ie., = 
"1-34 

4 

and y2z= 24 


Corresponding roots are — a and > 


Example 83. Find the value ofa, b, c which will make each of the expressionsx* + ax? + bx? + cx + land 
x4 + 2ax? + 2bx? + 2cx + 1 a perfect square. 


Solution Suppose 
2 
xt axis bx? scx+ta(x?+ X41) (i) 


eu x4 + 2ax? + 2bx? + 2cx + 1 = (x? + ax + 17 ii) 


Equating like coefficients from Eqs. (i) and (ii), we get 
b= _ +2 andc=a 
2b =a? + 2,2¢=2a 
a+ 2=2(+2)- 4 
4 2 


2a°7 + 4=a*+8 ora? =4 


a=t2,c=+2,b=3 
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Example 84. Show that the expression 


(x? — y2P + (y? - zx} + (z? - xy - 3(x? - yzy? - zx(z? - xy) 


is a perfect square. Find its square root. 
Solution (x? - yz} + (y? - zx} + (z? -— xyP -3(x? - yzy? — zxz? - xy) 
Putting x? -yz=a,y? - zx = band z? -xy=c, 
we get a +b? +c -3abc 
=@+b+c)@? + b* +c? - be -—ca-ab) 
=@+b+c)@+ob+oc)@+ ob + wc) 
Now, a+b+c=x* -yz+ 2? - 2x + 2° -xy 
= + wy? + w2z)(x + wy + @x) 
(a+ wb + w°c)=x? — yz + w(y? — zx)+ w2(z? - xy) 


24 wy? + wz? - yz - wzx - w*xy 


=x 
=k + y+ z)(& + oy + 02) 
a+ ob + wc)=y? — 2x + w*(2z? — xy)+ w(x? - yz) 
=y? + wz? + wx? - zx - oxy - wyz 
=(X + y+ Z)& + wy + wz) 
From Eqs. (i), (ii) and (iii) it is clear that given expression is a perfect square. 
Required square root 
=X + y+ Z)& + wy - wz) K+ wy + wz) 


=x3+y3 + 2 -3xyz 


Let us Fractice 
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(i) 


.--(ii) 


. (iii) 


Let us Practice 


Level 1 
1. Prove that the equation ax> + bx? + cx? + d=0 
2 
will have three equal roots, if es. 
b Sac ¢ 


10. 


11. 


12. 


each of the quantities being equal to the 
repeated roots. 


. Find k so that the equation 2x4 —3x? 


— 2x + k= 0 may have a double root and solve 
the equation. 


. Show that the equation x4 + x? + 6 = Ocannot 


have three equal roots. 


. Given that the equation x> - x4 + 2x34 4=0 


has one root of the form 1 + ai, find all the 
roots. 


. For what values of a and b is the polynomial 


f)=x? + @? + b)x+b-9 negative of the 
polynomial g(x) = — x? - 5ax + b-3. 


. If f(x) =x? + 2x? + Sand 


g(x)=x4 -3x?+2x+1, calculate their gcd. 
Find polynomials a(x), b(x) such that 
F&), G&)) = ARIK) + DRIGK) 

Give an example of two (non-constant) 
polynomials f(x), gx) such that (x), 9&))= 1. 
Let f(x), g&x)and h(x)be three polynomials such 
that f&)/ h&), g&)/ h&) and (F(x), g&))= 1. 
Prove that f(x)g)/ h&) 

If -2 is a root of x* - Qa+ 3)x*- 2@-1k 
+ 12=0. Prove that it is a repeated root. Find 
its multiplicity. Solve the equation. 


Verify that 5 is a root of 4x° + 20x — 23x 
+6=0. Find its multiplicity. Solve the 
equation. 


Find number a,b,c such 
(x2 +x + 5)ax + b)+ c =x? + 7x? + 3x45. 


If m, nare integers 2 0.f(x),g)are polynomial 
such that «-a)” f(K)=-a)’ gk) with 


that 


21. 


22. 


23. 


24. 


. Solve x*+2x3-2x-1=0, given it 


f@)#0, g@)#0. Prove that m=n and 


f&)=9&) 


has 


repeated roots. 


. Solve the equation 


6x4 — 13x3 - 35x? -x +3=0 
which has 2 - V3 as a root. 


. Solve the equation x> - 5x4 -5x?+ 25x? 


+ 4x —20 = 0, whose roots are given to be of 
the form + a, + B, y. 

Solve x? +x*-16x+20=0, the difference 
between two of its roots being 7. 


. Solve x? - 13x? + 15x + 189 = 0, having given 


that one root exceeds the other by 2. 
Solve x* — &? + 7x? + 36x — 36 = O given that 


product of two of the roots is negative of the 
product of the remaining two. 


. Solve the equation 18x? + 81x? +121x + 60 


= O given that, one of its roots is equals to half 
the sum of the other two. 


. The sum of two roots of 


x4 — 8x3 + 19x? + 4ax + 2=0, 


is equal to the sum of the other two roots, find 
2. Solve the equation. 


Find the condition that the roots of the 


equation x‘ + px? + qx?+rx+5=0, be 
connected by the relation af + 76 = 0. 
Given that, two of the roots. of 


45x* — 54x? - 98x? + 150x - 75 =0 are equal 
in absolute value but opposite in sign. Solve 
the equation completely. 

Solve 2x3 - x? — 22x - 24 = 0 two of the roots 
being in the ratio 3 : 4. 

The roots of 2x3 - 15x? + 37x -30=0 are in 
AP. Find them. 
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25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


35. 


36. 


37. 


Solve the equation x? — 13x? + 15x + 189=0, 
having given that one root exceeds the other 
by 2. 

Solve the equation x? - 7x? + 36 = O given that 
(i) one root is double of another 


(ii) difference of two roots is 5. 


Solve the equation 4x? + 20x? —-23x +6=0 
two of its roots being equal. 


Solve the equation 
x? — 5x4 + 9x3 - Ox? + 5x -1=0 
Form equations, whose roots are the roots of 


the following equations with their sign 
changed. 


(i) x3 - 5x? -7x +3=0 

(ii) —4x3 + 2x? - 3x -5=0 

Find the equation whose roots are the roots of 
x5 - 4x4 + 3x? - 4x + 6 =0 each diminished 
by 3. 

Diminish the roots 
5x3 — 13x? - 12x + 7 = Oby 2. 


of equation 


Find the equation whose roots are the squares 
of the roots of the equation 
x 4x3 4x7 4+2x4+3=0 


Form the equation whose roots are the cubes 
of the roots of x? + 3x2 +2=0. 


Find the equation whose roots are the cubes of 
the roots of 2x? — x? + 2x — 3 = 0. Obtain value 


of Zap. 
Show that the roots of the equation 

3_loy_ 2% B-r2=0 

iar lal l 
differ by a constant from the squares of roots 
of 
34+ qx+r=0. 

Show that the cubes of the roots of 
x? + ax? + bx + ab = Oare given by 


x3 + @x? + bx + ab =0. 


If «, B, y are the roots of z* + 3Hz + G= 0, find 
the equation whose roots are 
a+1 B+1 y+1 
Bp+y-a y+a-B a+BP-y 


38. 


39. 


40. 


41. 


42. 


43. 
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If a,B,y are the roots of the equation 
x3 + px? + qx +r=0 for the equation whose 
roots are 

ee. 1 


By’? ya’! op 


(b) a(B + y), Bly + a), yea + B) 
(By + 1.0 +1 ,ap ++ 
a B Y 


(a)a- 


If a,B,y are the roots of the equation 
x3 + x2 + 2x + 3=0, from the equation whose 
roots areB+ y-a,y+a-B,a+ B+ y. 
If a, B, y be the roots of x? - ax? + bx -c=0, 
find an equation whose roots are 20 -B - y, 
2B - y-a, 2y-a -B. 
Hence, evaluate 
Qy-a-B) 
Solve the system 
X, + Xp +X%z+Xy = 20, 
X + Xp —X3 —Xq = 22 
X) —X_ + X3—-X4 = 20, 
X —X_ —X3 + Xq =2a4. 


Qa -B - y)2B - ¥- a) 


Solve the system 
ax+ my + zZ+v)=k 
by + m(x+ z+v)=1 
cZ+M(X+y+v)=p 
adv + m(x + y + z)=@q. 
Solve the system 
+ cy + z)-ax=b-c 
(C+ ax + z)-by=c-a 
(a+ b)(x+y)-cz=a-b 
if a+b+cz#0. 


44. Solve the system 


45. 


Z+ay+ax+at+at=0 
z+ by +b’x +b t+ b* =0 
z+cy+cx+Cr+ct=0 
z+ dy+d’*x+dt+d*=0 
Solve the system 

yz = ax 

zx = by (a> 0, b> 0,c> 0) 

Xy = C2. 
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46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


Solve 
x(y + z)=a? 
Y(x + 2)=b? 
2(x + y)=c?, 
Solve the system 


x? + y? = cxyz 

x? + 2? = bxyz 

y? + z* =axyz. 
Solve the system 


bx +y) + _ce+x) _ 
X+Y+CXy xX+2+bxz 


c+ z) + Akt y) at 
y+Z+ayz x+y+cxy 


a(x + z) m by + z) 
X+Z+bxz y+z+ayz 


EC: 
Solve the system 
x*-yz=a 
y?-xz=b 
Zz? -xy=c. 
Solve 
x? +y? +z? =84 
x+y+z=14 
xz=y?. 
Solve 
X+y+Z=13 
x24 yp? 4+ 27 =65 
xy = 10. 
Solve the equation for all possible values of 
x,y and z. 
Solve x + y+ Z=a;x? + y*+2°=b’,aandb 
are real numbers and xy = 2’. 


What conditions a and b satisfy forx, y, zto be 
all +ve and distinct? 


Solve 
y? + yz+ 2° =ax 


z+2x+x* =ay 


x? + xy + y? =az. 


55. 


56. 


57. 


58. 


59. 


61. 


62. 


63. 


65. 


66. 


67. 
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Solve 
x(y+z-x)=a 
y(z+x-y)=b 
z(x+y-Z)=C. 
Solve the equations 


(a) ax + by + z= zX+ ay+b=yz+bz+a=0 
(b)x+y+z-u=12;x?+y?-2?-w=6& 
x+y—-24+u =218;xy + 2u=6. 
Eliminate p and q from the equations 

x—@+q)=y;p-q=k( + pq); xpq =a. 
Eliminate x,y from the equations 
4x? + y?) = ax + by; 2? -y?)=ax-by and 
xy =c?. 
Eliminate x, y, z from the equations 

(y + z¥ = 4ayz; (z+ x) = 4b?zx; 

(«+ y) = 4c2xy. 


. Eliminate x, y from the equations 


x*y=ajxe+y)=b;2x+y=c. 
Eliminate x, y from the equations 

ax? + by? = ax + by = 
x+y 


Show that bc? + ca? + ab? = 5a*b*c? is the 
eliminant of ax+yz=bc; 
CZ + xy = ab and xyz = abc. 

Solve the equation y* = x3 + &? — 6x + 8 for 
positive integers x and y. (RMO 2000) 


=C. 


by + zx =Ca@; 


. Find all real values of a for which the equation 


x* - 2ax? + x + a? - a= Ohasallits roots real. 
(RMO 2000) 
Solve the following equation for realx 
x? + x - 29 + Ox? - x - 17 = 2762 - 1), 
(RMO 2002) 
Find all real numbers a for which the equation 
x? + @-2)x+1=3|x] has exactly three 
distinct real solutions in x. (RMO 2003) 
Let aandB be the roots of the quadratic 
equation x? + mx - 1 = 0, where m is an odd 
integer. Let 4, =a" +8”, for n2 0. Prove that 
for n> 0. 
(a) A, is an integer. 


(b) GCD@,,4,,,))=1 (RMO 2004) 


Theory of Equations 


68. Find all pairs @, b) of real numbers such that 


69. 


whenever ais a root of x? + ax + b = 0,0? - 2is 
also a root of the equation. (RMO 2007) 


Suppose aand b are real numbers such that 
the roots of the cubic equation 
ax? -x?+bx-1=0 are all positive real 
numbers. Prove that 


(a) 0< 3abs 1b) b> V3. (RMO 2008) 


Level 2 


1. 


. If a,B,y are 


Eliminate x, y, z from 


x+y? + axe yte zeal 


9 (x — p=? (y—g)=L(z-n 
x y z 


. Eliminate x and y from the equations 


x+y=a; x*+y2=b; YB +ype=c 


. If the roots of the equation 


2x3 +x? +x4+1=0 


be a, B, y. Find the equation whose roots are 
1 1 sn 1 1... 1 1 
By a at y pea? poy 
Find the equation whose roots are the ratios of 
the roots a,, y of the cubic x? + qx + r= 0. 


. If the roots of the equation 


x3 — 6x2. + 11x - 6=0 
be a, B, y. Find the equation whose roots are 
p? 7 7 + a7, a2 +B. 


. If a, B,y are the roots of the equation 


x? + px? + qx + r= 0, find the equation whose 
roots are By - a”, yu. - B*, of - 7”. 


. The roots of the equation 


x3 — ax? + bx-c=0 


are a, B,y form the equation whose roots are 
a+ B,B+7, 7+ Also, express — + 


+B Bty 


+ . in terms of a, b,c. 
y+o. 


the roots of the cubic 
x3 + 3x + 2 = 0, form an equation whose roots 


are (B - 7), (¥-a), @ -B)* and hence show 
that x? + 3x + 2 = 0 has imaginary roots. 
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70. Let B(x)=ax?-bx-c, Py(x)= bx? - cx -a, 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


Bx)=cx?-ax-b be three quadratic 


polynomials where a,b,c are non-zero real 
numbers. Suppose there exists a real number a 


such that R@)=P7,@)=R@) Prove that 
a=b=c. (RMO 2010) 


. If the roots of the equation 


x3 + px? +qx+r=0 
bea, B,y. Find the equation whose roots are 
(a) B? + 7? -02, 72 + a? -B%,07 +B? - 7” 
(b) B? + y?, y? + 07,0? + B?. 


Find the sum of the fifth powers of the roots of 
the following equation. 


(a)x4 - 3x3 + 5x? -12x + 4=0 
(b) x2 +x274+x4+5=0 


Find the value of a> + B° + 7°, where a, B, y are 
the roots of x? + 3x + 3=0. 


If o,B,y are the 


roots of the cubic 
x3 


+ 2x + 6 =0, prove that s, = 2(s, — s_) 
Show that the set of polynomials 

P = {pk| pk (x) =x9** 4 4x3 4x2 4x41, ke N} 
has a common non-trivial polynomial divisor. 


Show ; that the polynomial 
x &"-!-na"-! +a" (n-1) is divisible by 
« -a/. 

Ifx? + 3px + qhas a factor of the form (&« - a)?. 
Show that q? + 4p’ = 0. 


Prove that 
(a) The polynomial x(x" ~' - na" ~!)+ a" (n - 1) 
is divisible by (« - a)’. 


(b) The polynomial 
(1 -x") (1 + x)-2nx" (-x)- n?x" Q- xy 
is divisible by (1 - x) 3. 
Prove that the polynomial 
x" sin y-e" ~' x sin ny + e” sin(n- 1) y 
is divisible by x° - 2ex cos w+ e°. 
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18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


Prove that if x,,X,,...,X, are m different 
arbitrary quantities. f(x) is a polynomial of 
degree less than m, then there exists the 
identity. 
& — Xo) K —X3)... K —Xp_) 
Fx) = f(x, )———2- 3 Sn 
1'O — Xp) OG = 3)... Oy — Xm) 
& — X,)& — X53)... % —Xm) 
FQ) ——_ 1 Ont at 
2 Rp —X) Rp =X)... Rp — Xm) 
& = X1)& — Xp)... & — Xm 1) 
als i AS 
Xm = X1) im — Xp) --- Om = Xen 1) 


+ + 


If x and y are real, solve the inequality. 
log, x + log, 2+ 2cosys0. 

Show that (@-b)? + (@-c)=@-c) is not 
solvable, when a, b,c are all distinct. 
Find all pairs of integers x, y such that 

(xy -1% =& + 1% + (y+ 1. 
Find all the solutions of the system of 
equations 

y = 4x3 - 3x; z= 4y? -3y and 

x = 427) -3z. 
The roots xX,,X2,X3; of the equation 
x3 + ax +a=0, where a is a non-zero real, 
satisfy 

x2. x2. x? 

“Ay 224 3 =- 8, find x,,X2,X3. 

Xp Xs ON 
Find all values of a for which the system of 
equation 2!*!+|x|=y+ x?4¢a, x? +y*=1 
has only one solution @,x,y are real 
numbers). 
If p&x)=ax?+bx+c and q)=-ax’ 
+ bx + c,ac # 0. Show that p (x). qx) = 0 has at 
least two real roots. 
Find the real roots of the equation 


x? 4+ 2ax+=-a+ (at+x-5} 
16 16 


If a,b,ce R, a#0. Solve the system of 
equations. 

ax? + bx, +C=X2 

ax} + bx, +C =X; 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 
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AX? _, + DX__1 +C=Xn 

ax? + bx, + C =X 
is n unknowns X),X2,---» Xn, then 
(a) @ - 1)? < 4ac (b) b - 1)? = 4ac 
(c) & - 1)? > 4ac 
Let p(x)=0 be a fifth degree polynomial 
equation with integer coefficients that has at 
least one integral root. If p@)=13 and 
p(0)=5. Compute a value of x that must 
satisfy p x)= 0. 


If a, b,c,x are real numbers such that abc + 0 


and 
xb+(1-x)c _xc+(.-x)a _ xa+ @-x)b 
a b c 
then prove that eithera + b + c= Oora=b=c. 


(INMO 2000) 
Solve for integers x, y, Z 
x+y=1-z,x3 + =1- 2”. (NMO 2000) 
Show that the equation 
x2 +y? + 27 = —yy — zz—x) 
has infinitely many solutions in integers 
X,Y, Z. (INMO 2001) 


Show that for every real number a the 
equation 


8x4 - 16x? + 16x? -8x+a=0 
has atleast one non-real root and find the sum 


of all the non-real roots of the equation. 


(INMO 2003) 
If a is a real root of the equation 
x> ~x3 +x —2=0, prove that {a®] = 3. (For any 
real number a, we denote by [a] the greatest 
integer not exceeding a.) (INMO 2004) 
Suppose p is a prime greater than 3. Find all 
the pairs of integers (@,b) satisfying the 
equation a? + 3ab + 2p(a + b)+ p? =0. 
(INMO 2004) 
Let p,q,r be positive real numbers, not all 
equal, such that some two of the equations 
px? + 29x+r=0 
qx? + 2rx + p=0 
rx? + 2px + q=0 
have a common root, say a. Prove that 
(a) a is real and negative, 
(b) the third equation has non-real roots. 
(INMO 2005) 
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36. Let mand n be positive integers such that the 
equation x*-mx+n=0 has real roots 
o and B. Prove that o and f are integers if and 
only if [ma]+ [mB]is the square of an integer. 
(Here, [x] denotes the largest integer not 
exceeding x.) (INMO 2007) 


37. Find all triples (p,x, y) such that p* = y4 + 4, 
where p is a prime and x,y are natural 
numbers. (INMO 2008) 


38. Let P(x) be a given polynomial with integer 
coefficients. Prove that there exist two 
polynomials Q(x)and R(x), again with integer 
coefficients, such that (a) P(X)Q&) is a 
polynomial in x? (b) P(x) R(x)is a polynomial in 
x. (INMO 2008) 


39. Find all the real numbers x such that 
[x? + 2x]=[xP + ix]. 
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40. 


41. 
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(Here, [x] denotes the largest integer not 
exceeding x) (INMO 2009) 


Find all non-zero real numbers x, y, Z which 
satisfy the system of equations 


x2 + xy + y?)(y? + yz + 27) 
(22 + zx + x?)=xyz, 
wt + x2y? + y4)(y4 + y2z" + 24) 

(24 + 2’x? + x4)=x3y°z. @NMO 2010) 
Consider two polynomials 
P(X) =@,X" + @, yx") +...+@X+a@, and 
Qk) = b,x" +b, yx") +...+ BX +b with 
integer coefficients such that a, -b, is a 
prime, @,_,=),_,; and a,b ~ gb, # 0. 
Suppose there exists a rational number r such 


that P(r)= Q(r)= 0. Prove that r is an integer. 
(INMO 2011) 


EE ELLE ELI, 


Solutions 


ee 
Level 1 
1. Let f(x)=ax> + bx? + cx? +d - ee | or a 
f’ &) = Sax’ + 3bx? + 2cx Sb? Sbd e € 
f’’ (x)= 20ax? + 6bx + 2c val es 
f(x)= 0 will have three equal roots a, a, o (say) Hence, 6 FE hd each =a 
b Sac c 


If f’ X) = 0 has two equal roots a, a 
and f’’ x)= 0 has a root a. 


ao> + bo? + ca? +d =0 ..-(i) 
Saat + 3bo” + 2ca =0 
or Sac? +3ba+2c=0 (a0) ...(ii) 
20ac3 + 6ba + 2c = 0 
= 10ac? + 3ba + c=0 .. (iii) 


Multiply Eq. (ii) by 2 and subtract from Eq. (iii), 
we get 


ae 
zy =-= 
b 


Putting -a = ; in Eq. (iii), we have 


10ac* Sac* _ 
oe =2c or -— l 
a] b b 
c_ be b? 
—-. = >a = — 
oi b Sac 5ac 


Putting a = - ¢ in Ea. (ii), we have 
5a” _3¢42¢=0 
or 50 we or b? = - Sac? 


Putting a = - © in Eq. (i), we get 
5 
ac* _ oe er 


Foe 
ac ac° 
=d or ———,. = 
ial Bop b-Sac?) 


|. b} = -Sac?| 


. Let f(x) = 2x4 - 3x? -2x +k 


f’ (x) = &? — 6x — 2 = 2(4x? — 3x - 1) 

Since, f (x)= 0 has a double root f(x)= 0 
and f’ (x)= 0 have a common root. 
. HCF of f(x) and f’ (&)is a linear polynomial. 
HCF of f(x) and f’(x) will be the linear 
polynomial (x - 1) only, when 6 - 2k=Oi.e., 
k=3. 
Now, HCF @ &%)=x -1 

o(x)=0 givesx =1 
.. Two roots of the equation 

2x4 -3x?-2x+3=0 8 ¢:k=3) 
are 1, 1. 


. If we put x =-1 in the given equation, it is 


satisfied and as such x + 1 is a factor and the 
equation when divided by x + 1 by synthetic 
division gives the quotient as under 


Ajilal2} of o| 4 


Quotient is x* — 2x3 + 4x? - 4x+4=0 _...fi) 


It has a root 1 + ia and hence, 1 — ix must also 
be its root and product of factors 
corresponding to these is 
(& -1)? +o? or «2? - 2x +1407) 
Let the remaining factor be (x? + px + q) 
Hence, we have 
(x4 - 2x3 + 4x? - 4x + 4) 
= (x? - 2x +1+a2)(x? + px+@) 
Comparing the coefficients of like powers of x 
in both sides, we get 


Theory of Equations 189 


-2=-2+p, -.p=0, x+19/2 


Q +a?)+ q-2p=4;p0 +a”)-2q=-4; 4x - 50)x? - 3x + 11 


qQ+a7)=4; x4 
Putting p = 0, we get q =2 4x? -12x + 44 
1+a?=2 ora=+1 4x? —50x 
Hence, the factors are 38x + 44 
(x + 1)&? - 2x + 2)Rx?-+ 2)=0 38x — 475 
. Roots are -1,1 + i, + iy2. ~ 519/519 
5. f&)=- gk) 4x -50 
wx? + @? + b)x + b- 9=- Cx? -Sax + b-3) 1)4x - 50 


=> x?+@?+b)x+b-a=x? +Sax—b+3 Ax = 50_ 
x 


On comparing coefficient of like powers of x ——— ; 
ti In the first stage of above division, we have 


on both sides : gi) = fx —2)+x? -3x411 
a*+b=Sa ...i) ox? -3x+1ll=g)-& —2)}f&) neni) 
and e-Be-BeS ated In the second stage of above division 
eeaina a8 f(x) = &? - 3x + 11)& + 5)+ 4x -50 
PREIS BYE: ORC a = {gbe) — & — 2)F be} & + 5)+ 4x - 50 
a’ + 6 =5a 4x - 50 = fox) + & — 2) + S)FO) 
a’? -Sa+6=0 —& + 5)g) ...(ii) 
In the third stage of division 


(a-2)@-3)=0 => a=2,3 
Hence, a = 2 or 3 and b= 6. 


4x? - 3x + 11)= (4x -50)(x + *\+ 519 


6. We first, find GCD of f(x), g&) 519 = 4x? ~ 3x + 11)- (4x - 50)(x + ») 
GCD of f(x), g&)=1 2 
:. f&), 9) are coprime polynomials. = 4[gx)— & - 2)F &)1-[&2 + 3x - 9) Fx) 


x-2 


= 19 
x3 + 2x? + 5)x4 + Ox? - 3x7 + 2x +1 w+ dabeilx + 22] 
“519 = 4gx)— (4x - 8) fF &) 


4 3+ Ox? + 5x 
ae ~ 67 + 3x -9)(x + 22) F00 
~ 2x3 - 3x? -3x+1 2 


_ 2x3 — 4x? — Ox - 10 +o +5)(x+ 2) gee) 
2 2 
x* -3x+11 =— |e x? 1 + 3x? 
x+5 2 
x? — 3x + 11)x3 + 2x? + Ox +5 + on 121] FH 
2 , 
x? — 3x4 + 11x [xP + Es sx + 8 alape 
Sx? -11x +5 2 


__ fe) 3 2 
5x? - 15x + 55_ = “> + 25x* + 47x — 187] 


4x - 50 + Wax? + 29x + 103) 
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1 =| — 2x + 25x? + 47x - 187 
1038 


(2x? + 29x + 103] 
1038 
Hence, 1 = a(x) f(x) + b(x)g(x), where 


a(x) =~ ox Qx3 + 25x? + 47x - 187) 


|r 


g&) 


1 2 
d b(x)=—_— 2 3 
an (x) 036 2 + 29x + 103) 


7. Let fx) =3x + ligk)=x; 
To find GCD, we proceed as follows 


OO 


GCD =1ice., (&),g&))=1 
8. Since, f(x) |h&) 
“. 3s.a polynomial p(x) such that 
h(x) = 9) pe) ...(i) 
Again g&)| h&) 
.. Js a polynomial q(x) such that 
hk) = q&)- g&) (ii) 
Further.. (f(x), g&))=1 
.. polynomial a(x) and bx) 
Such that f(x)ak)+ g&)b&)=1 ... (iii) 
Multiplying by h(x) on both sides, we get 
FRIAR)ak) + GR) h&)b&) = hk) 
Using Eqs. (ii) and (i), we get 
=> FRIQRIG@)Iak) + GROIFK) PR) 


b&) = hk) 
=> fF &)g&)ak)ak)+ p&)b&)] = hx) 
= FR)g&) he) 


Hence, the result. 
9. Letf(x)=x*4 - Qa+3)x? -2@-1)x+12 ...(i) 
f(-2) = (-2)* - Qa + 3-2)? - 2a - 1)-2)+ 12 
=16-8a-12+ 4a-4+12=12-4a 
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Now, it is given that - 2 is a root of f(x)=0 
f(-2)=0=12-4a=0>a=3 
Putting a = 3 in Eq. (i), we get 
fx)=x4 - 9x? - 4x + 12=0 


By Horner’s method 


.. Transformed equation is 
y* - By? + 15y? =0 


where y=x-h=x —-(-2) 
= y*(y? - By + 15)=0 
= ?=0,(y-3Xy-5)=0 


y=0,0,3,5 
Y=X+2>x=y-2 
x=0-2,0-2,3-2,5-2 
=-2,-2,1,3 
-. Roots of f(x)= 0 are -2,-2,1,3 
10. Let f(x) = 4x? + 20x? - 23x + 6 
By Horner’s method 


= Remainder = 0 
5 i a root of 4x? + 20x? - 23x + 6= 0 
te. 


Theory of Equations 


11. 


12. 


Also, it is clear, when f(x) is divided by x - >: 


Quotient is 4x? + 22x -12 
fx) = (x . 5)? + 22x - 12) 


=(x-3}4(x? + 2x -3) 
2 2 
l 1 
=4(x-1)(x-1 
(x-5)(x-Z)x+9 
ihe ot) 
-d (x-3]} «+6 


=> X= sis a root of f(x)with multiplicity 2 and 
third root is given by factor x + 6i.e.,-6 
.. Roots are 1/2, 1/2, -6. 
Since, (x? + x + 5)(ax + b)+c¢ 
=x + 7x2 4+ 3x45 
ax? + (a+ b)x? + Gat+b)x+5b+c 
=x? + 7x? 4+ 3x4+5 


.. By equality of two polynomials, we have 
a=1 


a+b=7 

=> b=7-a=7-1=6,5b+c=5 
Sa+b=3 

=> 5+6=3 


which is not true. 
Hence, there do not exist a, b, c for which the 
two polynomials are equal. 
Given, ( - a)" f(x) = & - a)" gh), 

f@)# 0,g@)#0 
we want to prove that 

m = nand f(x)= 9) 
If possible let m #n 
Without any loss of generality, let m<n 
“, n—mis a+ ve integer, so that 

& - a)" fx) = & - a)" gh) 

Le., fx)=& - as” ™ gk) 
Le., & - a) fF) 
= ais a root of f(x) = 0. 


= f@)=0 which is contrary to the given 
hypothesis. 
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.. Our supposition is wrong. 
Hence, m=n 
and (x — a)" fx) = - a)’ gh) 


=> f&)= gh) 


13. f(x)=x" + 2x? - 2x -1=0 (i) 


fx) = 4x? + 6x? -2=0 
ie., 2x3 + 3x? -1=0 (ii) 


Since, f(x) = 0 has repeated roots (i) and (ii) has 
common roots which can be obtained by 
solving d(x) = 0 where d(x) is HCF of f(x) and 
f’ &). 

2x3 + 3x? - 1)x4 +2 = 2x = 15 + 2 


x? + 2x + 1)2x3 + 3x? -1(2x-1 
2x3 + 4x? + 2x 
a 
-x?-2x-1 
x 
.. HCF of f(x) = 0 and f’ x)= Ois 
d(x)=x? + 2x + 1d&x)=O=x? + 2x+1=0 
=> «+1 =0>x=-1,-1. 
.. Roots of f(x) = O are -1, - 1. 
Let us use synthetic division method. 


“. Reduced equation is x* + Ox -1=0,x=+1 
“. Roots of f(«)= Oare -1,-1,- 1,1. 
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14. f&)= @x* — 138 - 35x? - x43 Ai) 
All its coefficients are rational since 2 — 3 is a 
root of Eq. (i) 

2 + V3 is also a root of Eq. (i) 

& —2+ V3) — 2 - V3) divides fe) 
Le, & —27 —3 divides fx)ie, x2 — 4x41 
divides f(x) 
-.We have, f(x) = 6x* — 138 - 35x?_-x +3 

= &? — 4x + 16x? + 11x + 3) 
-. The other two roots are given by 
6x? + 11x +3=0 


ie, x= iit YI21-72 _-11+ 49 


12 12 

12 12 
-3 or = 

2 3 


Hence, all the roots of Eq. (i) are 
2+ 3,-3/2,-1/3 
15. Sum of the roots=a-a+B-B+y=5 
” y=5 
But 7 is a root of the given equation. 
x —5is a factor of 
x — 5x4 — 5x3 + 25x? + 4x - 20 


WA) 


-5 -5 25 4 - 20 
5 QO -25 0 20 


Depressed equation is x* - 5x? + 4=0 
&? -1?-4)=0, .x=+1,42 
Roots are + 1, + 2,5. 
16. Let the roots be a,a + 7, f, then 
a+ @+/7)+B=-1 
or 2a+fB=-8 ..-(i) 
Also, a@+/7)+@+7)B+oaB=-16 
at + 7)+ B2a + 7)=-16 ..-(ii) 
Eliminating § from Eqs. (i) and (ii) 
ae + 7)+ -8- 2a)2a + 7)=- 16 
a? + 7a - 30a - 4a” - 56+ 16=0 
3a? + 23a+ 40=0 


17. 


18. 
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-2347__ 5. — 8 
= = 
Buta =- : does not satisfy the given equation. 


a=-5,B=—- 8-2a=-8+10=2 
Roots of the given equation are a,a + 7,8 


ie, -5,-5+7,20r-5,2,2 
Let roots be a,a + 2,8 then 

2a+B=11 Ai) 
Also, a+ 2)+ @+2)B+aB=15 
or a+ 2)+BQ@o+2)=15 ..-(ii) 
Eliminating f from Eqs. (i) and (ii) 


a@ + 2)+ @1 -20)@a + 2)=15 
a? + 20 + 22+ 18a - 407 =5 
3a? — 20a -7=0 
= 20+ V400+ 84 
_ 20+ a 7,21 
6 3 
Buta == does not satisfy equation. 


a=7,B=11-20=11-14=-3 
Roots of given equation are a, a + 2.8 
Le., 7, 9, -3. 


Let roots be a, B, y,5 such that af = — 36 


Now, oByS = - 36 = --y5)y5 =- 36 
=> YS =36 >=6 or 6 
and oB=-6 or 6 


The factors corresponding to these roots are 
of the types x? - px - 6 and x? - qx + 6 


We have, 
x* - 8x3 + 7x? + 36x — 36 
= 0° — px — 6)? — qx + 6) 
Equating coefficients of like powers of x 
Coefficients of x?;- 8=-p-q 


= p+q=8 Ai) 
Coefficients of x;36 = - 6p + 6q 
: p-q=-6 .. A) 


From Eggs. (i) and (ii), we get 
p=landq=7 


Theory of Equations 


19. 


20. 


Given equation may be written as 
&? ~x - 6)? -7x + 6)=0 
& —3)& + 2) -1)& - 6)=0 
x =3,-2,1,6 


Since, one root is equal to half the sum of the 
other two. 


-. The roots are in AP. 
Let the roots be a - 80,045 


or 


=F @-5+0+8) 


Sum of roots =a -8+a+a+5=- 81 


> San 2 
Z 
wea 
2 
— is a root of given equation. 
- 3/2 


Depressed equation is 18x? + 54x + 40=0 
=> 9x? + 27x + 20=0 


Its roots are 


mse _-274#3_ 4,5 


18 3 
Roots of the given equation are -4/3, - 3/2, 
- 5/3. 
Sum of all the four roots = 8 
+: Sum of two roots = Sum of other two roots 
.. Each sum = 4 
Factors corresponding to these roots are of 
the types 

x? -4x+p 
and x? -4x+q 
Thus, we have 

x> - 8x3 + 19x? + 4Ax +2 
= (x? — 4x + p)\x? — 4x + q) 

Equating the coefficients of like powers of x 
Coefficient of x?,19=p+q+16 


=> p+q=3 ..- (i) 


21. 


22. 


193 
Coefficient of x, 44 = — 4(p + q) 
=> p+q=-i2 .--(ii) 
Constant terms 2 = pq .. (iii) 


From Eqs. (i) and (iii), it is evident that p, q are 

the roots of t? - 3t + 2=0 

or (tt - 1) -— 2)=0; 

Take, p=1,q=2 

Given equation can be written as 
(x? - 4x + 1)? - 4x + 2)=0 


yet JI6=4 4+ JI6-8 
fl he 


t=],2 


or 2+ 3,242 
af + 75=0 Pn) 
Let oB=k, then y=-k 
If a+B=! and y+5=m, then 
(4 + px? + qx? +m + S)= 2 -k +k 
(x? — mx -k) 


Comparing the coefficients of like powers of x, 
we get 


1+ m=-p;lm=q;k(@-m)=r 
I-m=" and -K =s 


In order to find the condition, we have to 
eliminate I,m and k between the above four 
relations. 
(- my =( + my - 4m 
2 

r 

= *—4q or r? =- sip? - 4q) 
or p’s + r® = 4qs is the required condition. 
a=-B,ie,a+B=0 


& Q+y=54/ 45 

on 54 98 150. 75 

“fbe)= (x4 — 54 43 — 98,2 150, _ 75) _ 
ag” ag ae 


=e + D(x? - 2x4 m) 
45 


On comparing, we get ] + m=-2 
and _ 54), 150 
45 45 
1=- 23, ma-1- 98 
9 45 
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&)=0i ( 2_ 25 ( 2 
f is |x =) (* 


Solving the above, we get 
xws 32 Sy6 


-Fx+2)=0 
45 5 


23. Let the roots be 3a, 4a and B. 


24. 


25. 


Ea=7a + B= = 


r(bo 


Lop = 120? + 408 + 308 = - 22)/2=-11 


(i) 


or 1207+ 7a{ > - 7a] =-1l [by Eq. (i)] 
740° -74-22=0 
or Qa + 1)B7a —-22)=0 
a=- i or = and corresponding values of B 
From Eq. (i) are 4 and -171 / 37 
apy = 12078 =- 12 


The set of values a =- 1/2 and B = 4 satisfy 
the given equation. 
Roots are 3a, 4a, Bi.e., 
-3/2,-2,4. 
Let the roots bea-d,a,a+d 


15 
La =3a=—, 
2 


a= >, which is a root. 


Dividing the given equation by 2x -S by 
synthetic division, we get quotient 
2x? - 10x + 12=0 
or 2 -— 2) -3)=0 
Other roots are 2 and 3. 
«. Roots are 3,5 / 2,2. 
Let roots be a, a + 2,8 
La=a+a+2+fP=13 
B=11-2a 
Lo =a + 2)+ @+ 2)P + oP =15 
a? + 20 + Qo + 2)(11 - 2x) = 15 [by Eq. (i) 
3a? -20a-7=0 
Ga + 1) -7)=0;a=7,1/3 
when a =7,B=~3anda=+,B=112 
[by Ea. (i)] 


.fi) 


or 
or 


26. 


27. 


28. 


29. 
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We shall choose that set of values which 
satisfies third relation 


apy = a + 2)B = - 189 
The value o = 7,B = — 3, satisfies it. 
Roots are 7, 9, -3. 
(a) Let roots be a, 2a and B. 
Loa =a+2a+B=7 
p=7-30 li) 
Loaf = a2a + 2aB + Ba = 0 
as the coefficient of x is missing. 
or 2a? + 307 — 3a)=0 [by Eq. (i)] 
or a21-7a)=0;a=0 or 3 
whena =3, B=7-3-3=-2 
whena=0, B=7 
Also, aBy = a = 208 = - 36 
=> aBp==-18 
Roots are a, 2a, B ie., 3, 6, — 2. 
Roots for (b) part are 6, 3, - 2. 
Let the root be a, a, B. 
Ya =20+P=-5 
=-S-2a0 ...i) 
Lo =a" + of + aB =~ 23/4 
a? + 2a(-5 ~ 2a)=- 23/ 4 [by Eq. (i) 
12a? + 40a -23=0 
Qa -1)16a + 23)=0 
a=1/2and-23/6 
a=1/ 2 satisfies above. 
Hence, a = - 23 / 6 will be rejected. 
Putting a = 1 / 2 in Eq. (i), we get 
=-6 
Roots are 1/2, 1/2; -6. 


or 


or 


xX =1is a root of this equation 
It can be written as 

( - 1)x4 - 4x3 + 5x? - 4x + 1)=0 
Solve the second factor, we get answer 

1,329 | 1+ iv3 
2 2 

(a) Answer x? + 5x? -7x -3=0 
(b) Answer —4x3 - 2x? - 3x +5 =0 
or 4x3 + 2x? + 3x -5=0 


Theory of Equations 


30. x° + Llx’ + 42x? + 57x? - 13x - 60=0 


31. 


5x? + 17x?'- 4x -29=0 


32. x + x3 4+ x2 4+ 2x4+3=0 (i) 


33. 


34. 


If y be a root of the transformed equation, 


then 
y=x? ... (ii) 


We have to eliminate x between Eas. (i) and (ii), 
from Eq. (i) 


x> + x3 + 2x =— (x? 4+ 3) 
On squaring both sides 
x10 4 x8 4 dx? + 2x8 + ax4 + 4x® 

=x‘ + 6x?4+9 

or oy +y> + 4y + 2y4 + 4y? + 4y? 
=y? + 6y+9 

or = Y + 24 + Sy? + By? -2y -9=0 

which is required equation. 


x3 + 3x? 4+2=0 (i) 
If y be a root of transformed equation, then 
y=x3 .. (ii) 


we have to eliminate x between Eqs. (i) and (ii) 
from Eq. (i), 
x3 +2 =- 3x? 


Cubing both sides |. 

x9 + 8+ 3x22(x3 + 2)=- 27x® 
or x? + 33x® + 12x? + 8=0 
Putting x? = y, 

y? + 33y? + 12y + 8=0 
which is the required equation. 


2x3 — x? + 2x-3=0 i) 
If y be a root of transformed equation, then 
y=x3 ii) 


We have to eliminate x between Eas. (i) and (ii), 
from Eq. (i) 
2x3 - 3 =x? - 2x 
On cubing both sides, we get 
Qx3 — 39 =x® - 8x? - 3x? 2x? - 2x) 


35. 


36. 
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or 8x? - 36x® + 54x? - 27 =x® - 8x? 


— 6x? 2x? — 3) 
Putting x? = y, 
8y? - 36y? + 54y - 27 =y* - By - ByRy - 3) 
or By? - 25y? + 44y -27=0 ... (iii) 


which is required transformed equation 
-: Roots of Eq. (i) are a, B, y 
-. Roots of Eq. (iii) are «*, B’, 7° 


gee eh 
Za’ = 8. 2 


Leta, B, y are roots of x? + qx + r = 0, equation 
in y whose roots are a’, B”, y* is obtained by 
putting y = x’, 

xa? 4+q)=-r or Jyv+q)=-r 
On squaring both sides, we get 

y(y? + 2qy + q*)=r? 

or y>? + 2qy? + q’y-r? =0 
Comparing this with given equation, we 


conclude that its second term should be 
removed by h where na, h+ a, =0 


or 3h+2q=0 
s h=-2q/3 
-2q/3|1 2q q@? aut 
-2q/3  -8q*/9 __-2q/27 
-4q/3  q*/9 
(-2q3 / 27 - r?) 


Transformed equation is 


pl 22 2 -r= 
grog red 


Whose roots are a? — h,B? —h, y?—h 
or = a? + 2g / 3, B? + 2q/3, y? + 24/3 


which differ from the squares of the roots of 
x? + qx + r = Oby a constant -2q / 3. 


Put x? =y, 
y + ab =- (@y™¥3 + by”) i) 
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37. 


38. 


On cubing both sides, we get 
y + 3y"ab + 3ya*b? + 
=~ [a*y? + by + 3aby @y™¥3 + by”) 
y? + 3aby? + 3a*by + 
=~ ay’ - by - 3aby{-(y + ab), [by Ea. (i)] 
. yYtay+by+ ah =0 
Since, a, B, y are the roots of 
Z +3Hz+G=0 i) 
a+B+y7=0 


If the transformed equation is in terms of y, 
then 


B+y-a a+BPp+y- 2a 0-20 
z+1 
-2z 
(+ 2y)z=-1, ~~ 
Putting the value of zin Eq. (i), we get 
a ee 
@+2y~ (1+ 2y) 
Gil + 2y - 3H + 2y% -1=0 
=> GO. + Gy + 12y? + 8) 
-3H( + 4y + 4y?)-1=0 
=> 8Gy? + 12(G - H)y? + 6G-2H)y 
+ (G-3H+1)=0 
which is the required equation. 
x3 + px? + qx+r=0 (i) 
a+B+y=-p,oB + Py + ya=4, 
apy =-r .. ii) 
(a) If the transformed equation is in terms of y. 


a a 
yaus =a=-* 20-2 nan% 


Bo. apy -r r 


y= or -2yz=z+1 


or 


[.- Eq. (ii)] 
xX_ (r+ 1)x 
r 


y=xt+ 
5 Ae 
r+1 
Putting this value of x in Eq. (i), we al 
ry ek es 


St ae +r=0 
+1) (+17 


a 


39. 
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or ry? + pry’ + 1)+ gy + 1% + & +1)? =0 
orr’y? + pre + ly? +40 + 1¥y+ +1)? =0 
which is the required equation. 
(b) If the transformed equation is in terms of 
y. 

y =a(B + y)= (oP + By + yo) - By 


=q-%aq+7 [- Eq. (i) 
a a 
F ages 
=e or y-q - 
or x= 
y-gq 
Putting this value of x in Eq. saa we get 
2 
—— +p Ls +q +r=0 
-a  W-aF y-a 


or r*+pr(y-q)+q(y-qy + (y-qy =0 
or y? -2qy? + (q? + pr)y + (r? — pqr)=0 


which is the required equation. 

(c) If the transformed equation is in terms of y. 
y=py+ i= Srt} rsd [> Ea. (i 
y= E * l-r 


Putting this value of x in Eq. (i), we get 


BaD pS glare go 
y y 
or r+ ql -r)y? + pd -rfy+a-rp=0 
which is the required equation. 
a, B, y are the roots of equation 
x3 +x?24+2x4+3=0 
a+B+y=-1 ..(i) 


icknwices of the transformed equation. 
y=B+y-a=@+ B+ y)-20=-1-20 
y=-1-2xorx=-22¥ 


Putting this value of x in Eq. (i), we get 


~ O49? G+ asyean0 
8 4 
(y+ 1P -2(y +1)? + &y + 1)-24=0 
or y+y?+7y-17=0 
which is the required equation. 


Theory of Equations 


40. Hint 
y =2a-B-y=30-@+ f+ y)=3a-a 
y=3x-a or xaXis 


Answer 
y? + 3Gb - a”)y + (Gab - 2a? - 27)=0 
and also the product of the roots is 
2a? + 27c - ab 


41. Adding all the four equations, we get 
4x, = 2a, + 2a, + 2a; + 2a, 
x = Att ata 


Multiplying the last two equations by -1 and 
then adding all the four equations, we get 


@, + A, -@,-a, 
Xx, = 


2 
Similarly, x, =4 a= =f, 
x, = 92 = % + M4 


42. Put x+y+z+ve=s, then the following 
system can be rewritten as 


ax + m(s-x)=k, 
by + m(s-y)=I 
cz + m(s— z)=p 
dv + m(s —- v)=q 
So that, ms + x@-m)=k;ms + y®@-m)=1 
ms + ZC -m)=P, 
ms + vid —-m)=q 


m 
Hence, x= -_ Ss; 
a-m a-m 
| m 
= = Ss; 
= b-m b-m 
z= p a, 1g 
c-m c-m 
4 mg i) 


“=a-m_ d-m 
Adding these equalities termwise, we get 
k U p_,_4 


S= 


1 1 1 1 
in + + = 
ms (ot 5m c-m ral 


1 1 1 * 1 
ost mot pm aom Aca 
__k l es 8 
“@a@-m c-m d-m 


where from we find s and then from the 
equalities (i) we obtain the required values of 
x,y,z 
43. Adding all the three equations, we get 
&+y+ z)at+b+c)=0 


+ 


+ 


b-m 


Hence,x + y+ z=0 
a-b a-c . 
= ——_ , =—_————" 3 
a+b+c a+b+c 


ee os 
a+b+c 


44. We find similarity, 
t=-@+b+c+d) 
x =ab+ac+ad+bc+bd+cd 
y =- (abc + abd + acd + bcd) 


z=abcd 
45. Multiplying the given equations, we get 
(yz = abcxyz 


First of all we have an obvious solution 
x =y =z=0, then xyz = abc 
From the original equations, we find 
Xyz = ax?; xyz = by?; xyz = cz” 
Hence, ax? = abc; by? = abc; cz? = abc 
x? = be;y” = ac; z* = ab 
Thus, we have following solution set 
x = Vbc;y = Jac; z= Jab 
x = - vbe;y =- Jac; z= Jab 
x = Vbe;y = - Jac; z=- Jab 
x =- vbe;y = Jac; z=- Jab 
46. The system is reduced to the form 
xy + xz=a? 
yZ+ yx =b? 
xX + zy=c? 
Adding these equations term by term, we get 
wy + xz + ye= 5a? + b+ c2) 
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Taking into consideration the first three 
equations 
2 2 , er a 
yz=” +c*-a sma A te -b 
2 2 
2 42 2 
xy =2 +b*-c 


Multiplying them, we have 
(b? + c? - a?)\a? +c? — b?) 
xyz = @? + b? -c?) 


8 
(b? + c? — a? (a? +c? —b?) 
ie, xyz =+ (a? + b? ~c*) 
8 


Now, we easily find 


la? 2 RV ine a Bene 
x ae VO +c° -b*) at + bt -c*) 


8b? + c? - a?) 


@ ie b? -c?)b? % c -a’) 


=+t 
- 8a’ +c? —b?) 
(a +c — b*)b? +c? -a’) 


z=+t 
8(a* + b* — c*) 


47. Adding the first two equations and 
subtracting the third one, we get 
2x? =(c + b-a)xyz 
Likewise, we find 
2y? = (€ + a—b)xyz;2z’ =(@+b-c)xyz 
Solving out the solution, we get 
x= y =Z= 0 
We have, 
2x =(c + b-a)jyz;2y=(C + a-b)xz, 
2z=(a+ b-c)xy 
Now, proceed as in Q. 6. 


48. Put —**+Y _2y;_%*2 ag 
X+y+cxy yrZ+ayz 
X+Z 
and —————__ = 
X+Z+ bxz 


Then, the system takes the form 
by + CB =a;ca0 + ay=b;aB+ ba=c 


or Y¥,B.4.0,7_0. 
c b beac ac 
By ,a_c 
b a ab 
a, B,y_la’+bisc 
abe2 abc 


49. 


50. 
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and consequently 
2 2 2 2 2 2 

-a a*+c’-b*. 

6 


2bc 2ac 
_@+b?-c? 
2ab 
1 
Further ee a 
x+y Y 
ae cxy _1_) 
x+y ¥ 
or SS wt 
cxy 1-y 
; Eo cy 
Finall —+ == —— 
_ x y 1-y 
Analogously, we get 
1,1. 6 1,1, a0 
x z 1-B y z l-a 


Where from we find x, y, z. 


Multiplying the first, second and _ third 
equations respectively by y, z and x, we get 


cx + ay + bz=0 


Likewise multiplying these equations by z, x 
and y, we get 


bx + cy +az=0 
Now, ne ae ee EO 
a’-be b*-ac c*—ab 
ie, x = (a? -be)r 
y=(*-acn 
z=(c? - ab) 


Substituting these expressions into the third 
equation, we find 
7 a re 
(c? - aby - (@? - bey? — ac) 
= 1 
@+bh + -3abe 


Then, we can easily find x, y, z. 


x? + y? +z? = 84 i) 
X+y+z=14 ..-(ii) 


Squaring Eq. (ii), we have 
x? + y? + 2? + Oxy + Qyz + 2zx = 196 


Theory of Equations 


51. 


Putting the values of x? + y? + z? and xz from 
Eqs. (i) and (iii), we get 
84 + 2xy + 2yz + 2y? =196 
Qxy + 2yz + 2y? =112 
xy + yz+y? =56 
ye + y+ z)=56 
Putting the values of x + y + z from Eq. (ii), we 
get 
l4y =56 => y=4 
When y = 4=>xz = 16 from Eq. (iii) 
y=4=> x+z=10 from Eq. (ii) 
Hence, x and z are the roots of the quadratic 
equation p? - 10p + 16=0. 
Roots of this equations are 8 and 2. 
Hence, x = 8or 2 
or 8 
2 


NS XN 
tou uw i 
N bh ON 
g & 
_ 


xX+y+Zz=13 ..-(i) 
x? +y?4 27 =65 .. (ii) 
xy =10 ...(iii) 
Squaring Eq. (i) 
x? + yp? + 27 + Qxy + 2yz+ 2X = 169 
Putting the values of x? + y? + z* and 2xy, 


we get 
65 + 20+ 2yz + 2zx = 169 
or 2yz + 2zx = 84 
yz + ZX =42 
z& + y)= 42 
But x+y=13-Z [from Eq. (i)] 
So, 2013 - z)= 42 
or 2*-13z+42=0 
= z=6 or 7 


When z=6,x + y=7 (from Eq. (i)] 


Now, x + y=7andxy=10 
Hence, xand yare the roots of t? - 7t + 10=0. 
Roots of this equation are 5, 2. 


Hence x=5,y=2 
x=2,y=5 

Hence, the first set of values is 
x =5,2 


52. 
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y=2,5 

z=6,6 
When z=7 =x + y = 6 from Eq. (i) and xy = 10 
xand y are now roots of t? - 6f + 10=0 


, - 8+ 36-40 
-92o°= 


t=3ti 

x=3+i 

y=3ti 

x=5,2,3+i 

y=2,5,341 

x =6,6,7,7 

xZ+Y=7Z .-.(i) 

yz+x = 8z (ii) 

x+y+z=12 ..-(iii) 

Adding Eqs. (i) and (ii), we get 
ze +y)+ & + y)=15z 

(z+ I + y)=15z 
From Eq. (iii)x + y=12-z 
Putting the value of x + y in Eq. (iv), we get 
(z+ 1)@2 - z)=15z 


or 


Hence, 


We have, 


...(iv) 


or 12z+12-z?-z=15z 
or z*+4z-12=0 

or (z+ 6(z-2)=0 

. z=-6 orz=2 
When z=-6, 


x+y=18 from Eq. (iii) and -6x + y=- 42 
from Eq. (i). 


Multiplying first of these equations by 6 and 
adding to the later, we get 


6x + 6y = 108 
-6x+y = -42 
7y = 66 
66 
or aa 
But x+y=18 
66 60 


xX +—=18 orx = — 
7 7 


When we put z =2 and solve for x and y ina 
similar way, we get x = 4,y = 6 
60 66 


x=—,y=—,2=-6, 
- y 7 z 6,2 


Hence, 
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53. 


X+yY+Z=a ..-(i) 
x2 +y2 4 27 =b? ... (ii) 
xy = 2" .. (iii) 


Subtract Eq. (ii) from the square of Eq. (i) and 
substitute xy by z? 
2xy + 2xz + 2yz = a? — b? 
2z* + 22 + y)=a2 -b? 
Now, substitute x + y witha — z 
22? + 2az -2z? =a? + b? 
a = Oimplies b = 0, hence from Eq. (ii), we get 


x =y=2Z=0 which according to additional 
hypothesis is not a solution. 


Consequently we may assume that a + 0 
_ az =, b? 2 (a a b’y 
= —__., 2 tte 
2a 4a* 
Now, x + y and xy can be expressed in terms of 
aandb 


2, p2 
x+y=a-z=% +b 
2a 
242 

and xw=2z’= G@ a y ...(iv) 


This yield a quadratic equation in u 
4a2u2 - 2a(a? + b*)u + (a2 - b*Y =0 ...(v) 
Which is solved by x andy, solutions are 
1 2 2 
Uy > = — > ala’ + b*)} 
12 Ba? 


+ 4a? + b* - 16a7(a? - b’Y 
= @ +b? + /Ga? - b*)Bb? - a’) 
4a 


Hence, the solution of the system (when a # 0) 
2_p2 
a‘-b 


x =U; y =U; Z= 


Sufficient conditions for the solutions to exist 
Eq. (i) implies a> 0; for z>0, we also need 
a>|b| Eq. (iv) implies that if the solutions 
exist, then both x and y are +ve, x and y are 
distinct, if the discriminant in Eq. (v) is +ve ; 
since a>|b|, this positively implies | b| V3 > a. 
In this case neither x nor y is equal to z. If, for 
example, x = z from Eq. (iii) we have y = z so 
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x =y which is impossible. The system admits 
solutions with the desired properties, if 
|b|<a<|b| v3. 


Remark 


54. 


55. 


Let us sketch the geometric background of the 
problem (1) is simply the equation of a plane 
intersecting the axis in points of distance a from 
the origin, consequently its distance from the 


origin is a (2) is the equation of the sphere of 
radius |b| around the origin. The two objects have’ 
common point if and only if 


|bl2 = ie.,as|b| V3 


(3)is the equation of a cone with the origin.at its 
vertex. 


y? +yz+ 2% =ax ..-(i) 


2 


Zz? +2x+x? =ay .. (ii) 


x? +xy+y? =az ... (iii) 


Multiplying Eq. (iii) by y and Eq. (ii) by z and 
then subtracting, we get 

(z? - y?)+ x(z? -y?)+ x*(z-y)=0 
(z-y)\z? + y? + zy+xz+ xy +x2)=0 
Similarly, « -y)%? + y? + 2? + yz 

+ x +xy)=0 ...(v) 
ie., by Eqs. (iv) and (v) we have either 
X=y=zZz 

or =x?’ + yy? +27 + zx 4+xy+yz=0 
Now, if x = y = z then by Eq. (i), 3x2 = ax 


x=0 or? 
3 


...(iv) 


Le., 


Ifx? +y* + z? + xy+yz+ zx =3, then by Eq. 

x? + xy +xz+ax=0 

x=0 or%+y+z)=0 

In this case the solution is indeterminate, for 

the given equations hold if the relation 
xXx+y+zZ=-a 

and x?+y?+ 27+ zx+xy+yz=0 

are satisfied. 


ie., 


Given equations can be rewritten as 


Theory of Equations 
a b ¢ 
Le., ee en ee 
YZ-X Z+x-y Z+y-Z 
bic 
y z)_bz+ey 
2z 2xyz 


56. 


Hence, bz + cy =cx + azx. + ay + bx 


ie., CX -cy + @-b)z=0 
and bx + (a-c)y —-bz=0 
Sh ee Rt 
a(--a+b+c) ba@-b+c) ca+b-c) 
= k (say) 


Putting the values of x,y,z from above in 

x(y+Z-x)=a 

We have, 
Ka-a+b+c)a-b+cla+b-c)=a 


ie, k=+ Za Fae 
-a+b+cy\a-—b+c)a+b-c) 


..-i) 
x =kKala+b+c) 
y=kba-b+c) 
z=kc(a@+b-ac) 
while value of k is as in Eq. (i) 
(a) ax+by+z=0 ..-(i) 
zx+ay+b=0 ...(ii) 
yz + bx +a=0 .. (iii) 
From Eq. (i);- Z=—- (@x + by) 
Hence Eas. (ii) and (iii) after removing z gives 
x(ax + by)=ay+b 
ylax + by)=bx +a 
| x(ax + by)=ay+b 
ax? -b 


a—bx 


2 
ax + by =ax+b- P=? 


_ a®x - abx? + bax? - b? 
7 a— bx 


_ax-b? 
a - bx 
ylax + by)= bx + a gives 


57. 
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a-b a—bx, 
or (ax? - b)(a’x — b?)= x + a)la — bx)? 
@ - B)K3 - 1)=0 ie, x? -1=0 


ania (ae lam +a 


which gives three values of x as 1, LES 
ax? —b 
By y= , we have 
; 
For x=1, 
yu Pui 
a- 
For x = 1 - iv3 
2 * 
“all -3'- 218) | 
yg Pn 
ap itiv3 2 
2 
For PR Sed 
2 
2 3? 
Vain 
Tf pie her 3 then w? = —! -iv3 
2 2 
ie, x =1,0, 07 
y=1,0°,@ 
Then, by z=— (ax + by) 
We have, 
Z=- (+ b),- @w+ bw*),-@w? + bo) 
x(p+q)=y ; (i) 
P-q=K(l + pq) ...(ii) 
| Xpq=a . (iii) 
From Eq. (i) p+ q=% 
x 
2 
ree: Ly _a 
po+q i Ry pa =| 
2 
24g? + 2a -y 
ee eee 
2 
pr+q? aX, 28 liv) 


Squaring and adding Eqs. (i) and (ii), we have 
, ae ay 
2(p? + q?)= ae + e(1 + 2) 
x x 
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Hence, from Eq. (iv) expression becomes 


2(y2x — 2ax)= y? + k2&x + a? 
y? - 4ax =k? @ + xP 


58. 4? + y?)= ax + by .. (i) 
2? - y?) = ax — by .. (ii) 
xy =c? .. (iii) 
From Eqs. (i) and (ii) 
ax = 3x? + y? ...(iv) 
by =x? + 3y? ...(v) 
Multiplying Eq. (iv) by yand Eq. (v) byx, we get 
ary = 3x*y+ y? 
ac* =3x*y + y (vi) 
bxy = 3y2x + x3 ¢- xy = c?) 
bc? = 3yx + x3 ... (vii) 


Adding and subtracting Eqs. (vi) and (vii) 
c?@+b)=e+y/P 


«+ y)=@+ b}Bc% ...(viii) 
c*a- b)=(y-x 
(y -x)=@- b}Bc% .-.(iX) 


From Eas. (viii) and (ix) 
(y+ xP -(y-xP = @+ bY? 
-@-bf*c% 
axy = ca + bY? - @- bY?) 
4c? = c¥3[a + bY? - a - b)) 
40% = (a+b? -@- by? 
59. Multiplying these equations 
(y + 2P (z+ xP& + yP = 64a7b2c? KyzP 
(y + Zz + x)K + y)=+ Babcxyz 
(yz + xy + ZX + 2°) + y)=+ Babcxyz 
Qxyz + y?z+x2v + xy? + 2x2 + 2x +x4y 


= + 8abcxyz 
247044 4% 4% 42% 4 204 Babe (i) 
x Zz Z2y y xX 


On dividing by xyz, we get 
y? + 2° + 2yz = 4a°yz 
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or Y +2422 4a 
Zz y 

Similarly, 2% 4 2 = 4b? 
x Zz 

and X4%42= 4c? 
y Xx 


4a? + 4b? + 4c? = 64+ 2% 
y 
Hence, from Eq. (i) 
4a? + 4b? + 4c? = 6 + Babe -2 
a? +b? +c? =1+ 2abc 
a+b? +c? + 2abce=1 


60. xy =aj;xx + y)=b;y =c-2x 


Putting the value of y in first two equations 
x?(¢ -2x)=0 
or 2x3 - cx? +a=0 .. Ai) 
x? +x(C-2x)=b 
x*-cx+b=0 ...(ii) 


Multiplying Eq. (ii) by 2x and subtracting 
from Eq. (i) 


cx? -2bx +a=0 . (iii) 
From Eqs. (i) and (iii) by cross multiplication 


“afi _ ac - 2b? 
2b -c? 


(g='s) - 5-2 


= 
2b) opege RHO 


(a - bc¥ = (ac - 2b?)2b - c?) 
a® + bc? - 2abc = Rabe - 4b? - ac? + 2b2c?) 
a? - 4abc + ac? + 4b? ~ b’c? =0 


61. Given equations are 


ax? + by =c li) 
ax + by=c (ii) 
x+y 


From Eqs. (i) and (li), we get 
c@x? + by*)=c? = (ax + by? 


Theory of Equations 


cax® + chy? = ax? + 2abxy + b*y? 
ala - c)x* + 2abxy + bb -c)y? =0_ ...fiv) 
From Eqs. (ii) and (iii), we get 


xy 
ax = 
i x+y 
ax? + bxy + axy + by” = xy 
ax? + xya+ b-1)+ by? =0 we (Vv) 
From Eqs. (iv) and (v) by the method of cross 
multiplication 
Se ere, ae 
b{2ab -(b-c)a+b-1)} -ab@-b) 
2 
x k (say) 


~ a(a—cha+b-1)-2ab) 
x*y? =k? . ab{2ab - b-cla+b- 1) 
fa - ca + b-1)- 2ab} 
Also xy =- kab@ - b) 
. ab{2ab-b-cya+b-1)} 
fa - ca + b -1)- 2ab} = aba - by 
or {2ab--c)a+b-1)}{2ab-@-c) 
(a+ b-1}}=-aba-by 
or  4a*b? - 2abia+ b-1)a-cihb-c) 
+%-cla-cla+b-1/ 
= - abia - bY 
or 4a2b? - 2abta + b - 1)ab - ab - bc + c*) 
+ @b-be-ac+c*) @+b-1F 
= - aba - bY 
or 2abla+ b- 1)ab - ac -be + c*) 
-~(@+b-1) @b-be -ac +c?) 
—4a*b? = abla - bY 
or (a+ b-1)@b-ac-be+c) 
Qab -a-b+1)- 4a*b? = aba - by 
or (a+ b-c)ab -ac - be +c?) 
Qab -a-b+1)=aba+ by 
or ca@t+b-c¥-ca+b-1) 
(a? -2ab + b* -a-b)+ab=0 


62. 


63. 
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ax + yz=be ...(i) 
by + zx =ca ---(ii) 
cz+ xy =ab - (iii) 

xyz = abc .. (iv) 


Squaring Eq. (i) and with the help of Eq. (iv), we 
get 

a’x? + y?z? + 2a*be = bc? .(v) 

[.- 2axyz = 2a*bc] 

Similarly squaring Eqs. (ii) and (iii), and applying 


Eq. (iv) 
by? + z*y? + 2b’ca = c*a” ...(vi) 
c2z? + x*y? + 2c2ab ='a*b? (Vii) 
Multiplying Eqs. (i), (ii) and (iii), we get 
(ax + yz\by + zx)iez + xy) = a*b?c? 
or a2b*c? = @abxy + ax?z + by*z + xyz’) 
(cz + xy) 
= abexyz + cax?z* + bcy*z? + cxyz’ + abx*y? 
+ ax*yz + bxy?z + x°y?z? 
= abc? + xyz(ax? + by? + cz?) + abx*y? 
+ bey?z? + cax?z? + x*y2z? 
With the help of Eas. (iv), (v), (vi), (vii) 
= 2a*b*c? + abclax? + by? + cz*)+ abx?y? 
+ bey?z? + cax?z? 
= 2a*b*c? + be(a’x? + y?z*)+ cay? + z*x?) 
+ ab(c2z? + x22) 
= 2a°b?c? + bec? - 2a*cb) 
+ ca(c*a? - 2b*ca)+ ab(a*b? - 2abc?? 
or a*b*c? = 2a*b?c? + bic} ~ 2a*b’c? + 3a? 
- 2a*b*c? + ab? - 2a*b?c 


or BE + Ba? + ath} = Sazb2c? 


We have, y? - &« + 1) =x? + 8x? - 6x + 8 

— 3 + 3x? + 3x +1) =5x?- 9x +7 
Consider the quadratic equation 
5x? -9x+7=0. The discriminant of this 
equation is D=9*-4x5x7=-59<0 and 
hence the expression 5x? - 9x + 7 is positive 


for all real values of x. We conclude that 
& +1 <y and hence x + 1<y. 
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65. 


On the other hand we have 

& + 3% -y> =x? + Ox? + 27x 
+ 27- (x3 + 8x? — 6x + 8) 
=x? + 33x+19>0 


for all positive x. We conchide that y<x +3. 


Thus, we must have 
value of y, we get 


O=y? -& +27 =x3 + Bx? - 6x48 
~ 08 + Gx? + 12x + 8)= 2x? — 18x 


We conclude that x = 0 and y =2 orx =9 and 
y=11. 


y=x+2. Putting this 


Let us consider x4 ~ 2ax?+x+a?-a=Oasa 
quadratic equation in a. We see that the roots 
are 


24 x,a=x? 


a=xX -x41 
Thus, we get a factorisation 

@a-x? -x)@-x?+x-1)=0 
It follows that x? + x =a orx? -x4+1=a 


Solving these, we get 


xe rita 
wn ie 
a x» dese? 


Thus, all the four roots are real if and only if 
a>~. 
4 


By setting u = x* + x -2andv = 2x? -x - 1, we 
observe that the equation reduces to 
w+v=u+ vp. Since 
t+ vP =v + v? + 3uvlu't+ v) it follows that 
uv(u+ v)=0. Hence,u = Oory=0 oru+v=0, 
Thus,, we obtain x?+x-2=0 or 
2x? -x -1=0 or x?-1=0. Solving each of 
them, we get x=1,-2 or x=1,-1/2 or 
% = 1,- 1. Thus, x = 1 is.a root of multiplicity 3 


, and the other roots are —1, - 2, - 1/2. 


Aliter It can be seen that x - 1 is a factor of 


x? +x —2,2X? -x -1 and x? - 1. Thus, we can 


write the equation in the form 
& - 1P & + 2P + & — 1% Rx + 17 
=27& - 19% +1) 


! 
Thus, it is sufficient to solve the cubic 
equation 


66. 


67. 
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& + 22h + @x +1P =27% + 1F 


This can be solved as earlier or expanding 

every thing and simplifying the relation. 

If x > 0, then the given equation assumes the 

form, 

x? + @-5)x+1=0 i) 

If x < 0, then it takes the form 

x? + @+1)x+1=0 (ii) 

For these two equations to have exactly three 

distinct real solutions we should have, 

(D either @-5/ > 4 and@+1) =4 

(0) or @-5) =4and@+1)/>4 

Case! From (a+ 1) = 4, we have a =1 or -3. 

But only a = 1 satisfies @ - 5)* > 4. Thus, a=1 

Also, when a=1, Eq. (i) has_ solutions 

x =2+ V3,and Eq. (ii) has solutions x = - 1, - 1. 

As 2+'3 > 0 and -1<0, we see that a=1 is 

indeed a solution. 

Case Il From @ -— 5) = 4, we have a=3 or 7 

Both these values of a satisfy the inequality 

(a+1/>4 When a=3, Eq. (i) has solutions 

x=1,1 and Eq. (ii) has the solutions 

xX =-2+ 3. As 1>0 and -2 + /3<0, we see 

that a = 3 is in fact a solution. 

When a =7, Eq. (i) has solutions x = — 1,-1, 

which are negative contradicting x > 0. 

Thus, a = 1, a =3 are the two desired values. 

Since, aandf are the roots of the equation 

x" + mx -1=0, we have a? + ma-1=0, 

B? +mB-1=0. Multiplying by rot Mae 

respectively we have a” + ma™-! ~g"-2=0 

and B",+,.mp"~! ~p"-2 9, 

Adding we obtain 

a” +p" =-m@"-} + Bp") rm @"-2 4 pr?) 

This gives a recurrence relation for n> 2 

An =— An _1 + Ago MS2 i) 

(a), Now, 49=1+1=2 and a, =a+f=-m. 
Thus, A, and A, are integers. By induction, 
in follows from Eq. (i) that An is an integer 
for each n> 0. 

(b) We again use Eq. (i) to prove by induction 
that GCD (,,, 4, , ;)= 1. This is clearly true 
for n= 0, as GCD @, - m)=1, by the given 
condition that m is odd. 


Theory of Equations 


Let GCD Q, 2,4, _; =1, n22. If it were to 
happen that GCD (Qn —1)An)> 1, take a prime p 
that divides both 4,,_, and 2,. Then, from 
Eq. (i), we get that p divides An -2 also. Thus, p 
isa factor of GCD (,_2%,-1) a 
‘contradiction. So, GCD (A, _,,%n)=1. Hence, 
we have GCD (,,4,,,)=1,Vn20. 

. Consider the equation ’x?’+ ax'+ b= 0. It has 

two roots (not necessarily real), say « and B. 

Either a = 8 ora +f. 

Case | Suppose a =f, so that a is a double 

root. Since, a? -2 is also a root, the only 

possibility is a=a?-2 “This ‘reduces to 

(+ 1)a-2)=0. Hence, a=-1 or a=2. 

Observe that a=-2a and b=«?.’ Thus, 
(a, b) = (2, 1) or (-4, 4) 
Case Il Suppose a+. There’ are four 
possibilities; 

(I) « =a? — 2iand B =f? - 2; 

(I) a =B* - 2 andB =a? 2; 

(IM) « =a? - 2 =p? - 2 anda #B; 

(IV) B =a? -2=f* -2.anda#Bp 

() Here, @,B)=@,-1) or (1,2) Hence, 
a, b)= (-@ + B), aB) = C1, - 2) 

(1) Suppose a =B*-2 and B=a?-2. Then, 
a -B =p? =a? =(B-aXP +a) 

Since, « # B we get B + a = — 1. However, we 
also have . oi 
a+B=B?+a*-4=(a+B) - 208-4 
Thus, -1 =1 - 20f - 4, which implies that 
of = -1. ae eae 
' Therefore, (a, b)= -@ + B),o)= A, - 1) 

(0D) If a =a? -2=f* —2 anda #f, thena =-B. 
Thus, « =2,B =-2 ora=-—1,Bp=1. In this 
case (a, b)= (0, — 4) and (0, - 1) 

(IV) Note that B =a? -2=f? -2 and a+ is 
identical to (II), so that we get exactly 
same pairs (a, b) 

Thus, we get 6 pairs; 
a, b)= (-4, 4), 2, 1), 1, = 2), 
d, - 1), ©, - 4), 0, - 1) 


Level Z 


69. 


70. 
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Let a, B, y be the roots of the given equation. 
We have, 


1 b 1 
Ss =—,@ 2 = 
a+B+y sob + Br +. - By 2 
It follows that a, bare positive. We thus obtain, 
1 
3B - 3p + By + yas @+ B+ =—5, 
a 
which gives 0< 3abs 1. Moreover, 
bp? 
7; = @B.+ By + yo? 
a 


=a"? + By? + y*a? + 2ofye + B+ ¥) 


= 0p? + B2y? + y2u? + 4, 


Thus, 
be? = 0282 + By? + ya? 
2 
21 B+ By+ yw = 25 

This implies that 3b? - 2)2 b? or b? > 3: Hence, 
b> 3, the conclusion follows. 
We have three relations 

ao? — ba -c=A, 

bo? -cu-a=2, 

‘ca? - aa -b=A, 
where i is the common value. Eliminating a” 


from these, taking these equations pairwise, 
we get three relations 


(ca - b*)a. - Gc - a?) = A - a), 
(ab - c?)a - (ca - b*) = Ac - b), 
(bc -— a?) - (ab - c?) =a -c) 
Adding these three, we get 
(ab + bc + ca- a? — b* —c?)a-1)=0 
(Alternatively, multiplying above relations 
respectively by: b-—c, c-a and a-b and 
adding also leads .to this.) Thus, either 
ab + bc + ca-a* -b? -c? =0 ora=1. In the 
first case 
0=ab+bhc+ca-a’?-b?-c? 
=F la-b*)+ b= c+ (-a)")} 
Shows that a = b =c. If « = 1, then we obtain 
a-b-c=b-c-a=c-a-b, 
and once again we obtain a = b=c. 
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Level 2 . 
2c aibiy. o2 
1. Given that,x + y+ z=l=x*+y?+z Gta Ran ET arp 
2 &-p)=2 (y-qy=Lie-n=k (say) a _ 1 
” : . * Clap + bq)— abip + a) bcqr + carp + abpq 
a 
oo a 2. We have, 
or ax-—ap=kx + yp =x3 + y? + 3xvk + Y) 
x@-k)=ap -x=—4 axb ey +S Ger ile +P - 02 +") 
ee aek 
cr And so (x + yP =3 + yx? + y?)-2K3 + y?) 
Similar . Ss |Z = 2 
a a c- But ~e+pe=c 
Now, l= +y+ Z) Consequently the result of elimination 
@ =3ba -2c 
: l=@+y+zP 
i ose roots are —, 
=x? +y? + 2? + 2(yz+ zx + xy) 3. Let us find the equation wh , 
2 2 22] 
= ot ee 4. for which we put y = or x = in the 
ss 2(yz+ zx + xy)=0 y x vy 
or yZ+ X+xy=0 given equation, 
bq cr cr ap xQx? + 1)==%? +1) 
a EE Eg LR 
q-k c-k c-k a-k ee $ (E+ 1--(2+2) 
ap , bq ly y- 
+ —"_ x =0 : 
a-k b-k Squaring, we get 


= 1 
bcqr (a — k) + carp — k)+ abpq (¢ - k)=0 Re yr ay y+ 


or | 4+ 4y+y2 =p 4+ 2y? 4 y 
k@cqr + carp + abpq)= abc (qr + rp + pq) oe ae Sakon w 
y= abe (rp.+ pa + ar) eens ae 7 
~ beqr + carp + abpq EOE OTE:  ANA Eis era 
Y 
ap 
ee let Za Se ogy ede eh 0d 
a-k a BY a 
sai abc(rp + pq + ar) or Z=-1-2A; saa Z8t 
boqr + canps+ aia But A is root of Eq. (i) 
“xy = . r@+P @+1P 3741) 
(or) ME ae 
_ apibcqr + carp + abpaq) or (Z? + 3Z? +3Z+41)-2(2? + 2741) 
a*p(cr + bq)- abc(p + pq) —_ -12@ + 1)+32=0 
= bear + carp + abpq oe) ae ee eee eee 
atbq + cr)-bc@ + r) 4, Lety<& 
ae 


bcqr + carp + abpq 
imilarly, me eC 
: ae ber + ap)-ca(r + p) 


_ beqr + carp + abpq 
7" clap + bq)- abp + a) ee, 
Substituting these values in x + y + z=1 & 


[There will be six such ratios as 


S 
B 


Theory of Equations 


6. 


Now, f(B)= 0 and f@)=0 
f(By)=0 

f(B) =p? + B+ r=0 
f(By) = By’ + gBy + r =0 
Eliminating B between these two 


ar-y) r(y-1) gyt-y?) 


pa~rd+yty’) 
qy(l + y) 


or rd+yey?? + gy? + y¥ =0 
is the required equation of 6th degree. 


- Let us find the equation whose roots are 


squares of the roots of the given equation. Put 
y=x?, 
x(x? + 11)= 6? + 1) 
or Jy(y + 11)= Gy + 1) 
Squaring, we get 
yy? + 22y + 121) = 36(y? + 2y + 1) 
or y? - 14y” + 49y =36=0 ..-(i) 
Let its roots be A,B,C which stand for 
a”, B*, y*. 
Let Z=B?+y?=B+C=ZA-A=14-A 
-. A=-—(Z—14) But A is a root of Eq. (i). 
-(Z - 14) - 14@ - 14) - 49@ - 14) 
-36=0 
or Z3 —3Z704)+ 3204) 
— (14 + 14(z? - 28z + 14?) 
+ 49Z - 49 (14)+ 36=0 


or 2-282? + 142Z (3 sui ;] 


- 686 + 36=0 
or Z3 -28Z* + 245Z - 650=0. 


‘: a, B, y are the roots of 
x3 + px? +qx+r=0 wi) 
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a+B+y=-p,of + By+ w=q, 
apy =~ 4 
If the transformed equation is in terms of y, 
then 
y =Ppy—o? = FY _ 9? 
a 


ad 
a x 
or ~+xy+r=0 (ii) 


Subtracting Eq. (ii) from Eq. (i), we have 
px? +@-y)x=0 
px+@-y)=0 
rey ame. | 
p 
Putting this value of x in Eq. (i), we get 
Wad 5p LA 4g. YA + rao 


¢. x # 0) 


or (y-q) + p(y - aF + p’qly - 4) 
+pr=0 
or y? + (y? - 3q)y? + Gq? - p*q)y 
+pr-qgz=0 
Which is required equation. 


- Roots of the equation 


x3 -— ax? + bx -c=0 ...(i) 
are a,B, y. If y is a root of the transformed 
equation, then 
y=a+B=@+H+y)-y=a-y 
f-a+B+ y=al 
nA y=a-xX or x=a-y 
Putting this value of x in Eq. (i), we have 
a-y?-aa-y? +ba-y)-c=0 
or y>-2ay? + @?+b)y+(-ab)=0 ...fii) 
Which is required equation. 
Its roots area +B,B+y,y+a 


Changing y into : and multiplying by y°, we 


get 
(c - ab)y* + @? + b)y? - 2av + 1=0 ....\iii) 


Roots of this equation are the reciprocals of 
the roots of Eq. (ii). 
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Roots of Eq, (iii)are —1_,_}_ |}. 9. (a) 2 - (p* - 2q)z* -—(p* - 4pq + Bpr)z 


a+B'B+y y+a 


Now, 1 + thu al = sum of foots of 
a+ B+y yra 
Eq. (iii) 
_-@+b_a+b 
c-ab -ab-c 
8. x? +3x+2=0 (i) 


~ Its roots are a, f, y. 
2 a+B+ 1 = O,a8 + By + yo. =3,0By =—2 
Let y be a root of the transformed equation 
y = (B- yf =(B + y? — 4By 
= Coy ~ Pt [-a+B+y=0) 


=a? +5 [> aBy = 2) 
a 
Replacing a by x, 
y = x? + 8 
x 
or x3 —xy + 8=0 ..-(ii) 
Subtracting Eq. (ii) from Eq. (i) 
B+yk-6=0 
X= 6 
3+y 


Putting this value of x in Eq. (i), we get 


3 
( 6 ) 439 + at 


3+y 3+y 
216 + 1&3 + y¥ + 2(3 # yP =0 
y? + 18y? + 8ly + 216=0 
Which is the required equation. — 
Product of all its roots = - 216 
(o. - B)°(B - yP(y - a)? = - 216 
RHS being -ve, one of the factors. 


: That will make all the three roots imaginary 
which is not possible. Every odd degree 
equation with real coefficients has at least one 


real root on the LHS @ - B)* is -ve. 


. a-Bis purely imaginary. 
-, a and B are conjugate complex roots 
Hence, two roots of Eq. (i) are imaginary. 


11. 
12. 


+ p* — 6p*q + Sr + Bp°q? 

-16pqr + 8? =9 

(b) 2? - 2(p? - 2q)z” + (p*- 4p°q + 5q?- 2pr)z 
— (p?q? - 2p’r + 4paqr - 2q° -r?)=0 


10. (a)Here, ay = 1,a, = —3,d) =5,a3 =-12,a, =4 


QyS.+4,=0 => 5,-3=0 


$, =3 
ApS2 + 4,5, + 2a, = 0 
> S$, - 38)+ 10=0 
S,=-1 
gS; + Sz + G25, + 3a, =0 
=> S$, —3¢-1)+ 58)-36=0 
or S =-3-15+36=18 


If «, B; y,5 are the roots of the given equation, 
then putting x =a, B, y, in succession and 


adding. 

S4 — 35; + SS, —125, + 16=0 

S,-54-5-36+ 16=0 
$4 =79 

Multiplying both sides of given equation by x 

x® = 3x4 + 5x3 — 12x? + 4x =0 
Putting x =a, B, y,5.in succession and adding 

S — 35, + Ss, - 12s, + 45, =0 


or S& — 237+ 90+12+12=0 
oe S, =123 

(b) S; =-1 

45 


Here, a =1,a, = 0,a, =2, a,=6 
AS, + a =0=>5, =0 
ApS2 + aS, + 2a, =0>S,=-4 
AgS3 + AS + AS, + 3a, =0 
=> _ S=-18 
Now, given equation can be written as 
x3 = - 2x? - 6x li) 
Multiplying both sides by x, we get 
x4 =~ 2x? - & 
Putting x =a, f, y in sucession and adding 


Theory of Equations. 


Sq =- 2S, -68, = 8 
Bs; S,=8 
Squaring Eq. (i), we get 
x® = 4x? + 24x + 36 .. (ii) 
Putting x =, B, y in sucession and adding 
"$6 = 4S, + 245, +108 
=-16+108 
S, = 92 
Multiplying both sides of Eq. (ii) by x 
x? = 4x3 + 24x? + 36x 
Put x =a, f, y and adding, we get 
S7 = 4S, + 248, + 36S, 
S7/=-72—96 = —168 
2S, — Sg)=2(8— 92) 
= 2(-84) = - 168 
S; =2(Sq — Sg) 
19. Here, x > Oandx #1 
Let log.x =p asx #1,p#0 
Given inequality becomes p + - +2cosy<s0 


Also, 


T! 


2 
Le, p +1+ 2pcosy - 9 


p 

Case! Whenp>0O 
' p®+1+ 2pcosy<0,Vy and p> 0 
(p —1).+ 2p + cos y)< 0 


p>o fi) 
1+cosy20,(p-1%20 
(p-1) + 2p. + cos y)2 0 ... (ii) 


Eqs. (i) and (ii) satisfied when 
(p— 1) + 2p. + cos y)=0 
--(p-1 2 0 and 2p + cos y)2 0, we get 
(p - 1 = Oand 2p + cos y)= 0 
p=landcosy=-1 
y=Qn+1)n 
Solution set isx =2, y= @n+1)n 
Case Il Whenp<0 
p? +1+2pcosy20 
(p+ 1 - 2p -cos y)2 0 
(p + 1% 2 Oand -pl - cos y)2 0, Vy 
+, Solution set is 0<x <1 andall ye R. 
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20. We have, (a- bY + @-c =b-cy 


21. 


22. 


> 2a? ~ 2ab - 2ac + 2bc = 0 


aay a? —ab+c)+be=0 
=> (a-b)a-c)=0 
= ‘a=bora=c 


The equation has no solution if a, b,c are all 
distinct. 
We have, (xy - 1% =(x + 17 + (y+ 1y 


a (xy - 1? - (x + 1? = (y+ 1? 
= (xy - x - xy + x)=(y + 1P 
> x(xy —x —2y + l= (y+ IP ...@ 


=> (y+ Dix(xy-x=-2)-(y+ DJ=0 ...G) 


ify =- 1, then xtakes all values from the set of 
integers. 


Similarly, we also’get 
(x+ DIVQy = y = 2)- (+ D]= 0.» ...(ii) 


Ifx =-— 1, then ytakes all values from the set of 
integers. 


If x #- Land y #- 1, then from Eq. (i) 
x(xy -x -2\y + D=(y+ 1 


xXQy-x-2)=y+1 ¢-y¥-1) 
=> x’y -x? -2x -y-1=0 
= y(x — 1x + 1)= (x + 1? 
Since, x'# — 1, we have 
y& -1l)=&+1) 
x+1 


I is an integer. 


=> y= 
If x = 0, then y = — 1 and when x = 2, y =3. 


When x = 3, y = 2 for all other values of x, y is 
not an integer. 


Hence, solution set is 
‘i (3,2), (2,3) (x,-1),@,y) 
If x > 1, then y = x? + 3x(x? - 1) 
y>x3>x>l 
z= 4y' -3y=y' + 3y(y? -)> ye >y>l 
x= 47) -3z=7' + 32(z2-1)>2>z>1 


Thus, x >y>z>x which is impossible and 
again x < - 1 and lead to 


X<Z<y<x sox<-l 
so IxIs1, lyls1,|zls1 
We can write x = cos@, where 0<0< x 
Now, y = 4cos’ @ - 3cos@ = cos 30 
z = 4y° - 3y = 4cos? 36 -3cos30 
=Ccos3 x 36 =cos 98 
x = 4z° - 3z = 4cos? 90 - 3cos 96 
=cos3 x 98 =cos270 
Since, trigonometric functions are periodic, it 
is possible. 
Thus, cos@ =cos278 =cos@-cos270=0 
> 2 sin 140 sin 136 = 0 
=> sin 146 = 0 orsin136=0 


So, o= 4%, where k=0,1,2,....12 
= * where k=0,1,2,....13 
14 


Solution is (&, y, Z) = (cos®, cos 38, cos 96) 
@ takes all above values. 


23. We are given, 


XIX + DX) + XBXq = — BUX 
Xy + Xp + Xz =O; XX + XpNXy + XZXy =A; 
X,XpX3 =- a 
and for i = 1, 2, 3, ... 
x? + ax, +a=0 
Now, x? + ax, +a=0 
x3 + ax, +a=0 
x} + ax, +a=0 
=> Bx, + BX, + XPX_) + AO Xs + XOX 
+ X3Xp) + AK; +X + X2)=0 
ie, Sa+a?=0 >a=-8 
So, given equation is x? - & - 8= 0, 
One root is -2, other roots are given by 


x? -2x-4=0 
ie., x=1+5 
So, {X1.X2,X%3} = ¢2,1-V5,1+ V5} 


24. If (x,y) is a solution, then (-x,y) is also a 


solution 
-: There should be only one solution, x = 0 
y+a=landy’=1 


so y=tl 


25. 


26. 


Indian National Mathematics Olympiad 


= a=2 or 0, when a =2, (1, 0) and (-1, 0) are 
solutions. 
.. We have to consider only the possibility that 
a = 0, we have 
itl 4 |xJ=y +x? andx?+y?=1 
x?,y?<1 =x?s|x| andys1 
Now, 2”! 4|xj214+[xl21+x?2y+x? 
= y=l 
2 x=0 
Thus, given system has a unique solution if 
and only if a = 0. 
Roots of the equation p (&)q (x)= 0 
(ax? + bx + c)\-ax? + bx + c)=0 


ie, 

will be roots of the equations. 
ax? + bx +c=0 ...(i) 
-ax*® + bx +c=0 ...(ii) 


If D, and D, be discriminants of Eqs. (i) and (ii), 
then 
D, = b? - 4ac and D, = b* + 4ac 

D, + D, =2b?20 
ie, D+D,20 
At least one of D and D,20. 


i.e., atleast one of the Eqs. (i) and (ii) has real 
roots. 


. p&)q &) = 0 has at least two real roots. 
We have, 


Now, (.: b may zero) 


x? +2ax4+ lL =-@ (2? -=) 
7: + fla? +x ic 


Let y=x?+2ax4+ 1 li) 
16 
and =-a+ (a +x-3) .. (ii) 
mi 16 
y=y, .. (iii) 
From Eq. (ii) we have 
2 1 
a= fla?+x-— 
= ( ia) 
> x=y2+2ay,44 
AL Fg 
2 1 
x =y* + 2ay + — ...fiv) 
y ay 16 


[from Eq. (iii) 
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Eqs. (i) and (ii) represents parabolas. Both 
parabolas are symmetrical about the line 


y =X t ee .(v) 
From Eqs. (i) and (v), we get 


x =x? 4 2ax4 1 
16 


> x? -(-2a wal 
. 16 


a-2a)+ Ja -2a¥ -2 
Re epee 


2 
For real roots, (1 - 2a)? — 22 0 


1-2a>) ward 
2 4 


2 
Hence, x, = 25). (57) at. 


2 16 
m -(5*) (2522): 1 
2 =|—— ]- Wa) - = 
2 2 16 
are real roots and given fact satisfy original 


equation. 


1: 
y x?+ 2ax+Te=y 


ym x 


x 
1 
2 = 
y?+ 2ay + 76=Xx 


27. Given system of equation can be written as 
ax? + @- 1k, + C=X_-X, =f&) (say) 
ax? + B- 1K, + C=%3-X2=FR2) (say) 


Oxy 1 + O11 + C= Xn — Xn 1 


=f&, -1) (say) 
aX,” + B-1K_ + C =X, —X_ =f%,) (Say) 
£&))+ F&2) +... + F&,)=0 .. i) 


Case! When @ - 1)’ < 4ac 


Each roots of ax/+b-1x,+c=0 are 


imaginary. 
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If a> 0, then f(x,) + F&2)+ -.. + F&,)> 0 
If a< 0, then f(x,)+ f&2)+ ... + F&)#0 
+. No solution. 

Case Il When @ - 1) = 4ac 

In case 1 and 2 all of 


£%), F&2)--- F&%,)z 0 
fe) f&2), er f XA )S 0 


From Eq. (i), 
FO) + Foe) +... + F%n)= 0 
FX) =FR2)=...=FR,)=90 


But f(x;)= 


Hence, 


Case Ill 


0 => ax? + &- 1x, + c=0 


-2O-Vt0 5. @-1) = 4ac} 


X =Xp =... =Xp_ = 


When @ - 1)? > 4ac 


Roots of ax? + @ - 1)x, +c =0 


are real and unequal. 


- a<0O B 


Let a and f be roots . 
Ifa< 0, Vx, € la, B) 
ax? + b- 1x, +c20 


Le, 


f&,)20 


Similarly for all x; € [o,B), @ = 1, 2,3 ,...,n) 


ie, 
But 


then each 
So, 


f&)2 0 
FR) + F&Q)+ ...+ F&,)=0 
FR)=fR)= - =f&,)=0 


X =X =... =X, 
ax? + b- 1K, +c=0 
X =X2 =...=X_ =-B-1) 
 VO-17 ~ 4ac 


2a 
Vx, €@,B)G@=1,2,3,...,n) 
f&)s 0 
FR) + FQ) + ... + FO, )= 0 
FR,)=fR,)= os = FX, ) 
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28. 


29. 


30. 


xX =X2 =...=X,’ 
thienieach mi? +16 1K, + c= 0 
So, Ny = Xz =... EX, 
_ + b-1)+ J@-1) - 4ac 
2a 
when a> 0, we get 
X, =X2 =... =X, 
_@-b)+ J@-1) - 4ac 
ga 


Let px) = & - 2) q&x)+ p@) gx) would have 
integer coefficients. 
Let r be an integer such that pir)=0 
Then, p(r)= (r - 2). qr)+ 13 =0 
r-2 
13 
Thus, r — 2 can only equal + or + 13. 
Leading to r =3, 1, 15, or-11. 
Let P(x) = & — 10). F(x) + P10) 


Leads tor - * So, rcan only be 11, 9, 15 or 


so 


5. 

Thus, r= 15. _ 

Suppose a+ b+c+#0 and let the common 
value be 2. Then, 


4 = Xb+ A-x)c+ xc + A -x)a+ xa+ L-x)b 
7 a+b+c 


=1° 
We get two equations 
-a'+ xb'+ (l’-x)¢ = 0, 
(l+x)a-—b+xc=0 
(The other equations a linear combination of 
these two.) Using these two equations, we get 
the relations 


ee ee ee ee 
1-x+x2 x?-x4+1 (1-xP +x 


Since, 1 - x + x? # 0, we geta=b=c 


Eliminating z from the given set of equations, 
we get 
e+y sa +y)?=1 
This factors to 
x + yx? -xy+y*? +x4+y-2)=0 


31. 


32. 
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Case | Suppose x + y=0. Then, z=1 and 
(x, y, Z) = (m, — m, 1) where mis an integer give 
one family of solutions. 
Case Il Suppose x + y #0. Then, we must 
have 

x? -xyt+y?+x+y-2=0 
This can be written in the form 

Qx -y + 1) + 3(y + 1)? =12 
Here, there are two possibilities 

2x -y+1=0,y+1l=42; 

2x -y+1=+3,y+1l=141 
Analysing all these cases, we get 

«x,y, zZ)= (0,1, 0), 2, - 3, 6), @, 0, 0), 
(0, — 2,3), 2, 0, 3), 3, - 2, 6) 

We seek solutions (x,y,z) which are in 
arithmetic progression. Let us _ put 
y-x=z-y=d>0 so that the equation 
reduces to-the form 

3y? + 2d? =2d 3. 
Thus, we get 3y? =@-1)d?. We conclude 


that 2@-1) is 3 times a square. This is 
satisfied if d-1=6n*.for. some n. Thus 


d=6n?+1 and 3y?=d?.2(6n’) giving us 
y?=4d’n*. Thus, we can _ take 
y =2dn=2n(6n? +1) From this we obtain 
x =y-d=(n-1)(6n? + 1), 
z=y+d=(Qn+ 1)6n? +1) 
It is easily verified that 
&,¥, z)=[2n-1)6n? + 1), 
2n(6n? +1), 2n + 1)(6n? + 1] 

is indeed a solution for a fixed n and this gives 


an infinite set of solutions as n varies over 
natural numbers. 


Substituting x =y-+ (1/2) (i) 
in the equation, we obtain the equation in y 


84 + 4y?+a-3=0 (ii) 


Using the transformation z=y?, we get a 
quadratic equation in z 


82? + 4z+a-3=0 .. (iii) 


The discriminant of this equation is 32@ - a) 
which is non-negative if and only if a< 2. For 
as 2, we obtain the roots 


Theory of Equations ’ 


33. 


z= —l+ J22 —a) 
4 

— -1 - 22 —a) 
4 


For getting real y we need z2>0. Obviously 
Z, < 0 and hence it gives only non-real values 


of y. But z, 2 Oif and only if a< . In this case 
we obtain two real values for y and hence two 


real roots for the original Eq. (i). Thus, we 
conclude that there are two real roots and two 


non-real roots fora < ; and four non-real roots 


for a> . Obviously the sum of all the roots of 


the equation is 2. For a <3, two real roots of 


Eq. (ii) are given by y, = + /z, andy, =- JZ. 
Hence, the sum of real roots of Eq. (i) is given 


by wtstye+s which reduces to 1. It 


follows the sum of the non-real roots of Eq. (i) 
foras ; is also 1. Thus, 


1, foras 3 
The sum of non-real roots = 3 
2; forars 


Suppose a is a real root of the given equation. 
Then, 


o-o+a—-2=0 ...(i) 
This gives o°-o' +a-1=1 and hence 
@-Det +7 + 1l)=1. Observe that 
at +02 + 12202 +0 =a°@ + 2) If -l<a<0, 
then a+ 2>0, giving a? + 2)>0 and hence 
@ — et +02 +1)< 0. 
Ifa <— 1, thena’ + a? =a°@ + 1)> Oand hence 
at+0e4+1>0 
This again gives @ - l)e* + 0° + 1)<0. 
The above resoning shows that for a< 0, we 
have o> -o2 + a—1<0 and hence cannot be 
equal to 1. We conclude that a real root a of 
x> —x3 + x =2=Ois positive (obviously « 0). 
Now, using a - a? + a - 2 = 0, we get 

a® =a4 -a? + 20 
The statement [a°]=3 is equivalent to 
3sa°<4. 
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Consider a4 — a? + 20< 4. Since, a> 0, this is 
equivalent to a°-0o° +20*<4o. Using the 
relation (i), we can write 20° -a+2< 4a or 
2a? -5Su+2< 0. Treating this’as a quadratic, 


we get this is equivalent to 5<ac2 Now, 


observe that if a22, then 
1=@-Det+o° + 1225 which is 
impossible. If O<as > then 


1=@-1l)@t+o2+1)<0 which again is 


impossible.. We conclude that sca 


Similarly, a —a? + 2a2>3 is equivalent to 
o — 02+ 202 —-3a20 which is equivalent to 
202 — 40 + 22 0. But this is2@~—1)/ 20 which 
is valid. Hence, 3<a® < 4 and we get [a®] = 3. 


34. We write the equation in the form 


‘a? + 2ap + p* + bGa+ 2p)=0 

Hence, 

p= ater 

3a+2p 
is an integer. This shows that 3a + 2p divides 
(a+ py and hence also divides Ga + 3p). But, 
we have 
Ga + 3p)? = Ga + 2p + py? 

= Ga+ 2p? + 2pGa + 2p)+ p? 
It follows that 3a + 2p divides p*. Since, p is a 
prime, the only divisors of p? are +1, +p and 
+p?. 
Since, p> 3, we also have p = 3k + 1 or 3k + 2. 
Case | Suppose p=2k+1. Obviously 
3a+2p=1 is not possible. Infact, we get 
1=3a+ 2p=3a+2Bk+1) = 3a+6k=-1 
which is impossible. On the other hand 
3a +2p=-1 gives 3a=-2p-1=-6k-3 => 
a=-2k-landa+ p=~2k-1+3k+1l=k 


Thus, Thus, 


(a, b)= (-2k - 1, k*) when p = 3k+ 1. Similarly, 
3a + 2p=p =3a=-p which is not possible. 
Considering 3a + 2p = — p, we get 3a = - 3p or 


=-p = b=0. Hence, (@,b)=(-3k-1,0) 
where p = 3k + 1. ‘ 
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Let us consider 3a+2p=p*. Hence, 
3a = p* - 2p = p& - 2)and neither pnor p - 2 is 
divisible by 3. If 3a+ 2p=-p’, then 
3a =- p+ 2)>a=- Bk+ LlKK+ 1) 

Hence, a+ p= @Gk+ 1)-k-1+ 1) =- Gk+ 1k 
This gives b=k. Again 
(a, b)= (k + 1)Gk + 1), k*)when p= 3k + 1. 


Case Il Suppose p=3k-1. If 3a+2p=1, 
then 3a = — 6k + 3 or a =— 2k + 1. We also get 
p= aso 


_ -C2k+ 1+ 3k-1P anit 
1 

and we get the solution @, b)= (-2k + 1, k?) On 
the other hand 3a + 2p = — 1 does not have any 
solution integral solution for a. Similarly, 
there is no solution in the case 3a + 2p=p. 
Taking 3a + 2p = — p, we get a = — pand hence 
b= 0. We get the solution @, b) = (-3k + 1, 0) If 
3a + 2p = p’, then 3a = pip - 2) = Bk - 1)Gk - 3) 
giving a= Bk-1)k-1) and hence 
a+ p=Gk-1)0 + k-1)=kGk-1) This gives 
b=-K and hence @, b)= Gk - 1, — k*) Finally 
3a + 2p =— p* does not have any solution. 
Consider the discriminants of the three 
equations 

px? +qx+r=0 .--(i) 
...(ii) 

rx? + px+q=0 .. (iii) 
Let us denote them by D,, D,, D, respectively. 
Then, we have 

D, = 4 - 1) 

D, = 40°? - pq) 

D, = 4’ - qr) 
We observe that 

D, + D, + D,=4(p? + q? + r* - pq-qr-rp) 
=2{(p-qy + @-rf + & -pP}>0 

since p,q,r are not all equal. Hence, atleast 
one of D,, D,, D, must be positive. We may 
assume D, > 0. 
Suppose D, < Oand D, < 0. In this case both the 
Eqs. (ii) and (iii) have only non-real roots and 


Eq. (i) has only real roots. Hence, the common 
root a must be between Egg, (ii) and (iii). But 


qx? +m +p=0 
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then @ is the other root of both Eqs. (ii) and 
(iii). Hence, it follows that Eqs. (ii) and (iii) have 
same set of roots. This implies that 


Thus p=q=r contradicting the given 
condition. Hence, both D, and D,; cannot be 
negative. We may assume D,20. Thus, we 
have, 

q -—rp> 0, r? — pq= 0. 
These two give 

q@?r? > par 
since p,q,r are all positive. Hence, we obtain 
qr>p* or D,<0. We conclude that the 
common root must be between Eas. (i) and (ii). 
Thus, 

po? +qa+r=0 

qo? + ra + p=0 
Eliminating a”, we obtain 

2@? — pr)a =p? - qr 
Since, q? — pr > O and p? — qr < 0, we conclude 
that a< 0. 
The condition p* -qr<0O implies that the 
Eq: (iii) has only non-real roots. 
Aliter One can argue as follows. Suppose a is a 
common root of two equations, say, Eqs. (i) 
and (ii). If « is non-real, then & is also a root of 
both Eqs. (i) and (ii). Hence, the coefficients of 
Eqs. (i) and (ii) are proportional. This forces 
Pp =4=r,a contradiction. Hence, the common 
root between any two equations cannot be 
non-real. Looking at the coefficients, we 
conclude that the common root a must be 
negative. if Eqs. (i) and (ii) have common root 
a, then q°2rp and r* > pq. Here, atleast one 
inequality is strict for q*=pr and r?=pq 
forces p = q =r. Hence, q’r > p’qr. This gives 
p* < qr and hence Eq. (iii) has non-real roots. 


If a and B are both integers, then 

[ma] + [mB] = ma + mB = m@ + B)= m? 

This proves one implication. 

Observe that a + B = m and of = n. We use the 

property of integer function 

x —1</[x]sx for any real number x. Thus, 

m? -2=m@+)-2 

soneodit mB -1<[ma])+ [mB]< m@ + B) 
=m 
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Since, mandn are positive integers, both 
a and 6 must be positive. If m 22, we observe 
that there is no square between 
m?-—2andm?. Hence, either m=1 or 


(ma]+[mB]=m?. If m=1, then a+B=1 
implies that both a and are positive reals 
smaller than 1. Hence, n=of cannot be a 
positive integer. We conclude that 
[ma]+[mB)=m?. Putting m=a+B8 in this 
relation, we get 

fa? +n] + [B? + nJ=@+ BP 
Using [x + k]=[x]+k for any real number x 
and integer k, this reduces to 

{a7} + (B7] = 02 re Bp? 

This shows that a” and B? are both integers. 
On the other hand, 


a? — 6? = @ + B)e — B)= me -B) 
@ p= 2B 
m 


is a rational number. Since, «+f=m is a 
rational number, it follows that both a and B 
are rational numbers. However, both «* and p? 


are integers. Hence, each of aandf is an 
integer. 

We begin with the standard factorisation 

y4 + 4=(y? -2y + 2My? + 2y + 2) 

Thus, we have y*-2y+2=p™ and 
y?+2y+2=p" for some positive integers 
mandn such that m+n=x. Since, 
y? —2y + 2<y? + 2y + 2,we have m < nso that 


p™ divides p". Thus, y? -2y+2 divides 
y? + 2y + 2. Writing 
y? + 2y+2=y? -2y+2+ 4y, 
we infer that y? — 2y + 2 divides 4y and hence 
y? —2y + 2 divides 4y*. But 
4y? = 4(y? - 2y + 2)+ 8(y-1) 
Thus, y?-2y+2 divides 8(y-1) Since, 


y? -2y +2 divides both 4y and 8(y -1) we 


conclude that it also divides 8. This gives 
y? -2y +2=1,2,40r 8. 


If y?-2y+2=1, then y=1 and y*+4=5, 
giving p=5 and x =1. If y* -2y + 2=2, then 


Thus, 


38. 
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y? - 2y = Ogiving y = 2. But then y* + 4=20is 
not the power of a prime. The equations 
y?-2y+2=4 and y?-2y+2=8 have no 


integer solutions. We conclude that 
(, x, y)= G,1, 1)is the only solution. 
Aliter Using y? -2y+2=p”™ and 
y? + 2y+2=p",we may get 

4y =p"p"-™ -1) 


If m> 0, then p divides 4 or y. If p divides 4, 
then p =2. If p divides y, then y* - 2y + 2=p™ 
shows that p divides 2 and hence p =2. But 
then 2* = y4 + 4, which shows that y is even. 
Taking y=2z, we get 2*-*=4x*+1. This 
implies that z= 0 and hence y = 0, which is a 
contradiction. Thus, m = 0 and y” - 2y + 2=1. 
This gives y = 1 and hence p =5,x = 1. 

Let P(x)=a9 + aX +a@,x2+...+4,x" be a 
polynomial with integer coefficients. 


Casel We may write 
P(x) = Ay + Ax? + ayx* +... 
+ X@, + ax? + ax? +...) 
Define 


Qh) = dy + aax? +.a,x* +... 


—X@, + ax? + ax, +...) 


Then, Q&) is also a polynomial with integer 
coefficients and 


PX) QK) = Gy + Ax? + ayxt +... 
-x?@, + ax? + ax +...7 
is a polynomial in x?. 
Case ll We write again 


P(x)= A(x) + xB) + x?C&x), 
where 


AQ) = ay + ax? + agx® +..., 
Bax) =a, + a,x? + a@x®+..., 
CR) = ay + ax? + agx® +..., 


Note that A(x), B&)and C(x) are polynomials 
with integer coefficients and each of these is a 
polynomial in x3. We may introduce 


Sx) = AK) + @XBX) + w?x2CHR), 
TX) = AQ) + w?xXBQx) + wx?2Cer) 
where w is an imaginary cube root of unity. 


39. 


a0). 


Then, siti . 
SHIT &) = (AR) +.x2(BR))PF+ x4 (CO)? 
— XA )BQX) x3 BOX) Cx) — x2C RJA) 
w =landw+ wis -1- 
Taking R(x)= S(x)T() we obtain 
PORIRK) = (ARP + x3 (BOI? + XICHP 
" — 3x3A (x) BX) Cx), 


which is a polynomial in x°. This follows from 
the identity. , : 


@+b+c)a? +b? + c2- ab - be - ca) 
=@+bP+C-3abc 
Alternately, R(x) may be directly defined by 
R&)= (AW)? +.x?(BR)P + x4 (Cex)? 
— xXA(&)BR) — x3 BR) CK) — x2°CR)AK) 
Adding 1 both sides, the equation reduces to 
[& + 17] = (x + IP 
We have, used ‘[x]+m=[x +m] for every 


integer m. Suppose -x+1<0.') Then, 
[x + 1]< x + 1< 0. Thus 


(Ux + IP > & + 1P > [oe + 1? 1 = (e+ LP 
Thus equality holds everywhere. This gives 


[x + 1]=x+1 and thus x+1 is an integer. 
Using x + 1< 0, we conclude that ...; | 


xe {-1, -2,-3,...}., 
Suppose x + 1 >.0. We have, 
& + 1% 2[& + 1] = (x + 1)? 
Moreover, we also have 
+ 1P <1+[& + 1)*)=1+4 (x + 1)? 
Thus, we obtain 
[x]+1l=[x+1]< & +1) 


< 1+ (x +1F = 1+ (+ 1? 
This shows that 


xe(n, yl + n+ 1P - 1), 


where n2 — 1 is an integer. Thus, the solution 
set is 


{-1,-2,-3,...}Ufur__, In, 1+ (n+ 1) -1)} 


It is easy verify that all the real numbers in this 
set indeed satisfy the given equation. 


Since, xyz#0, we can divide the second 
relation by the first. Observe that 
x" + x2y? + yt = x? + xy + ye? — xy + y?) 
holds for any x, y. Thus, we get 
x? —xy + y* My? ~ yz + 2*\Mz? - 2x + x?) 

oa x*y2z? 


Since, 


Untt 3 negualtttes 


41. 


Indian National Mathematics Olympiad 


However, for any real numbers x, y, we have 
x? —xy + y? 21x! 
Since, x’y?z? =| xy || yzI|zx |, we get 
[xy I yz1 | zx |= &? —xy + y”) 
a (y? -yz+ 2?)z? - x +x?) 
2lxy llyzl| zx] 
This is possible only if — 
x? -x+y?=lxyl,y? -yz+z?=|yzI, 
z2-m+x?=|zl, 
hold simultaneously. However | xy | = + x. If 
x? -xy+y? =-xy, then x?+y?=0 giving 
x =y=0. Since, we are looking for non-zero 
x,y,z, we conclude that x*-xy+y*=xy 
which is same as x = y. Using the other two 
relations, we also get y = zand z =x. The first 
equation now gives 27x®°=x>. This gives 
x3 = 1/27 (since x # 0) or x = 1/3. We thus have, 
xX =y=z=Y/3. These also satisfy the second 
relation, as may be verified. 
Let r = u/v where GCD (u, v) = 1. Then, we get 
@,u" + a, uv +...+ auv"-! + av" = 0, 
~B,u" +b, yu" ~"v + ...+ BRuv™-! + by" =0 
Subtraction gives 
(@, —b,)u" + @,_>-b,_>)u"~?v? 
+...+ @—-b)uv"~! + @ — bv" =0 
Since a, _, = b, _,. This shows that v divides 
(@, -— b, )u" and hence it divides a,, — b,. Since 
a, — b, is a prime, either vy =1 or v=a, -h,. 
Suppose the latter holds. The relation takes 
the form 
u" + @,_>-b,_ ou" 2v4...4 
@ —byuv"~2 + (ay — byw" -} =0 
(Here we have divided throughout by v.) If 
n>l, this forces v|u, which is impossible 
since GCD (v, u)= 1(v > 1 since it is equal to the 
prime (a, —b,). If n=1, then we get two 
equations 
au + av =0,bu+ bv = 0. 
This forces a,by - ayb, =0 contradicting 
Anby — Agb, * 0. 


Note The condition 4,09 — yb, # Dis extraneous. 

The condition a,_,=6,_, forces that for 
n= 1, we have a = by. Thus, we obtain, after 
Subtraction (a, - b,)u=Q This implies that 
u = Oand hence r = 0 is an integer). 


Unit | i 
~- Inequalities 


(% 


, 


Inequality 
The relation between two unequal numbers (real numbers) is called an inequality. _— aire 
A quantity x is said to be greater than the quantity y, if x — y is +ve. ; , 
The quantity x is said to be less than quantity y, if x — y is ve: “ae ‘ . 
The symbols > and < are used for greater than and less than respectively. 


Some Important Properties 
Property 1. Ifa>b,b>c, thena>c : o<1 | 


We have — 4, 4-€=-b)+ &—c)=+ ve 
Since, a> band b>c i.e., (a—b)and  —c)are +ve. . 
a>c 


In same way, we can prove that if, we are givena<b, b<c, thena<c. 


Property 2. Ifa>b, thena+c>b+c 

. We have (a+c)-@+c)=a—b=+ve ha vesedize: Haul ory 

“e a+ c)>@+c) Leas bl 
Similarly, we can prove that Ge 
a-c>b-c,4>2 andaxc>bxc 


provided c is +ve. 
Similarly, we can also prove that, ifa<b, then | 
a+c<b+canda-c<b-c 


Hence, if both sides of an inequality are increased or diminished by the same number (+ve, -ve 
then the sign of inequality remains unaltered i.e., remains the same. pee, or zero), 
Property 3. In an equality any term may be transposed from one side to the other provided its sign is 


changed. 
If a+b>c+d,thena+b-c>d 
or -c-d>-a-betc. 


Property 4. If the sides of an inequality be changed the sign of inequality is reversed, if a> b, then 
b<a. 
Property 5. If both sides of an inequality are multiplied or divided by same +ve number, the sign of 


inequality remains unaltered. 
If a> b, then a - bis +ve Le. a~ b> 0 multiplying both sides by x where x > 0 we have x(a b)> 0 or 


xa ~ xb > 0. Hence proved. 
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Again dividing both sides of a — b > Oby x, where x > Oi.e., multiplying both sides of a - b> 0 by " where 


x > 0, we get 
1 g@-p>0 or 2-250 
x xX xX 
or a,b 
xX xX 


Hence proved. 
Similarly, we can prove that if a< b and x > 0, then xa< xb, ae b 
xX xX 


Property 6. If both sides of an inequality be multiplied by a -ve quantity, the sign of inequality is 
reversed. 
If a> b, then a — bis +ve multiplying both sides by -x, we get 
-x(a-b)= -ve or -xa+xb=-ve 
or -xa + xb< 0 or -xa<-—xb 
ie., -x(a)< - x) 
Hence proved. ; 
Similarly, we can prove that ifa< bandx>0, 
\ then -x(a)> - xb) 
1 1 


Property 7. If a and bare two +ve numbers and a> b, then —< - 
a 


k a>0O andb>0,soab>0 
Also, it is given that a> b 
Dividing both sides of this inequality by ab, where ab > 0. So, by property 5 


—>— or —->— 
ab ab ba 


Is] 
—-<— 
= a b 


Property 8. If a, > b,,d_ > Bps.-14n > Py thea, + Ay +... + Gq > by + by + ... + By for alll +ve a's and +ve 
b's. ‘ 


If a,>b,, thena, —b,>0 
Similarly, a, — b, > 0,a; — b> 0,...5 
a, —b, > 9 ; 


Adding these, we get 

(a, - b)+ @, -by)+...+ @, —b,)> 0 
or ’ (a, + Az +... + An)- + by +... + By)> 0 
or Ay + Ay + ...+ A, >b, + by +... + Dy 


Property 9. Ifa, > b,, a2 > Bp, ---+4n > Uns then a,4,0, ... a, > byb2b,...b, for all +ve numbers a's and b's. 


From property 5, we know that if a, > b,, then a,x > b,x where x > 0. 
Substituting a,q, ... a, for x, we get 
AQ ... An > BAAy ... Ap (i) 
Again as a, > b, so any > b,y where y > 0 
Substituting b,a, ...a, for y, we get 
AyD, Ay ».. An > Dy, ... Ay 
b,A20; ... An > Dib Ay «.. Ay (ii) 
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From (i) and (ti) 
A\A2A; ... Ay > BBA; ... Ay 
Applying this method successively, we get 
A\2Q, ... A, > b,bpb, ... b, 
Hence proved. 
Property 10. Ifa> band nis a +ve integer, thena” > b" anda” > b”" provided aand bare both +ve 
and only real +ve values of the nth roots are taken into account. 
From property 9, if a, > by, dz > Byy..44 Aq > Dy We have 4,420; ...A, > Dbzb, ... by 
Put @, =a, =@,;=..=a 
and b, =b, =b, =...=b, 
we geta-a-a...ntimes>b-b-b,..n times ora" > b" 
Similarly, we can prove second result. 
Concept We know that given any 2 distinct real numbers a, b. 
Either a<b ora>b 


But to decide whether it is the former inequality or the latter for any given pair of real number often 
requires use of certain facts in clever way. ; 


For example 2°, 3° 

if 0s m<n, we know that 2” <2” or 3” <3” 

Again for m> 0,2" <3" @<3) 

But these inequalities as such do not help to compare 2 and 33. 

On the other hand 

B=2+ 1P =22+3x27 + 3Q)4+1<23 + 42% +4x2 

=2+2474+23 ' 
=2x23 424 =2-24 =25 

of course 2° = 32 and 3? = 27 are easily computable and is evident that 25 > 33, 

If however the indices m, n of 2” , 3" are very large, it is necessary to think of smaller indices from which 

we could derive the inequality of larger indices. 

e.g., We know that 2° > 3? 


Me any em 25x12] _ 7605. 33121 _ 3363 


Also, 2’ >34 
is 27.25 >2?.33 = 4x39>3x3? =34 
Hence, 2” > 34” (raising power to 100). 


Like that another simple deduction in the routine 
9=3?>2=8 
=> 3200 > 2300 


Example 1 Which number is greater(31)'* or(17)'7? 
Solution Now, 31<32 
Raising the power to 12 
(31)'? <(32)'? 
= (31)'? <(25)'? = 20 (i) 
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Example 2 
Solution 


Example 3 
Solution 


Example 4 


Solution 


Example 5 


Solution 
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Now, 960 < 968 _ 94x17 ' 20 OTK (i) 
ay (24)'7 <(16)"” 
= ER er sen OTIS FS SEE) 
From (i), (ii) and (iii); we get .° ' 

(31)'2 < 28 < 26 <(17)"” 
as! (Sip <qiey? eri 


saiaeaa «0 ies 1) 


Which number is greater (30)' or 2°77 


(30)'° <(32)' 

So, (25)100 = (21050 =(1024)°° 

Now, (1024)5 < (1024) = ((1024)?)?” =(2)77 
Now, es . ™ — 


(27027 < a ie 
(30)' < 9567 . 
2567 > (30)' 


tt si} wo 


Which is greater 7° or 8°'? 
If a, bare +ve and nis a natural number, then 

(a+ bY =a" +7na"-"b+... 

(term involving powers of aand b). 


1 


t 


Also, (a+ bf 2a" +na"~'b (equality for n =1) 
Now, (8)°! =(7 +1)9' > 791 +. 91.79 
ae =7% (7 +91) =7°°(98) : 
Now, | 79(98)>7%.49=7%.72=78 © 98 . 
Hence, — = (8)°' > 79% 
Which is greater 


(150)*° or (20000)' x (100)'? 


Weknow (150)? =150 x 150 x 150 
= 30 x 30 x 30 x125 = 27000 x 125 
Now, 27000 x 125 > 20000 x 100 
Hence, (150)° > 20000 x 100 
Raising the power to 100 ‘ 
(150) > (20000)'° x (100)'° 


V2+V3 4 . 


V3 > V2 and J/3 <2 
V3 >J2 


Show that V2< 
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=i : V2+/3>2/2 " .. (i) 
1 2>43 _ 
2425/3 +2 
IES i nonsb . V4 >yv3 +2 hi ' | in | oe 
| a Wid erwody WW3+2 <2 a) le 40 ee (iii) 
1 1 
=> Sia ‘...(iv) 
IO =P ~{ V3 +2, . 
Multiplying (i) and (iv),,we get 
v2 + V3 | ._.(V) 
{J3 #2 
Again, V2 <3 © oat t 
. V2 +3 < 23 ...(vi) 
7¢ te as “4 eJ3 Hite ! 
1+ 2<¥3+2 
1 3<¥3+2 - 
V3 </V/3 +2 
( 1 eee opeisi 
or ao eas 01 (vii), 
= | Se Ra sl 
\Wa+2 Ta , or (viii) 
Multiplying (vi) and (viii), we get a ~~ 
¥2+3 Pe save c 
< 2/3 x =2 
\W3+2 it V3 hiek \ \« i r vee(ix) 
it rt ! if 1 ? u 
From (ix) (2 < 12433 55 oe ae 


yV¥3 +2 


Hence proved. 


Example 6» Show that(1.01)'° > 1000 ; 


N) 


[ (1+ x)? >14 nx] 


(1.01)' > (1 + 0.08)'5 =((1 + 0.08)8) >(14.0.4)% 


 [~ (1+ 0.08)° =(1 + 0.4)} 


Solution | Wecanwrite 1.01 as(1+ 0.01) 
Now, (1+ 0.01)° >1+ 0.08 
= 
=> (1+ 0.4) >(1+ 0.4) =((1.4)9)8 » 
Now, ((1.4)°)® > (27)® >74 ='2401 > 1000 


(1.01)! > 1000 
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Author’s Observation 
Consider the numbers 101. ' 10001 
1001 100001 


Note that the pattern of the numbers in both the numerator and denominator of each fraction is same 
ie., 0 is flanked by 1. The only difference is that the denominator has one more zero than the 


oo If xis the numerator of any one of the two fractions, then the corresponding denominator is 
10x - 9. 


For example if x = 101 aameies 
10x - 9= 101)10 - 9= 1001 


Let x __ be denoted by a 

10x - 9 
then au s 10x -9 
a x 


which is equal to 10 - Ld 
x 


Thus, if x increases, 2 decreases and so = increases. Hence, i increases where ‘x’ increases or ‘a’ 
x x a . 


decreases, when x increases. 
101 = 10001 


In other words ee 
1001 100001 


L+1 zero 


Concept If we have to prove fx)> g&). 
We consider difference of f(x) and g(x) say fx) - 9X). 
By proving the difference f(x)- g)> 0 by some method we get the required result. 


Example 1 Prove that m? +1 >m? +m, m#1=>m>-1. 


Solution We consider difference of 
(m? + 1)—(m? + m)=(m° - m?) -(m -1) 
=m*(m -1)-(m=-1)=(m -1)(m? ~4) 
= (m-1)(m-1)(m + 1)=(m-1)"(m +1) 
=> The expression is positive. 
Hence, mm +1>m? +m 


Example 2 Prove that 
a°b + ab? <a‘ +b‘. 
Solution —_ Consider difference of 
(a4 + b*)-(a°b + ab®) = a%(a - b) - b*(a - b) =(a - b) (a? - b?) 
=(a - b)(a - b)(a? + ab + b?)=(a — b)*(a? + ab + b?) 
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|. (a-b)? is +ve 
and » a® +ab+ bis +ve 
(a~b)*(a? + ab + b?)is +ve. 
Ke a®b+ab® <a4+b! 
Hence proved. 
Example 3 /f x, y >0, then prove x° + y® > x4y + xy‘ unlessx=y. — 
Solution —_ Consider x5 + y5 - x4y — xy4 
=(x° -\x4y)+(y> - xy’) 
=x“(x-y)+ y'(y -x)=(x*- y4)(x-y) 
a(xPtyxP—y*Kxmy) 
=(x? + y?)(x -y)*(x + y)=4ve, ifx #y 
a+xX a 


Example 4 /fa>band x is +ve, then prove < he 
x 


Solution Consider the difference 
a+x_a_Wat+x)-a(b+x)_ bx-ax _-x(a-b)_~-x(a-b) 


b+x b Kb+x) Kb+x) Kb+x) b(b+x)  ” 
atxoa 
b+x b 


Hence proved. 
Example 5 /fx >0, then prove x + - 22! 


Solution Consider difference of x + 2 -2 


x? -2x +1 (x -1)? 
Mya eX +H ae (KV 
x x 

*: x > Ogiven(x -1)? is > 0. 


= 


x+14-220forx>0 => x+Loo 
x x 
So, Pcie d for x =1 
<s 
Note Similarly, if x <0, then x + ~ <-2 combining the above inequalities, we aet| x+ +) 2 Vx. 
Example 6 Show thata(a —b)(a -c)+ Xb -c)(b- a) + e(c — a) (c - b) cannot be -ve. 
Solution | Whenever we have symmetrical expression in a, b, c then without loss of generality we 
can assume 
a2b2c 
a(a —b)(a =a)* Kb-c)(b-a)+c(c—a)(c —b) 
=(a—b)[a(a -—c) -(b-c)]+ c(c —a)(c -b) 
= (a —b)[(a? - b”) + (be - ac)] + c(c -a)(c - b) 
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=(a —b)[a® — b® —c(a - b)] + c(c — a)(c — b) 
=(a-b)[(a—b\(a+ b-c)}+c(c-ay(c—b) 
»=(a-b)*(a+ b—c)+c(c-a)(c -b) 
=(a-—b)*(a+b—c)+c(a—c)(b-c)= +ve 


As a>b>c KI 
b-cistve . 
and a-cis+ve 


Ifa =b=c, then it is zero. 
an a(a- bya c)+ b(b-c)(b-a)+ c(c —a)(c —b) 
It cannot be -ve, j= (¥ i+(\ ) 
Example 7 For real a, b,c show that | 
a 24 ae sabe bees. 
Solution = a* + b* +c* >ab+ be- + ca: 


Multiply 2 on both sides, we get 


el ei ns ti 2a® + 2b? + 2c? > 2ab + 2be + 2ca, ; 
ee hake o y2ae + 2b? + 2c? - 2ab- 2be - 2ca>0 
=> (a? ~ 2ab + b?) + (b2 - be + c2)+.(c? ~ac+e7)20 
=> (a—b)* +(b-c)? +(c-a)? >0 


Hence proved. 


Note Egives us a new concept by use of which we can prove coal ‘inequalities ie. without using 
Arithmetic mean (AM) and Geometric mean (GM). Let us solve. some: examples - by using above 
concept. 


Example 8 Prove that a 
a* + b4 +0 >a*b? + b’c? + ca. 
Solution We know that 
. a? +b? +c*Sab+be+ca’ Ai) 
Now, we can write a+ b* +.c4 as 
(a2)? + (b?)? + (02)? 


Let ery Ail) 
b* =v Aili) 
22w (iv) 


Using (i), we get 
‘. u>+v? +w? Suv +. ww +uW 
Substitute the values of u,v, w, we get 
a‘ +b44+0c4 2a*b? + b’c? + a2? 
Example 9 Prove that — — 
“a*b* + b*c® + c*a® 2 abc(a + b+), 
Solution Let ab=u 
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Now, we have \ ‘ 
u? + v2 +w? >uv + Ww +uW 


Substitute the value, we get 


- Visti, ?e ae j fT 
> , _a°b? + b°c? + c7a® 2abc(a+b+c) , 
., Hence proved. 00 vt 


Le ! tetas 


Example 10 Without using AM and GM, prove that 


oe + JS + [82 > Va + VB + ve. 
c a b 
Let |= =u? 
Cc ee ere 
re =v? and 52 = w? 
a b sslocineaieeiticn 
In uit Gra) > 210 


As we know that — 


Solution 


erhs 


u? + v?-+ w2 > UV + VW + UW 


Now, u*v? = J» 4s i 
c.a 
u’v? = Vb? 
uv? =b , 
YET) snussenai 
uv = Vb 
+ 2.2 be _ ac 
Similarly, vow? =.J/— x... 
y ( a B {!t 
[¢2 
! ‘Ww =e } 
.. Like wise . uw=Va 
.. We get 


fe + et er + b+ Ve 

c 8 Ao WoBsensor brn umoe a 
Example 11 For reala, b,c > 0. Without using AM or GM, prove that 0" 
a’? bec? ota? |" 


+ +—> >ab+bc+ca. 
ea be °\ 
| 2dpee a2 = to.2 . Rv vos 
a*b* b*c* . c*a (2)() (2)(<2) (=)(2) 
oe 4 te | —]] — | 4] — | — I | = | 
Solution ot + = be c)\a =p ee mg | er 
2,2' 22,9 “309 
ie Lia $25 >b? +a? +c? 
c a 


Now, we know that 
a*°+b* +c? >ab+be+ca 
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2°? + b’c? + 0a® >(ab)(bc) + (be)(ca) + (ab)(ca) er a 


...(i) 


...(ii) 
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.. From (i) and (ii) 


a’b? , b’c? | o%a? . aby be +.ac 
ae ae be 
Concept 
Maximization Principle 
(a) Whenever we write x 2 a, this is analysed as ‘a’ is the minimum value of x. 
(b) Whenever we write x < a, this is analysed as ‘a’ is maximum value of x. 
(c) If we have a< x < b, this is analysed as ‘a’ is minimum value of xand ‘b’ is maximum value of x. 
(I) Now, suppose we have ' 
S=k-x 

where k is constant. 


Now, ‘maximum value’ of S 


= k— (minimum value of x) 

ie., S<k-a 
:. We read as k- ais maximum value of S. 

Now, ‘minimum value’ of S$ = k - (maximum value of x) 
ie., S2(k-b) 
«. We read as k-— bis minimum values of S. 

(1) Now, suppose we have 

S=k+x 
Maximum value of S = k+ maximum (value of x) 
=k+b 
Minimum value of S = k + minimum (value of x) 


= k+a 
Note Student should keep the above concept for proving various inequalities. 
1 
Example 1 Lety=——_;——.* #0. 
oon 


Find maximum and minimum value of y. 
1 


min(x ++ +2) 
x 
, 1 — 1 1 
Now, min Ato +2 amin | x +— +2=24+55=7 («+ te2vx20) 
x 


1. 1 
Ymax i eet fol 


Solution Now, Ymax = 


Now, = L 


Ymin = , 
max(x+1+5) 
x 


Inequalities At 


Now, max(x+14+5] => max (x+)+5 
x 


=> -2+5=3 


xtig-0 Y¥x<0 
4 

Ts 1 

Varig ge OaY Ss 


Example 2 /fx+y=1,x>0, y > 0, then without using AM - GM prove 


()O<ay st (i) x2 + y2 25 
2 2: 
(il) x4 + y* 2 (ia(x+2) +(v+4) 22. 
Solution (i) Consider (x - y)? >0 
=> x? + y? —2xy >0 
Add 4xy on both sides, 
=> _ XP ty? + 2xy 2 Axy = (x + y)? > 4xy 
> 124xy 
1 
<— 
=> xy ; 
Also, x>O0y>0 => xy>0 
From (i) and (ii) 
1 
O<xy<— 
oe 4 
(ii) Let S =(x? + y?) 
S =(x + y)? - 2xy 
S =1- 2xy 
We have to find minimum of S. 
ny min(S)=1- 2max (xy) 
™ min (S)=1-2(2) 
4 
1.e@., g>i-iil 
2 2 
=> x24y2>1 
y 2 


(iii) Let S = x4 + y* 
S=(x? 4+ y?)?- 2x2y? 
S=S,-S,=S,+(=S,) "rr" 
Let S,=(x?.+ y?? 


We have, x? + y? 25 
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[ex + y=1] 
...(i) 
...(ii) 


.. (iii) 


[ se 1 
f a 
| rom (iii) xy < ;| 


.(iv) 
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‘Squaring, (x? + y?? 24 
1 
>-— 
si 4 
Let Sp =—2x?y? 
We have, ny st 
xty? st _axty?a—t 
1 
a,>b, and a,>b, 
= ) a, +a >b, +b, 
1 7 i 
S,2---=- 
= St S2247 ge 
2 2 
(v) Lets =(x + +) +(v+4) aytagtan ur ya 
x y, Xe Vey 
id 2,2, (x+y 
=x +yo+ 
‘ 2y2 
S=S,+5)+ S3 
Let S, =x? + y? 
ae 
S25 
24 y2 
xe + 
Let Sp = ae 
Bo Bid 
xe + yo 2— 
» 2 
{ 
2 
x <— 
4 16 
1 
NA es = ee 
: { 
Multiplying (ix) and (x) 
2. 2 
is a 
x"y 
=> S28 
Adding (viii) and (xii) 
S,;+S,2—+8 


On addin 


=> 
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1 


g $3 on both sides - 


‘ S, + S24 S325+8+S; 


S\+S,+Sy2548+4 


..-(V) 
...(Vvi) 


[from (iii)] 


...(vii) 


[from (iv)] ...(viii) 


...(ix) 


oeilX) 


...(xi) 


... (xii) 
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= S/+52+5,2>2 [+ 5) =4] 
25 
Paes 
=> Ss 3 
ag 1/7 _ 25 
So, +— +—| 2— 
(x - +(y 4 2 


Example 3 /fa>0OandneN, then prove 


qa’ (- 1 
SE a 
Itata?+..4a7 2n 

, 3 
a 


Solution Let S= 


1t+at+a?+...4a™ 


. 


we 


Dividing numerator and denominator by a” 


{ 
meg 1 1 


ig 31 2 i 
—+--~ + —S +... t+—-4+14+4+a°+..4€ 
n a= q’-2 a 


-- We have to find maximum value ofS. 


«. Maximum S 
1 


Tf a) v-pt ay in patina ut isiosa ~ 
min|t+(a+2)+(a¢s5)++(a7+2)] ; 
L -a a a’ | 
ee ae § jlowy 
~14(2+2+...ntimes) 
V+ ds Means so Veet ge8.2 
a 2 
Max (S)=—1—. ae ' 
(a -TaAnenty 2 oy! + . 
1 
Ni§<- Leon! HSV btu shut) iorli, ee . 
1+ 2n eee Ny At (i) 
Now, ced V#2n>2n VneN 
1 1 
————— j a: 
” 1 hen, .2n .. (ii) 
From (i) and (ii), we get 
1 1 
1+2n 2n 
tqeomoD (aigerisbnul ieigsai dtu: 
=> o<e ' . . 
a", el; 
= 1t+ata’+...4a” 2n 


| 
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First Fundamental Special Concept 
We know @a- b)? 20 
=> a’ + b? - 2ab20 
a® + b* > 2ab 
2a? + 2b? >a? + b? + 2ab 
2a? + b*)> @+ by 
a? + B25 (a +b? 


YouUdzYA 


= a+b? 
a+b 


1 
>= b 
—— ) 


Second Special Fundamental Concept 
(@ fe by >0 
a‘ + bt —2a’b* 20 
| at + bt > 2a°b? 
2a* + 2b* > at + bt + 2a*h? 
2a! + b*)>@? + bY 


4 4 
si balute 


Third Special Fundamental Concept 


{x2 +y? + ya? +b? > Ve + ar + y+ by 
-- Squaring, we get 


x2 + y2 +a? +b? + yx? + y? ya? +b? > +a + V+ bP 
=> 2)x? + y? a? + b? > 2ax + 2by 
= \x?2 + y? a? + b? 2 ax + by 
If ax + by < 0, then (i) is true and given inequality is true. 
If ax + by 2 0, then squaring (i) 

(x? + y*)a? + b*)2 (ax + by? 

which on arranging becomes ; 
(ax - by¥ 20 
which is true. 
“. Result is proved. 


Fourth Special Fundamental Concept 
We have, (a - b)? 2 0, a, b are +ve 
a* + b* -2ab20 
at +b®22ab 


(.: both sides are +ve) 


-() 


Inequalities 
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Note a?+b?-ab>ab 
Multiplying (a + b) on both sides . ; : 


(a+ b)(a*-ab+ b?)>aba + b) 
a® + b? > abla + b) 
3, 43 
a°+b Bap 
. a+b ts 


Fifth Special Fundamental Concept 


We have proved earlier 


Now, we can write 


or 


or 


Example 1 


Solution 


Example 2 


Solution 


a?+b?+c?2ab+be+ ca 


(a+ b+ c} —2ab - 2be - 2ac> ab + be + ca 


(a+ b+c¥ >3(ab+ be + ca) 
; 2 
(2225) > 1 @b + be + ca) 
3 3 
2, 4.2 it 28 2. Te 
Without using AM and GM, prove2?*©- 4 © 2 ae ze 2a+b+e. 
b+c ct+a a+b 
From above fundamental concept 

2. ps2 

a“+b* _ 1 
We have. 2—(a+b i 

e hav ace 5 (a+b) _ ..(i) 

be+c°_ 1 

Pie 25 (b+e) ...(ii) 

c?+a? ot ’ 

SS eee 
and ave 25(c+a) ...(iii) 
Adding (i), (ii) and (iii), we get 

Big jp? Died  D 2, 22 
a*+b +2 Ho oe +e — 
a+b b+ce Ct+a 


Without using AM and GM, prove 
a‘+b*  b* +c 
a? +b*° b* +c? 


ci+a‘ 


3s 2 ab+ be + ca. 
c+a 


From second fundamental concept 
a4 +b’ _ 1,5 


2 
ae oe" nerd (i) 
ee 
fae 2 ai (ii) 
Of peg” 1 ry 2 
and > 25(c? +a*) vii) 
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Example 3 


Solution 


Example 4 


Solution 


Example 5 


Solution 
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Adding (i), (ii) and (iii), we get 
4 4 4 4 4 4 
a’+b" b’+c" c+a 232 2 : 
+ —-——~ 2a + D° +C me ( 
at+b?) b?+c0% c*+a2 | 
Also, a’ +b? +c" >ab+bce+ca ...(ii) 
at + bi tee +a‘ 
a’+b* b*+c?: c*+a? 


5 2ab+be+ca 


lfA+B+C =n, without using AM and GM, show that : 

, C. 

sin’ A+ sin4B + sin’ >32sin& sin 8 gin © cos? A cos? 2 cos? = 
2 2 2 2 2 

We have, a* + b4 +.c4 >abc(at+ b+) 


w- «\gint A +sin4 B+ sintC2'sin A sinB sin C(sin A + sin B + sin C) 


=> sin’ A +'sin* B + sin* *czsin4 cos 4 sin 5 
2 2 2 
cos sin © cos ©4008 cos Sos s£} ‘Th A+B+Ce=r] 
2 2 3 2 2 ; 
: ain A+ ke sinC = seen tees con’. 
‘ 2 2 2 
=> sin* A+ sin* B'+ sin¢C 2a2sinS sin & sin dos‘ & cos > 4B oa 
a, b,c are +ve, prove that 7 
ai+b2+c%> J [abla + b) + bo{b +c) + calc + a) 
From fourth fundamental concept, we have J 
a? + b® > abla + b) ii ...(i) 
b?+c* >bo(b+c) 2 peak Ail) 
co? +a° >ca(c+a) , .. (iii) 
Adding (i), (ii), (iii), we get 
=> Aa® dalek Sat pitas etree 
a+b?+c%> 5 [abla + b) + bo(b + c)+ ca(c + a)] 


Without using AM - GM , prove that 


tan? A tan? B tan? C > Stan A tan B + tan B tanC + tan A tan C). 
From fifth fundamental concept 
2 
(ee) >< (ab + bc + ca) 
Let a=tanA 
=tanB 
c=tanCc 
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We have, 
2 
[erat eeene) ><(tan A tan 8+ tan B tan C + tanC tan A) 
If A+B+Ce=n 
tan A+ tan8 + tanC =tan A tanB tanC 
=> tan? A tan? B tan? C > Xtan A tan B + tan B tan C + tan A tan C) 


Arithmetic Mean (AM) 
AM of a set of n+ve real numbers a, @3,..., 4, is defined to be the average value of the n numbers. 
n 


ie., 


Geometric Mean (GM) 
GM of the same set of numbers is defined to be 9/a, x a x... @- 
If a,b>0, then a, 2+ b ,b are such that the difference between consecutive terms, viz., 
a+b_ a,bp-a+b 


2 
inserted between a and b to get an AP. Again a, Jab, b are such that the quotient of consecutive terms 


vab 7 are each Je ie., the same a, Jab, b is said to form a GP and Jab has been inserted (as a GM) 
a 


between a and b. 


are each ae ca ie., the same. The three terms form an AP ae is thus, an AM 


Jab < $+" A (hos nitty ' i) 


GM< AM 
Now, (i) is equivalent to 2Vab<a+b 
(Multiplying an inequality by a +ve real number does not alter the inequality): 


Le., O<a+b- 2Vab ' 
Subtracting the same real number from both sides of an inequality does not alter the pena 
ie, a+b-2Vab = = bi ia 20 


— SO TES egy 


Note The Epi shows that ab = a ‘fand hel it Va = = 0 Bora= b. 


To sum up AaB rat : +P ie GMs AMequality holds, if and only if both the quantities are equal. 


The GM- - AM 
inequality is true in the general form 
nla, 0a, <i t-* On Ay +...+Q, 


If equality holds and only if a, = a, =...=a, 
It is easy to deduce it for a set of 4 +ve numbers from the case of 2 numbers for 


9,420;4, = aa, - Ya,a, 
= VV4142 + (4a, 


<; a,a, + Jaa; ) 
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This method can be extended to the case n = 2* for some k = 2, 3, 4,.-- 


Now, we have to prove : 
a + a + & ...(ii) 


4,420; S 3 
for a, >0,i=1,2,3 
Let a, =x} 
G2 =X} 
a, =X} 
x,>0,i=1,2,3 


Now, (ii) becomes : 
3x, XpX4 <x} + x3 + x3 
or x? + x3 


Rewrite LHS of (iii) as 


+ x3 — 3x,x5x3 2 0 .. (iii) 
Oy + Xp, + Xs MRT + XZ + XP — XpXq — XoXy — XQ) 


Ls —XoF + & — XP + & — X10") 


= Oy + X_+X 5 


-: The sum of three squares is always non-negative. 
The equality can occur if and only if . 
X, =Xz =X3 OF A, =A, =A. 

Geometrical Interpretation of the AM-GM Inequality 


We have segments of length a, b on a straight line putting them side by side along PR and RQ 
Ois the mid-point of PQ. 
Draw a perpendicular to PQ at R to cut the semicircle on PQ at.A and A’. 
By the secant theorem ‘ 


PR-RQ=a:b=A'R- AR= AR? 
or AR =Va-b 

AR represents the GM of a and b. 

AM being PO = radius of circle 

-; In any circle, half of a chord is less than the radius. 


Jab < @+5) 
2 


equality hold if and only if 
Cauchy's Inequality or Cauchy Schwarz Inequality 
If a, b,x, y are real, then 


lax + by|s Ja? +b? jx? + y? 
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Proof To prove 


(ax + by)? < (a? + b2)q? + y2) AA) 
ie, a’x? + 2axby + ete + ay? + b’x? + bey? 
” . 2axby < a®y? + bx? 
- a*y* — 2axby + b’y?>0 
= "| (ay - bx¥ 20 


which is true. 
Similarly, if a,,a,,...,a,;b,, bp, ...,b, are all real . 


Then | a,b + ab, + ...+ Aqbyl< fa? + a2 + ‘ye +b3+...+b? 


Note Let P(x, y) be a point in the plane having origin oO. 
Let ax +by=Obea given Straight line through the origin. 


a? 4b? 
Straight line ax + by = 0, x? +y? is the distance of x, y from origin. 
The slope of the line is > and of the line joining origin (0, 0) to (x, y)is Y. 


Then irrech is the perpendicular distance PM of P (x, y)from the given 


If these two lines are perpendicular and only then, * (#) =-lorf=2 
This is the only case in which equality occur. 
Harmonic Mean aie 


The +ve number « 


is called the HM of a, @>,... a, and is denoted by H. 
Example1 /fa>0,b>0,a+b=1, show that 
* a b ‘ 
Solution «- AM>GM 
=> = 2 > Jab 
a+b2 oVab 


12 2Jab 
4abs1 


abst fi) 
v7 wast 
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1 1 ; 
lero + [8+ 7s 1 1 
Now, tia nh fe (ee f. z eh [-- AM> GM] 
say, fer ss 22. 64+ 8-5 +a)+ : 
ary mrs. +) © ae 


2 te a 
22,/64 + Lm — 
22 “ap ape * . 
“+ a? + b* > 2ab 
>2/644+16x4+16 . 8(a? + b*) >16ab 
8 (a? + b*), 16 
ie a°b* = ab 
> 2144 
222x122 24 
Example 2 For any +ve a,b. Prove that 
: 1)? 1)? « , 
(2+2) + (o+ +) >8. 
a b ; 
Solution Using AM-GM inequality 
2 2 2 2 
(2+2) +(v+2) 22 (2+2) (o+2) 
a b a b 
2 2 
(2+2) +(o+2) 22(ab+t+242 
a) ' b ab b a 
1/7 1)? le ab+ 29] 
(2++) +(o+2) 2ae+ 2) 
a, 259 
b 
4) m1? 
Hence, (2 + ) + (» + +) 28 
a b 
Example 3 /fa;, 42, 43,-.-, 4, are non -ve and ayaa, .. 2 =1, then show that 
(1+ a,)(1+ a)(1+ a3)...(1+a,) 22”. 
Solution By AM-GM 
1+4; 
> = 
(4 5 \) Ja f=12,. 
Multiplying the inequalities, 
(14 a,)(1+ a)... (1+ an) 2 2" fayao «.. Ay 
(1+ a,)(1+4)...(1+a,)22” [‘2 aGo ... 4p = 1) 


Hence proved. 
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Example 4 /fa,b,c>0,thenshowthat 
a*(b+c)+b*(c + a) + c%(a +b) 2 Gabe. 
Solution —_By applying AM> GM for 6 numbers 
‘a’b, ac; b°c, b*a, c7a, c*b 
2 2 2 2 2 2 A 
ai a‘c+b ad a+cat+c »  ta’b-a2c-b°c-b’a-07a-c*b]6 
=> a*(b+ c) + b*(c + a) + c%(a + b) 2 Gabe 


We get, 


Example 5 | /fa,b,c are greater than zero. Prove that 
b+c ct+a.at+b 
—— + —— + —— > 6 
a b) c 
or bce(b + c)+ ca(c + a) + aba + b) > Gabc. 
Solution From example 4, we have rn 
_a*(b+c) + b%(c + a) + c%(a + b) 2 babe 


=> ~“(a®b + b?a) + (a2c + 07a) + (b°c + cb) = Gabe 
=> ab(a + b)+ ac(a+c)+ be(b+ c)=6abc 
s (222), (2£2)+(P#2)26 
c ‘ b a 
Aliter 
a,b 
b a 3! a . b 
2 i 
ab 
=> aoe 2 ...(i) 
— bD“Ce 
Similarly, ie + b >2 (ii) 
ac 
and aa ..(ili) 


Adding (i), (ii) and (ili), we get 


keateall aa H 
vin 2 Geb)el 
ms 


Hence proved. 


ole 
+ 
T19 
eee 
+ 
ME, 
9/9 
+ 
own) 
A 
Vv 
o 


o1e 
a 
919 


a 
+ 
“— 


om EY) 
+ 
os 
SY 
Vv 
o 


o— 
o 
oO} + 
° 
<7 
+ 
Vea 
beh) 
Q|]+ 
Co 
YS 
Vv 
a 


Example6 /fa,>0, Vi =1,2,...,n. Prove that 
(aytaytta)(Lete et) oa 
a a> . & 


Solution «+ AM > GM, we have 


a+ aagt...+4 
———— >(aa2 _ a,)"" 
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ee, | ari 
and aa a, 14.4) 
n a 
=> (a; + ay +... + Aq) > Mayag -.. An)” 
Yn 
and’, gisi<© «(Leben dota] 
a ap an AjAQ «-- An 
: aac 1 (un) n 
=> (a, + a)...+a,)] —+—+...+—]>nlaja2... 4 —_,, 
a ni(2 Be. | [ae nl (Sar .8 Ve 


1 1 
=> (a,+a;+...+'8,)|—+—+#...+—]>n? 
3 ay) ap ay 


tele ‘ rn “y\ { \ 
2490 : ) ‘ ‘ 1 


Example 7 Show that | 


Solution 


gos é 1/1 1 1 

Similarly, +(2+2)> (4) 

. 1 

i.e., 

and s(2+2)> Jie, t+t>2() 
a c a 


Adding these three results 


(t+t}+(E+3)+(+5 i ih Sa 
a b}: b c) \e ab be ca 


a 
he teal 1 1 1 
at+2++)>e{ ++) 
of _ Aa Db) ~'c ab be ca 
11 ¢=41 1 1 1 
Combet > + SS gt 
oy abe ab be ca 


Hence proved. 


Example 8 /fx, y, z are three +ve integers. Prove that 
(xyta(t+tet}>a (RMO 1994) 
x yz 
Solution ~~ AM > GM 


X+y+zZ 
Q 


>(xyz)¥3 
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OF ateua we XAY + Z>Axyz)"o ave | ---(i) 


V3 
Similarly, (2 a ‘) 33 (2 mi 4) Ai) 
| y 2 x Vz 


Multiplying (i) and (ii), we get 
1 4 ate 4 "3 
(x+y+ (+ +—+ ) > 9(xyz)"9 (3) 
x yp. zee xyZ 
=> vty +ai(t rist)sg 2 
y 2 
Hence proved. . 


Example 9 Prove that 


a. a a &-1, a , 
Dp eee La on ph Ae a Sas, (RMO Punjab 1993) 
a2 43; a Ay A 
Solution = -; ou ve AM:> GM |: 
1fa aa ‘py - : ae 
AL fic i! 2 OO vs A a ok 
nla, a, a, a ay a, a3 ay a a, 
a a , a 4-1 a 
or [Si + St + S44 tate Se) > may 
a a, a "a, hee | 
a a a ap, - 
or eae roe Pe 2 alk) PT 
4. 43,, 44... 4, 


Hence proved. 


Example 10 /fa, b,c > 0, show that. ' 


ae amp 
b+te cta’ a+b 2 ) 
\ a ‘atb+co .. 
Solution a 


d eS ee 
on | a+b a+b 
Now, u 
LHS = (atb+o)( t+ ie zu )-s 
b+c ct+a at+b 
1 1 1 1 1 1 
as Ge eros SD tboty 
i b+e ct+a a+b \b+c c+a a+b 
Also, 2(a+b+c)=(b+c)+(c+a) +(a+ b)23 (b+c)(c + a)(a+b) 
1 1 1 3x3 
es 
So, (arb+o( st +c cra 8) 2 
a b Pies: >9_3-3 


atc * ora a+b 2 2 
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Example 11 Find the minimum value of fa? + b?, when 3a + 4b =15. 


Solution [3a + 4b <fa? + b? (3? + 42 


= 5,/a? + b2 [By Cauchy's inequality] 
So, under given condition 
2. pe ao 
Ja + b® 2—=3 
5 
Weighted AM-GM Inequality 


If a,,@,...,@, are m+ve real numbers and m,,M3,...,m, are n+ve rational numbers, then 


1 
m,Q, + M20, + ... + M,a, = (a™ itz. qitin ym +Ma+..+Mp 
m, + Mz +...+ My as ss , 

Some Important Inequalities 
(A) If a,,@),...,@, are n+ve distinct.real numbers, then 
(i) ar +ay'+...4am >(4 oooh 


n n 
if m<0Oorm>1 ; 
(ii a” + ay’ +...4am <(4 +@,+ ata" 
n n 
if O<m<l 
ie., the AM of mth powers of n+ve quantities is greater than the mth power of their AM except 
when 


mis a +ve proper fraction. 
(iii) If a,,@,...,@, and b,, b,...,), are rational numbers and mis a rational number, then 


bay" + boa’ +....+ Pan. ( Bay + BoA. + ...+ PpQn . 
b + by +...+b, b, +b, +...+b, 


ifm<Oorm>1 


d bay" + bay +... + Byam (Bay + bya +... + bady )" 
_ b+ By +... + Dy hb tact i 
if O0<m<l 


(B) If a,,@z,@3,...,@, are distinct +ve real numbers and p, q,r are natural numbers, then . 
Geter 5 ern t* + te ater RAB tt On A +A t..t aq al +ay+..tah 
n j n n n 
(C) Weierstrass Inequality 
(i) If a,,@,...,@, are n+ve real numbers, then for n22 
(QL + a) + a2)... 1+ a,)> 1+ a, + Ay +... + Ay 
(ii) If a,,a@,..-,@, are +ve real numbers less than unity, then 


(1 - a, )(l - ay)... 1 - @,)> 1 - a, - ay -...- ay 


Inequalities acisM \ 


(D) Tchebychef's Inequality : 
If a, @3,...,@, and b,, b,,...,b, are real numbers such that 
@ $a, Sa,S...S a, 


and BSB, SB S..Sb, 
Then n(@,b, + asb, + vas + AnD, 2 @, + @, +... + A,B, + by +... + b,) 
or a,b, + anb, + ...+ anb, 2(4 +A, +...4 m)(” + by +... + 2) 

n n n 


’ 


(E) Holder's Inequality 
(4b, + yb, +... Andy P? sQ? + ab + ...+ ah)9 GF + bY + ...+ D4)? 


where ; + ; = 1, a, and b, are non-negative real numbers. 


Example 1 /fa, bare +ve real numbers. Prove that 
Zig poVato a+b 

(i) (2 22 } > a®b? (ii) aa? <(#2°) <a®b? 
at 2 

Solution (i): Weighted AM > Weighted GM’ 


1 
(22222) (ar. cry? 


a+b 
2 2 a+b 
=> (2 4 >a p? 


(ii) -* Weighted AM > Weighted GM 


1 
b-at+a-b (a? . payer 


> 
bt+a 
1 
as 2ab >(a?-peyet? 
a+b 
1 
at+b_ 2ab b payatd = a+b 
= : >be b*)  AM> HM, ar a 
1 
a 252 3(aP yeyre 
a+b 
- (22) > ab! 


_ Again, «: weighted AM > weighted GM 


aitapt a b : 
_ ~a-=25|(2) (3) r 
a+b a b 
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2ab 
a+b 


...(i) 
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Ss i 8 seeateh ay 
ye Be ier ieee 
at+b 
2 1 
=> past. E 
[Z| ae 
i. — 8) ath 
air aha diel ate? >(22°) ate ii) 


From (i) and (ii), we have 


Example 2 Prove that 


yr+ze 24x xe +y 
FF A MEY ZS 5 
y+z Z+x x+y 
Solution AM of 2nd power > 2nd power of AM 
y* +2" >(42 - 
200 LQ De 
eel? 
=> \. y+ ztoa(2 } 
2 
2, 52 
ye+Z°_ yrz ; 
=> re a (i) 
Doe eer 
x°+2° Z+xX ; 
sts 7 . 
Similarly, rie > (ii) 
Zia? mara) 
ot axe eye x+y = 
—<— > —_—_ 
and N+Y 2 (iii) 
Adding (i), (ii) and (iii), we get 
yrtz?  z2ex? x? +y? 
+ ——. + ——— > xt+y+z 
y+z Z+x x+y 


Example 3 /fa,b>0 such thata® + b® = 8, then show thata + b< 2. 


Solution AM of (3) th power <(3) th power of AM 


(a3)"3 + (b)"3 , ( x ey" 
2 2 


Inequalities  - 
Example 4 


Solution 


Example 5 


Solution 


Example 6 


Solution 


Example 7 


Solution 


lfm>1,neNshowthat > ‘ 


17+ 274.2774 29 4 DM an! (2? — 1)". 


m>0 


AM of mth power > mth power of AM. 
m 
174 274 474-874. 4(D-1Y" {4 24+4+ oe 


=> 


n n 


m 
Hs BP 4M Go spe = >0(2="} >n'-™2" -19” 


Hence proved. 


Ifm>1, then show that 2” + 47 + 6”. + ...4+(2ny" >n(n +1)” 
AM of mth power > mth power of AM 


=> 


=> 


Hence proved. 


27 + 474 674.4 (2n)" ere 6+... + 2n) 
n wag 4 n 


27 4 4 4 BM 4.1/4 (Ony” >a[ aoe 
274 4 + OT H+ (2nY" > n(n +1)” 


If nis a +ve integer > 1, show that. 


Vit VB+V8+...4 Vien [2*! 


AM of (5) th power < (3) th power of AM 6) 


Since, 


Show that 


where 


Fie B ++ tren( Ae) 


O<mei 


n 


Ae Beth (eet 3ue a)” 


n 


m 4n 
Ch Ch 08 n+ Gb > Z, 
n 
n n! 


*T(n—nt 


AM of 4th power > 4th power of AM 


y 


Gt tGh (G+ G +4 Gy) 
n n 


2) 
C+ Gh+C+..+0f>n{ 2) 
n 


4,74, 74 al 
Co + Cl + C2 +..,4+ CF >= 
n 
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Example 8 /fa,,a5,...,a, are +ve real numbers Jess than unity and S, = a; + a2 + ...+4,, then 


Solution 


Example 9 


Solution 


“4 
1+5S, 


(i)1-S, <(\-a,)(1 -a)..(1 ne 


(ii) 1+ S, <(1+ a,)(1+4 ao)...(144,)< us 
1-S, 


provided S, <1. 


We have 

' O<a <1Vi=1,2,...,n 

= O<1-a? <1V/=1,2...,n 

=> 0<(1-a,)(1+ 4) <1V/=1,2,...,0 ‘ 

> O<1-a,<—- and0<1+4,< I Vi=1,2,...,0 
1+ 4, . 1-4, 

=> 0 <(1+ a,)(1+ a2)...(1+a,)< L 


(1-a,)(1+ a)...(1+ 4,) 
By Weierstrass inequality 
a . (1+ a;)(1 + a9)... (1+ a,)>14+ (a, + ap +...+ a,) 


and . (1-a,)(1-a2)...(1-4,)>1-(a; + ap +... + a,) 
= (1+ a,)(1+ a)...(1+4,)>14+S, 

and (1-a,)(1-a5)...(1-a,) >1-S, 

o 1 


(+ ayi+a;)...(1+a,) 145, © 
1 1 
(ial —a,)...(1—4,) 1-5, 


From (i), (ii) and (iii), we get» 
1-S, <(1-a)(1-ap)...(1-a,) < 


and 


1 
1+S, 


and - 1+5S, <(1+4;)(1+ a)...(1+a,)< J 
1-S, 


provided S, <1 


If 5, aye an be +ve real numbers. Prove that 

(a, + a2 +...+4,)° $n%(a? +3 +... +49)» 
Also, show that equality sign holds iff 

a; =a =... =). 
Let two sets of numbers are 

a? gl. cal andal”,as- 
By Cauchy schwartz inequality, we have 


v2 3/2,,1/2\2 
(a22al? + a3lal? +... + a/all?) 


evn” 


S(a? + a} +... + a2)x(a, + a. + 


or | (a? +a34+...4+42)? <(a? +43 +...+43)(a,+a,+.. 


Again taking two sets of numbers 4,, 42,...,4, and 1,1,...,1. 
Applying Cauchy Schwartz inequality 


i) 
...(ii) 
...(iii) 
wet ay) 
-+ a) «--(i) 
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(24-14 ay Vt we Hay)? S(a? + a8 #4 a2)? +12 +1? +... 17) 
‘or (ay +a +... ¢ an)? Sila? + a3 +... + a2)? ...(ii) 
From (i) and (ii), we get 
(a, + a) +... +a,)* $n%(a? + a3 +... + ay) (ay + Ag + + + Ap) 


or CO (a tayt.. +a, sna? + a3 +... + a9) 
Equality sign hold if and only if 
al? ai? gil? 
al? al? A 
ie., if and only if a, =a =...=a, 
Example 10 Prove that 
1, 2, 3 non+i(1, 103 4) 
— + 4+ —— +... $= 2 | - + tt 
hen inst ae a1 2 (+4 wily ari 


where n is any +ve integer. : 
Solution Let nis a +ve integer such that1<2<3<...<(n-2)<(n-1)<n 


1.1.1 “1 hi 1 

’ ->=>=—>...> >——_ >-— 

1.2 3 n-2 n-1 9n 

1 1 1 tt 

or —<—< <...<2<2<- 
n n-1 n-2 3°21 


For two sets of numbers 1, 2, 3,..., 9 


and a oe 
n 


n(1-2 a + g-—- + +n) 
n n n 


2(14243+..4n)x(be ts L + +t) 
: n 1 


n~1t n-2 

1 2 3 n n(n+1)(1 1 OA ee | 

n| —+—— + —— +... + —] >———+] — + —_— a 

> (: i a "| . 3 (t+ oes 
1 2 3 | nyin+i1(1 4 1 
—+—+ +...4+—|2——] —+ —— = 
(: 4 wae 4] 2 (f+ ore! 


Example 11 /f a, b,c, d are +ve real numbers. Prove that 
(a5 + b® +08 +05) > abcala +b+¢+d) 
Solution Assume a<b<c<d 
Then at <b* <c‘ <a‘ 
For two sets i.e., a,b, c,d { 
and a‘, b*,c1,d4 


246 Indian National Mathematics Olympiad. 
Apply Tchebychef's inequality, wehave. | ©; 
, (a+b+c4d)(a*,4.b4 +04 + 0*)s 4a-a* + b-b4 +¢-c4 +d-a") 


4 4 4 4 
or (a8 +b +84 d%ja(a+b+o+q)e tote +9) 


4 (i) 
a" + b’ ae + a‘ >(atb4cta*)"4 
=> aebt pete one . 
- > 
4 4 4 4 
or (a+b+c+g)F 4? 4277) s abcd (a+ b+c+d) 


Thus, (a° + b° +c°+d5)>abcd(a+b+c+d) 


Jensen's Inequality 


Suppose f(x) is a twice differentiable function on an interval [a, b] and f’’ (%)< OVa<x<b. 

Then for every +ve integer m and for all points. 

X1»X2sX3o---)Xm in [a, b], we have ; 
j(M$AR Ra )e FQ) + F&2)+..+ F&m) 

m © m 
Moreover equality holds if and only if x, =x, =x3 =...=X, 

Note ‘In this case, graph of f(x)is concave down. fee epee 3 

Corollary Let f’ (x)> 0 and f’’(x)< 0 

and let x, ,x. € [a,b], then 


p(t) » fis fe 
a ee 


Coordinates of M are fart ’ Meus Ml) 
2 


Thus, (+ b>+c+d°>abced(a+b+c+d) 
Coordinates of R are pats st (a3*)} 


Now, from the figure y R (x2, f(x2)) 


RC> MC 
rc=f(% a 
2 


mc = £%1)+ F&2) 
2 

xX) +X f£&,)+ Fe) 
r( 1 5 z)e , 


Concept If f’’(x)>0, Vx e]a,b[, then 


F(X thy tat Yn) Pe Pg) fn) 
m m 


‘Note In this case, graph of f(x)is concave Up. — 


Inequalities 


It is easy to derive the AM-GM inequality as a special case of the Jensen's inequality. 


Suppose Y,, ¥2.... Yq are +ve real numbers. 


Let 


x, =logy,; fori=1,2,...,m 


ie., logarithm w.r.t. the base e (so that for i = 1,2,...,7m, we have y, =e”). 


Take [a,b] to be any interval containing all the numbers x,,X2,...+X%m 
The function h(x) = e* satisfies the condition in the inequality. 


h’’ (x)= e* is +ve. 


.. By Jensen's inequality, we have 


Le, 


Xp + Xp + -. + Xm 


‘ = pet tet+ tee 


m 
e% =y, fori=1,2,...,m 


- a 
Vac Veg Pt SLE E en 
m 
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which is truly by AM-GM inequality. Also, equality holds if and only if all x,’ are equal which is same 
thing as saying that all y,’s are equal. 


Example 1 


Solution 


Example 2 


Solution 


ABC is an acute angled triangle, show that 
cos A+ cosB+cosC<3/2. 
+s ABC is an acute angled triangle. 
.. A,B, C would lie in the interval [0, x /2] 
Let h(x) =cos x 
h’(x)=-sin x 


h’’(x)=-cos x <0 Vx «pl 


By using Jensen's inequality 


iG + X2 Hot ta) 5 f(X4) + F(X2)... (Xm) 
m 


m 
- cos(A* 8 +0) , 20s A+ cos B+ cos C 
3 
Now, A+B+C=n 
- cos = > SOS A + cos B+ cos C 
; 3 3 
=> cos A+cos8+cosC<3/2 


Equality holds if and only if A=B=C 


Ina A ABC; A, B,C €(0, m), show that 


cos A+ cosB+cosC<3/2. 
Here, it is not given that the AABC is acute angled triangle. 
So, we need to modify the solution a little. 


For this, we first note that in any AABC (whether it is acute angled or not). 
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sin .. sin . sin . are anvays +ve. 
+ a) ( A- 2) 
cos 
2 2 
A <2sin— 


= 6 A-B C 
} = 28inz, 03( 2 } "3 


Similarly, cos B + cos C < 2sin 5 


Hence, 


cos A+ cos B=2cos ( 
Cc 


cos C+ cos As 2sin = 


Adding these we have 


{ . 


cos A+ cos B+ cos C<sin 4+ sino + sinE zeit) 


Instead of applying Jensen's inequality to the function f(x) = cos x over [0, 1], as we 


do not know about second derivative of cos x which is neither +ve throughout nor—ve 
throughout in 0< x <n. 


.. By applying Jensen's inequality 


pager x 

for a(x)=sin(2) 
dg su 

9 (x)= 3 cos 5 


9'(x)=-4 sin% <0 xin] 0,x[ 


.. Applying the inequality 
5 [ME "| > HA) + 9(B) + 9(C) 
3 7 3 


A cut. eG 
sin — + sin— + sin — 


af te BURRESS o,f 


At Ba be ; 
=> sin > + sin= + sin ..(ii) 


From (i) and (ii), we get 


cos A+ cos B+ cosC <3 


Example 3 Show that 


fan A+ tan B+ tan C238, A,B,C ¢|0,2| 


Solution Let f(x) =tan x 
f’(x) =sec? x 
f(x) =2sec? x tan x >OV x €[0, 2/2 


A+B+C)_ f(A)+ f(B) + f(C) 
fArere | see te) 
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tan A+ tan B+ tan C2 3tan(4*2*°) 
oe T 
23tan— 
3 
‘tan A+ tan B+ tan C > 3V3 


Example 4 /f0<A <n, Vi =1,2,...;n, show that 
| Otietata) 


. n 
i 


sin A, + sin A, +...+ sin A, <n sin( 

Solution Let ' f(x) = sin x 
oe f’(x)=cos x 
f’(x)=-sinx <0, VxeJ0,2[ 
.. Using Jensen's inequality t 
(4 + Ap t...+ “) ” f(A,) + f(Ap) +... + f(A,) 
n n 
dis (At Ap t+...+ “.) > sin A, + sin Ap +...+ sin A, 


=> 

n n 
> sin A, + sin A, +...4+ sin A, snsin 1+ Ae -- + Ar) 

n 

Finding the greatest value of a”b"c? ...,when m,n, p,... being +ve integers,a+b+c 
is constant. \ 
Let Z denotes the product a”b"c°... 
Then Z =a™b'c? 


fete) fre) 
ete) ° 


=m" .n"-p? .., (2) 
m 
“+ m,n, pare constants. 
m,n”, p® are also constants. 


Hence, Z will be maximum when 
m n p 
(2) (?) (<) ... iS Maximum. 
m) \n/} \p 


a m b n Cc Pp ‘ 
But (2) (7) (<) ... is the product of m factors such that each equal to (2).n 
m} \n} \P m 


factors each equal to (7), p factors each equal to (<) etc. 
b 


The sum of these factors is equal tom (2) +n (?) + (2): ws 
m n p 


m n p 
a+b+c...,which is given to be constant. Hence, the product (2) (2) (<) a 
m) \n 


250 Indian National Mathematics Olympiad 


. a) ae abc ; 

will be ~ maximum: when all the factors ine .. are equal ie, when 
m 

a bc _e@#b¥oH... 

mn p M+n+Pt... 


Thus, the greatest value of the product Z from Eq. (i) 


m 
antag? ..(2+2*et=) 
M+nN+pta. 


re rad n m+n+ pt... 
a+b+cr... =m" pP a+bD+Ct... 
mM+n+pt... “(ment pt.) 


Corollary Let x,,x2,X3,...,X, are m +ve variables and Z is constant, then 
If X, + Xp + X3 +...+X, =Z (constant) 


ra n 
The value of x,Xx3 ...X, is greatest when x, =X =X; =... =X, and is given by (2) ‘ 


Example 1 Find the greatest value of a*b°c* subject to the conditiona + b+ c =18. 
Solution —_Let Z = a*b*c4 . 


27,\37\4 
Zz -2°3°4*(3) (2) (<) , (i) 
2) \3) \4 
.. Z Will have maximum value when | ) 
(5) (5) (3) ismasmun. 
—| |=] ]—] is maximum. 
2) \3) \4 


274.\37,.\4 
avV{ey fey: 
=| |=] |—] is product of 2+3+4 
eut(5) (3) (4) P 


i.e., 9 factors whose sum 


=e) 6) 


=at+b+c=18 (constant) 
27b\3c 4 ; 
o (2) (2) (<) will be maximum if all the factors are equal. 
a bc a+b+c 18 
i.e., If 2— = = 


2 . 3 4 24+3+4 9 
. Maximum value of Z from Eq. (i) 
= 22.38. 44(2)2(2)9(2)4 . [: : eis 2| 
= 2" x 3 : 


Example 2 /f2x + 3y =7 and x 20, y 20, then find the greatest value of x°y*. 


3 4 3 
Solution _Let Z=x%y4 -(3) (=) (=) (~) Ai) 
2x S 


4 
’.Z will have maximum value when (=) (*) is maximum. 


Inequalities 


Example 3 
Solution 
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ax)'(3y)" f which | 
But am is the product of 3 + 4 =7 factors, the sum of whic 


4 
=3 (=) + 4(*) = 2x + 3y =7(constant) 
c ; 
i (=) (%) will be maximum if all the factors are equal. 
i.e., 2X - SY _ 2x + 3y _7_, [" 2x + 3y =7] 


; 6:4. oF4-.7 
“. From Eq. (i) the maximum value of Z i.e., x3y4 


Jor BK 


27 256 32 
— x — 


8 81 3 


Find the greatest value of x2y3z‘: If x? + y2 +z? =1, where x, y, Z are +ve. 
Let A= x*y3z4 
then A? = x4y®z8 


x2)? 37 _2\4 
= 22.33.44/X || Y | [2° ...(i) 
2 3 4 
one 2\2/.2\37 _2\4 
.. A will have maximum value when A? is maximum ie., when (=} (4} =} is 
maximum. 
2\*/ J2\° ¢2\4 
x y Zailt « : 
But (=) (4) (=) is the product of 2+ 3+ 4i.e., 9 factors. 
2 2 2 
, x y zZ 
m of which = 2] —|+ 3] —]+ 4] — 
alias 7a NaC 
= x? + y? + 27 =1(constant) 


rg ak W rca 
“ (=) (+) (=) will be maximum if all the factors are equal i.e., 


[. x? Pi y+ 2 =1] 


From Eq. (i) maximum value of A? is 


z.a°.a(2) (2) (2) _ 2x3? xa 
9) \9) \9 9? 
Po" 42 


gis 
210 


a7 
3'° 


.. Maximum value of x2y3z4 is 25 x 3718/2. 
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Example 4 /fyz + zx + xy =12, where x, y, z are +ve values, find the greatest value of xyz. 
Solution Let A= xyz 4 


! A? = x*y®z? =(xy)(yz)(2x) i) 
.. Awill have maximum value when A? is maximum i.e., when (xy)(yz)(zx) is 
maximum. 
But (xy)(yz)(zx) is product of 3 factors. The sum of which xy + yz + zx =12 
(constant) 
Z 2X 
2. (xy)(yz)(zx) will be maximum if all the factors are equal /.e., if us = - = — 
w+ yz+2x_12_, 
: cote Tet+4 3 
From Ea. (i), maximum value of A? = 64 
“. Maximum value of xyz is 8. 
P fF gf 
Example 5 _ Find the maximum value of xyz when ~ =e +o re +e ot 
a® c 


Solution Let A = xyz 


. AP aatytze cathe (2\(4)(5) (i) 


Zz 
. Awill be maximum when A? is maximum i.e., when (3 BE 7} is maximum. 
ce? 


x2) (y? z 
eu ale is the product hi esees 


x? y? 22 


The sum of which = —3 + 75 +> =1 (constant). 
x? 2 ee 
5, [Z (22 ; will be maximum if all the factors are equal. 
x? y? Zz 
ae me one 
; aD ic 
ie., If | 4 1 1 
x2 y2 72 
nee b c -1 [ a 
1+14+1 3 [ at bf Cc 


From Eq. (i) maximum value of A? = a? - b*- o*(3) (3) () 


abc 
es i alue of A = 
Maximum v; Nerd 


Example 6 Prove that the greatest value of xy isc* /./2ab, ifa®x* + b*y* =c®. 
Solution Let z = xy 


z* =(xy)' = (a?x*)(b?y*) : Ai) 


(ab)? 
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*. Zwill maximum when z* is maximum i.e., when (aixt ety’) is maximum. 


But (a2x*)(b2y*) is the product of 2 factors whose sum is a2x* + b’y4 =c® 
©. (a2x4)(b2y4) will be maximum if both the factors are equal. 
24 | p24 
ie.,It IS 
1 i ) 
_ ax? + b*y* _& 
i ~ 1+1 2 
6\ (6 
“Maximum value of z* ns 2 3 a | fi 
_ (ab) 2 


Maximum value of zis 


Cc ; 
V2ab ° 
Hence proved. 

ENG © «3 


Example 7 /f x? + y? =c®, find the least value of S +—. 


x y 
Bs 2 2 a“ 
Solution tetzan +t at o2 
NAD EX y x“y x*y 
; i 
c? 

‘ ‘ 2/2 

x 1 

ii Let z=“ = 3 (x*\y?) (i) 


.Z Will maximum when x i is maximum but (x2)( y”)is the product of two factors 
whose sum is x? + y? =c? 


:. x2y? will be maximum when both these factors aré equal i.e., when 
1 1 1 1 

ce 

From Eq. (i) maximum value of z = 7 


a 


Least value of aint 
Saye 


Example 8 Find the greatest value of (a + x)*(a- x)! for any real value of x numerically less 
than a. 
Solution let. ., 2 =(a + xP(a-x)4 


> (ene) 


3 4 
, a+x\V(a-x). ‘ + 
zwill be maximum, when ( 5 } ( } is maximum but [" = 


4 
product of 3 + 4 =7 factors. 
The sum of which 


~9(22*) + 4(2=*) <(a+ 00+ (@-x)=28 
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ONS 
EP (2 ; "| (5%) will be maximum if all the factors are equal i.e., if 2 —— x =a 


or 4a + 4x =a - 3x or x=-S 


So, from Eq. (i) maximum value of z 


_ 93 4) -(a/7) a+ (aly 
=Y afa=eiyfaxem 


3 4 
| = 9°.44. 6a _8a_ 
’ 3x7) \7x4 


3 94 
-> aT 


Example 9 _ Find the greatest value of (a — x)(b-y)(c = -z)(ax + by. + ex where a, b,c are +ve 
quantities and(a — x),(b- y),(c — Z) are also +ve. 
Solution Let Z= a x)\(b-y)(e- z\ax + by + cz) 


=—_ pate? —ax)(b? - by)(c? —cz)(ax + by + cz) ...(i) 


+. Zwill be maximum when (a? — ax)(b* — by)(c? — ez) (ax + by + cz) is maximum. 


But (a? - ax)(b* — by)(c? - cz)(ax + by + cz)is the product of 4 factors, the sum 
of which 


ne, -ax)+(b? —by)+ (c? —0z)+ (ax + by + cz) 
=a’ + b* + c? (constant) 


:. (a? — ax)(b® — by)(c? —cz)(ax + by + cz) will be maximum, if all factors are 
equal, i.e., if 


_ ax +by+cz 

7 1 

_ (2° ~ ax) + (b* = by) + (c? ~ cz) + (ax + by + cz) 

1414141 
_a® +b? +07 ; 
7 4 
2. p2...e\s 
:. From Eq. (i), the maximum value of z= -s [PE] 
. abc 4 


Example 10 Find the value of (2+ *X+ x) 
(c+ x) 
Solution Letc+x=yorx=y-c 
Then, the given expression 
~(a+y-cYb+ y-c) _(a-c+ y)(b-c+ y) 
y y 
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_(a-c)(b-c)+ y(b-c) +y(a-c)+ y? 
¥ 


Sea aa WiGhd Ga c)+(a-c)+y 


[ea —- g 7] +0- c)+(a—c)+ 2/(a-c)(b-c) 
| 


We find that as the value of the given a varies as evaeee It is minimum 
when 


~a © ’ pee eXb=6) 7] is zero. 
He. MEH ENNH8) _ iad 

Vy 
or » (a—c)(b-c)=y 


. The minimum value of the given expression 


=(b-c)+(a-—c)+ 2j(a—c)(b-c) " 


Concept If the product of any number of +ve quantities is given, then their sum will be minimum if 
the quantities are all equal. 


Procf Let us consider first two quantities x and y. Their sum is denoted by Y’ and product by Z. 


Y’=x+yandZ=xy if M 
We know that, . & + yP -&-yP = dxy 
or W’P-@-yP= 
or YW’? =4Z + &-yRrorrin n 


It is evident that (”’)* will be minimum and Z remaining constant i.e., when (x — y)*\is'zero or when 


a= 


-y=Oorx=y. 


Let us suppose that there are more than two quantities. If we replace any two quantities xand y by two 
equal quantities /xy and Jxy, their product xy remains unaltered. Their sum is /xy + /xy ie., 2/xy 
which is less than x + y.[.; AM> GM] ~ 

So, the sum of any two quantities can be diminished by einai the quantities equal whereas their 


product remains unchanged. 
:. When all the quantities are equal their sum will have minimum value. 


Corollary 
i. 


If x,X2X3 -..X, = Z (constant), then the value of x; + Xz +X3 +...+X, is least when x, =x, =...=X,, 

then n(z)”" is least value of x, + Xz + X3 +... + Xp- 

If x; + Xp + X3 +... +X, = Z (constant) and if r may or may not lie between 0 and 1, then the least 

or the greatest Laine of xf +X} +X3 +..+X) occurs when X= a =X; =...=X, and is given by 
wt gt. 


If xl + x5 4X5 +...+X, and if r may or may not lie between 0 and 1, then the least or the greatest 
1 1 


if 2 
value of x, + Xz + X3 + «+ Xp OCCurs when xX, = Xz =X; =...=X, andis givenbyn ©: zr. 
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Example 1 
Solution 


Example 2 
Solution 
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If x?y® = 6, find the least value of 3x + 4y for +ve value of x and y. 
We have x*y? =6 , 


© @GT-- Os 


- ey(yy-* “ 


4 
Bhan: (*) ( “y) is product of 5(3 + 2) factors and product = 32, which is 


constant. Hence, the sum e these factors will be minimum when all of them are 
equal. 


ie., * oh | * % aa ii) 
2 3 5 
(=) (= = 32 or (=) =32=25 [from Eq. (i) 
3x 
or me 
2 
«. From Eq. (ii); we have 
3x _ AY _ 
2.5 Bia 


.. Minimum value of the sum of the factors of 
3x (2) (=) 4y . 
ae Lea! ee | ee —|= mi 
(=) 3 V2 +3(%) 22) + 32)=10 


Find the minimum value of bcx + cay + abz when xyz = abc. 
We have abc = xyz 


or (bex)(cay)(abz) =(abc)® ...(i) 


a Now, (bex)(cay)(abz) is product of 3 factors. Its product is constant. 


Example 3 


Solution 


-. Sum of these factors will be minimum when all of them are equal. 


has abz=cay=bex | ‘ (ii) 
Now, (bex)(bcx)(bex) =(abe)® 

es cue  (bex)® =(abe)® 

Hence, abc = bex 


From Eq. (ii), we get bcx = acy = abc = abz 
.. Required minimum value is 3abc. 


Prove that the cube is the rectangular parallelopiped of maximum volume for given 
surface and of minimum surface for given volume. 


We have a, b,c as the edges of rectangular parallelopiped. 
Let Vbe its volume and S be its surface. 
Then S=2ab+bce+ca) and V=abe 
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(i) Surface constant 
Now, we have to find a, b, c when Vis maximum. 
ie., V =abc 


V2 =(abe?? -1 (2ab)(2bc)(2ca) 


Now, V? is maximum when (2ab)(2bc)(2ca) is maximum. 
But (2ab)(2bc)(2ca) is the product of 3 factors sum of which 2ab + 2bc + 2ca is 
constant. 


<. The product (2ab)(2bce)(2ca) will be maximum when all factors are equal ie., 
when : 


2ab = 2bc = 2ca 
ie., when ne! . [Dividing by 2abc] 
abc 
a=b=c 


-.When all the edges of the parallelopiped are equal /.e., when it is cube. 
(ii) Volume constant . 
abc = constant 
o 8(abc)* = constant 
ie., ‘2. (2ab)(2bc)(2ca) = constant 
Product of these factors (2ab), (2bc) and (2ca) being constant, their sum 
(2ab + 2bc + 2ca) will be minimum when all of these factors are equal. - 


i.e., when ? 2ab = 2bc = 2ca 
i.e., when a ae 

: cbt a 
ie., c=b=a 


i.e., when parallelopiped is a cube. 


Example 4 Prove that the equilateral triangle has maximum area for given perimeter and minimum 


Solution 


perimeter for given area. 
A and Pare the area and the perimeter of a triangle respectively. 


A= REG -—a)(s—b)(s—c) andP=2s 


where 2s=a+b+c 


Let \S-a=x 
s-b=y 
s-C=z 
Then A = y(sxyz) or A? = sxyz 


xX+y+2z=(s-a)+(s—b)+(s—c) 
=3s-(a+b+c)=3s-2s=s 
(i) If perimeter of triangle is constant. 
P=2s=2x + y + z)=constant 
A? =(sxyz) 
A? will be maximum, if xyz is maximum. 
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Now, xyz is the product of 3 factors whose sum is x + y + Z (a constant) 
.. Xyz will be maximum when all the factors are equal 
ie, when x =y=Zi.e.,, 
when (s-—a)=(s—b)=(s-—c) 
i.e, when a =b=ci.e., when triangle is equilateral. 
(ii) When area is rarer 
= 5(xyz) =(xX + y + Z)(xyz)= x?yz + y?zx + Z*xy 


Let Fine) 22x =E, and z*xy =F 
Then A?=D+E£+F=constant _. 
D E F 
P=2s=Ax+y+Z)= [2+= -s| 
A J XYZ XYZ XYZ 
2 2. 
ee [- DEF = x*y*z*} 

xyz xyz (DEF) 

2 
or ° ~ — 2A 

(DEF)"4 
4 2 U4 
So, perimeter P will be minimum when oer is minimum i.e., when OS is 
(DEF) 2A 


maximum or (DEF)"4 is maximum or DEF is maximum. 


But D + E + F =constant (given) 
.. DEFis maximum only when all the factors are equal i.e., when D=E =F 


ie, x® yz = y*zx =z? xy 
or xX=y=z or(s—a)=(s—b)=(s—c) 
or - a=b=c ie.,, triangle is equilateral. 


Example 5 /fx*y* =6, find least value of 3x + 4y. 


Solution We have x*y?=6 
Now, —— (x)(x)(yMyMy)=6 


3x *)- 3x 3x 4y 4y 4y 
4y=2 +3 a — $$ 
ox nay (¥) (+ Qo Nag Fog hig 


(Multiply and divide coefficient of x and y by 2 and 3 respectively). 


3x) (3x )(4)\(4)-5 te: 
(e)(F)4 sia) oe ere 
Here, n=5 

z=32 +. 5(32)"5 =10 


Example 6 _ Find the minimum value of bcx + cay + abz when xyz = abc 


Solution We have xyz = abc 
(bex)(cay)(abz) = a*b°c3 = 
n=3 
Minimum value ot bex + cay + abz 
= mz)!" = Ha®prc3yv3 = 3abc 
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Example 7 Find the minimum value fe + £ + A for possible values of x, y, Z which satisfy the 
x oe 


condition x + y+ z=9. 
Solution Wehaver=-1 


, n=3 j 

“. Minimum value of . + 1+ Lis. 3'-¢?. 971 
xy z 
=9/9=1 


Example 8 Find the greatest value of 2x)? + %y)"? + 4z)"? + 5(a)"” for possible values of 
XY, Za which satisfy the condition ae 
. | 4x + 9y +16z + 25a =720. 
~ Solution z=720 : 
Now, Ax)" + Hy"? + A(z)"? + 5(a)"2 
= V4x + /9y + V16z + /25a 


Now, we have r = and n=4 


1 
a eiele 
Hence, greatest value is 4 2(720)' 


= 24/5 


Example 9 Find the maximum value ofa + b + c for possible values of a, b,c satisfying condition 
a ee 
a> +b°+c° =1,. 


Solution Here, r=3andn=3 
t 


7 1 
bat 
. Maximum value of x + y+z=3 3113 
| "2s 
Concept 1. If aand bare +ve quantities and a> b. If xbe a +ve quantity, then 
’ x\ xy | 
1+— 1l+— 
(+3) #13) 


Concept 2. If aand bare +ve proper fractions and a> b, then 
Va Vb 
l+a ¥ 1l+b 
l-a 1-b 


a 
Example 1 /fa,b,c are descending order of magnitude, show tat(2 = 4 < (2 = 4 
- -¢ 


Solution e a>b>c 
& c/a and c/b are +ve traction. 
Also, cla<c/b 
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atc)", b+c) ON 
a-c b-c 


Now, we have to prove that 


b a b 
re te fo (4-6 2H? 
or ‘a or | —2] < b 
wt ae jae danke 
a ~b a 2) 
1 
or tey\y (14x). 
1-y 1-x 
, ’ —— aay. ileate De, 4 
oe — (44x)\x, (ley) 
where is. & Of4:]-—— | ee 
i a “\l=x 1-y 


x>y [ c/b>c/a] 


Example 2 /f x is a +ve proper fraction. Prove that 
(1+ x)'-*(1- x)! * <1, 


a+b 
Also, show ab? < <(22? a. >) ; 


Solution Let z=(1+ x)'"*(1--x)'** 
“ logz =(1- x)log(1+'x) + (1+ x)log(1— x) 
=[log(1+ x) + log(1— x)]— x [log(1+ x)—log(1— x)] 


a it x° x | 
=-2| —+—+— —2x| X +— + — 
(s+ read ss 
G+) ( a) (5+5)*: 
=—-2| xX“) —+1)4+ x] -—+—]4+ x°]—4+—]4... 
2| (5 4 3 6 5 
2 4 ‘ 
x 7x 4 iixé 
=-2| 3— + — + —— +... 
2 1:2 3.4" 5-6 ) 
=-ve as xis a +ve proper fraction. 
logz =-veorz <1 
or (14+ x) *(1-x)'*% <1 Ai) 
Hence proved, 


Let x2 2=> thent+ x= 2a 


at a+b 
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Example 3 


Solution 


2b 
and \ 1-x= 
a+b 


Substituting these values in (i), we get 


_2b_ 2a b a 
2a )atb( 2b AvP sy ee 2a 2b a4 
a+b a+b a+b) \a+b 


b a 
2 2 
or a>] <—| b? <1 
(=2,] (4) — wa eu 
a+b 
2 
or ab? 1 
' re) r 
: p\t*? 
Hence, 0 abet <(222), , 


Ifx <1, prove that(1+ x)'** (1-x)** <1. Also, show that 
ab? (ey 
. 2 
Let z =(1+ x)'**(1-x)'-*, then 


log z =(1+ x)log(1 + x) + (1— x)log(1— x) 
=[log(1+ x) + log(1- x)] + x[log(1+ x) —log(1- x)] 


o(-£+2--)-(--2-2-.] 


. logz>Oorz>1 
or (1+ x)'**(1-"x)'"* 514 
Hence proved. 


a-b 
y= 
Now, let ; ary 
Za and1—x = 2b 
a+b a+b 


Substituting these values in (i), we get 


2a 2b 
( 2a lial 2b ie >1 
a+b a+b 


1+x= 
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[ex <1] 


-- (i) 


262 Indian National Mathematics Olympiad 


Raising both sides to power ail 2 we get 
ab? (2/a + b+? >4 ¢ 
a+b 
(or \% a®b? > (232) 


Hence proved. 


Example 4 /f x is +ve, then show thatlog(1+ x) < x andlog(1+ x) > 4 Also, show that 


Era ee a ed 


2.8 34 n 
Solution Iflog(1+ x) <x, then (1+ x)<e* 
x? x3 s 
or 1+x<1+x+— + +...which is true. [. xis +ve] 
Gc: we 
log(1+ x)<x sad(f) 


x 
Iflog(1 + x)>——, then(1+.x)>e!** 
1+x 


1 —*_ a 
or A= Na ig g™ gp [yl 4% |g atte 
Hinkel 1+x 
1+x 
| 2 ae 
AX x x 
or 1+— +/—_| +|——| +... 
1+x (4} (} 


It is clear that above relation is true. 


log(1 + x) >= — 
Hence proved. 
Now, log(1+-.x) <x 

f g(1+ +) <4 [Put x=+} 

YP JS l y 

or jog(**¥) <4 or log(1+ y)-logy <+ 
y y y 
Put y =1,2,3,...,, we get 
log 2-log1< : 


1 
log3 -log2<— ' 
og ge 2 

| 
log4 -log3 <— 
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i 
; log5 -log4<— 
> 4 
1 
log(n + 1)—logn <— 
Adding the above terms, we have 
7 Ta 1 
| . log(n +1) -log1 <1 +—+ -+- 
| Sugita Ht tt 
or WSiiaiets ata... an [- log1 = 0] 
»2 3d n 
Example 5 Show thate™> alli n being an integer. 
ni 
: ne 73 n 
Solution ee =14N+—+4+— 4+. 44+ 
2! 3! n! 
‘ 3 A 
a tested, et 
2) .- 3! n! 
7 on? n-1 nrr2 n 2 ays 
e “ma MD! Mao or oe 
vid 
[at 1 1 1 V ra 
or e” >n" |— +—___. + ——_}__ dg = 
nl n(n-1)! n(n = 2)! n(n—2)! ‘ha + | 
hea e” rg ll [yy 1, n+ “n(n -1)+ L ZAIN -1)(n-2 nly 
ical mil n n° ys n | 
nina! n(n —1) ] 
21 
Ll P 1 ma), 1 1] n(n —1)(n - 2) 
— += + = — j} n(n -1)(n - —___ = 
arilk = i ma | ita 3! 
ni>1 (: nis an integer) 
A : 
oO (+4) 
n! n 
nw (n+iy 
1.6., rer te n 
n! n 
n_(n+i1y 
n! 


Hence proved. 


Additional Solved Examples 


Additional Solved Examples 


Example 1. If a,,a2,a,,..., a, be non-negative real numbers such that a, + a2 + 43 +--+ Gq =™, then 


m? 
prove that £ aa,< —_. 
teg 4 DB 


‘Solution Now, M=A,+Q,+Q,+...+ A, 
m? = + @) + Gy +...+ An) 
m =ar+at+...taz + 25 aaj 
m? - 2yaa;=ap + a3 +...+ Oy 
ap +ae+...+a220 
m? -25a,a,>0 


=> ‘ xX aa;< me 
j 2 
Hence proved. 
Example 2. Prove 5 i-j C2C?<™ C"-1C,?, where G, C, are binomial j 
ple 2. 4 I GC im n)» where CG, C, are binomial coefficient. 
Solution From Binomial theorem, we know that 
1C? + 2C3 +3G2 +...+ nC? =n" IC, 


Squaring both sides, we get 
(1G? + 2C} + 3GF +... + nCP =r 16 


Lt 4G +34 +...40C 4 2zi- §-C?c? 
=n2(2"-1¢C y 
= n 
CO 42%. 40 ad 
" nPr-1¢,P -221- 7 GC? >0 | 


2 
c2c2eN _pn-ic yp 
- aheGe eG) 
Hence proved. 


Example 3. Givenn* < 10" forn2 2. Prove that (n+ 1) <10"t!, 


4 4 
Solution Consider ("* *) = [2 + *) 


We are given n22 


=> 


so 


4 4 
or (i++) s(1+3) 
n 2 
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o (12ers (nea cio 
n 2 n 
Since, the logic is that if n< 2 it is also less than 3, 6, 7, 8 etc. So, we can consider any one. 
n*.10>(n+ 1)' or(1+ 1)' <n*-10 -(i) 
So, n*<10" : 
10n* <10" +! ..- (ii) 


From (i) and (ii), we get i 
(n+1)*<10"*! 
Hence proved. 


Example 4. If 0, « (1x, nx) fori =2,3,...,n. Prove 


(or pcosec’82..gcosec03 n©Se8n > nl 
Solution Vi=2,3,...,n 
sin? @, <1 
=> 21> 1 >i 
sin’ 6, pin? 
i=2,3,...,m 
= = tb, ape; SIM Be 
sine, sin?o3 - sin? ep 
Therefore, i 
: i 1 _32.3..inzn! 


gsin?e, sin?@,° sin? oy 
2, 2 2 
on goose 82 , 3rosee 83 we nse ® >nI 
Hence proved. 


Example 5. If"G =a then prove 
VG + JQ +...+ JG s27-'4 ‘> 


Solution _ Consider 


(WG -? + WG-1? + WG-1? +...4+ WG-17 20 


= G+Q+Gt..+G)-2VG + JG +...+ JG )+n20 
> 2" —-14+n22VG + /G...+ /G) . te Cy+ G+ G4 .ct C= 24) 
> (IG + G++ (Gis 7 tno) 


MG. + VC +t VG 20-1 + BD 


Hence proved. 
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Example 6. Ifa> b> 0, then without using AM-GM prove 


l+eata+...¢a"-) 14b4+b74+...4+b"7! 
l+ata+..¢a"  14+b+b?+...4+b" 


e r3 n-1 
Solution Let a l+at+a‘t+..+a 


l+ata?+...¢a"-'+a" 
and B= 14b4+b? +...4 007) 
14+b+b?+...¢+b"-! 4b" 


l_l+ata’+..ta" ta" 
A l+a+ae+...¢aq""! 
1 a" ; 
Ss . : .-(i) 
A l+at+a’+...¢a"-) 
1 : 1 i 
a ... (ii) 
A Bip Be ae 
a .qn-} a 
; 1 pb" - 
Similar ’ a oo ae . (iii) 
ss B 1+b+b?4+...4b"-} 
1] 1 : 
—=1+ ...(iv) 
B ee re 
be pret b 
It is given a>bo0'mtciatetvnen 
ab a. -b" 
a 1 1 1 1 1 
aly na OR sod [a salt Ee 
i (; a #) (5 b? ¥) 
1 1 


Using Eqs. (ii) and (iii), we get 


L4pb—pateba nen 
A B A 
l+atart+...¢a"-) 14 b4+b74+...4 597) 
= Antnawa| Ae 


l+a+a’t+...+a" 1+b+b?+...4+b" 


Hence proved. 


Example 7. If @,@),03,-.-,4, and b,,b,,b,,...,b, be +ve such that k the ‘largest’ of fraction 


% i =1,2,...,m Prove 
b 


a+a+a+...4+a" 
b, + kb? + k*b} + ...+ K'~1bP 


Solution -: kis maximum 3, Y £=H1/2h05n 
1 


sk 


= 4 ck Wi=1,2,..., 
bh 


a, $ kb, ,a3 s k*b3, a3 = Kb}, ...,a" < k' be 
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Adding these, we get > ’ 
a, +a3+a+...4a"skb, + kb? + Rb + ..+kK'b 
a+ ae+a+..+alskb, + bk+ Kb} +...+k'~ bP) 
a +a3+aj+...+an ek. 


=> 
b, + kb3 + kb + 2.4K be 


Example 8. Ifa,,a,a,,...,a, are unequal real number, then prove that 
(1+ a + a) + ay + @3)..20 + Gy + Gn), an 
QQ, ... An 


Solution For any a> 0, we have 


Now, let - 
a 


2 
Sf BO hae 4 


Thus, 
a; 
2 ‘° 2 , 2 ay" 
* 1+ a + aj \(1+ a + a MtG eat), (Leta tat) 3... m times 93" 
a a, Qa a, ' aut ' 


1+a, tat )(ttera) (2 + aa 
a a2, in 


Example 9. Ifa,b,c are +ve real numbers, then prove that the expression 


1 be ca ab 
=@+b+c)-— -—_~ -_“_ 
34 ’ b+c c+a a+b 
is always non -ve. Find the condition that this expression is zero. (RMO 1993) 


Solution Let 
} be ca ab 


+b+c)-—— - ——_ -_2_ 
- a+b. ? 


W 
il 


@a+ 2b +20) 4{ 


al pl— Mle 


be_, ca , ab 
b+c c+a a+b 


c)- +C+a- 
[e+ b+ce c+a a+b 


4bc er ‘a 


2 "Ne 
= [Sat eet aH ls [- a, b,c are all +ve). 
4| bee c+a a+b 


Now, S = 0 iff each of the three terms in the expression are zero i.e., 


a=b=c 


268 Indian National Mathematics Olympiad 


Example 10. Ifa,b,c,d,e, f are real numbers, then show that 


Ja? + b? + Jc? + d? + Je? + f? 1/2. 
Ja+c? +b+d¥+Jcr+er+a+fP 


+ fle+ ay + f+ bY 
Solution From Third fundamental concept 
Ja? +b? + Jc? +d? 2 Ja+ch+b+aP 
Ve? +d? + Je? + 22 Jic+er+@+fP 
Je? +f? + Ja?+b? > Jle+ar+ +b 


Adding (i), (ii) and (iii), we get 
2 (Ja? + b? + Jc? + d? + e* + f*) 
> fat ch+b+dr+crer+G+fr+Verar+ f+ by 
la? + b? + fc? + d? + Je? + f? e 
Ja+cP+b+dy¥+ {c+er+a+fr 2 
+ Je+ayr+f+by 


Hence proved. 


Example 11. Ifa,b,c are real +ve, then prove that’ 
a®+b®+ cf > > Wacta + e)+ Cabla+ b) + a@bcb+c). 


Without using AM-GM. 
Solution We have, (a? - b? > 0 
a’ + b4 —2a*b?>0 
a* + b* —a*b* > a’b? 
(a? + b?)(a4 -a*b? ne b4 )> a*b?(q@2 + b?) 


a® + b® > a*b?(@? + b?) 


Also, a? +b? >2ab 
a’b*(a? + b?)> 2a°b? 

Using (i) and (ii) 

= a® + b® > 2a3b 

Similarly, b§ + c®> 2b 

and c§ + a®> 28a 


Adding (iii), (iv), (v), we get 
2(a° + b® + c8)> 2b + bic + c3a3) 


a® + b§+c§s @b + Be + ca3) 
Now, we know that 
e+eye 2 > Z byw + y)+ yety + z)+ xz& + z)] 


(i) 
-»-(ii) 


«+. (iii) 


wlll) 


(i) 
.. (iii) 


(iv) 
AV) 


vi) 


Inequalities = 0.5 


ab) +b +.q> 3 [Paca + c)+ Gaba + b)+ a’bch + c)) 
From (vi) and (vii), we get 


a®+b® 4 c8s : [Bacla +c)+ Cabla + b) + @bcb + c)] 


Hence proved. { 


Example 12. . Ifa, b,c are +ve real numbers, then show that 
a*b + ab? +:c7a + ca” + b*c + be? + 2abc> Babe 
Solution Let S = a*b + ab? + c?a+ ca? + b’c + be? + 2abe 
Factorizing, we get 


S.=(b + c)(c + a)a+ b) , 
We have a+b2>2Vab , 
b+c22Vbe and a+c22Vac ; 
Multiplying these, we get 
(a+ b)b + cla + c)> Babe 


S > 8abce’* 
Hence proved. 


Example 13. Show that in any triangle with sides a, b,c, we have 
+b+c)<4@b+be+ca) © 
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-s (vii) 


(RMO 1992) 


(RMO 1992) 


Solution Without loss of generality, let us assume a> b>c> 0, since the sum of any two sides of a 
triangle is always greater than the third’side. So, the difference between any two sides can never exceeds 


the third. 

O0<b-c<a 
O0<c-a<b 
O0<a-b<c 
Squaring and adding, we get 


@-by + &-cP+C-al<a?+b? 40? 
On simplification, we have 
a’ + b? +c? > 2c + ca + ab) 
=> (a+ b+)’ - 2ab - 2be - 2ac< 2(ab + be + ca) 
> ne ' @+b+c? < 4ab+ be + ca) 


Example 14. Ifa<c, b-a)b-c)< 0. Show that 
3(Z+E+1)>arbro(2+iet) 
c a a-b;c)} 
Solution -- b-a)b-c)<0 
= b lies between a and c. 


[-a<c] 
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/ Now, ire eaadto 23498 w salt + @-b(2-F)}>0 
o- a(s- 1\>0, a- o(2-+}>0 
On adding 
@-b(2-2)+0-0(2-2) +@- ae 7 
c b ca 
Simplifying, we get ia tia TREs 


3(S+14 qyasbrols a 
c a Aa» ¢ 


Hence proved. 


Example 15. Ifa, b,c> Oare such thata + b'+ic'=1, pein thatab + be + cas 1/3. (RMO 1988) 
Solution For all real numbers a, b,c | 
bch +C-ak+@-be20 


so that a’ +b? +c? >ab+ be+ca., 
© (a+ b+c)23(ab + be + ca) 
a+b+c=1, we get 1>3(@b+ bc + ca) 
ie., ab +be+ cas >. die Vier sierey DU 
Hence proved. 
(Note If a,;a5,a3, 20, a} are +ve real numbers whose sum is Ajthen’ {yo ioe 
BURNS ALY Sct + vg “aay # andy? aya, Hin Pa, a, ie Fmt Set caehh isi g Sle at ecm 


~~ “To prove it, we put a, + a) + a3 +...+4, =A 
€,-—4) + a3 a4 +. =B:. 
so that 2a, + a3 +...) = A4 + B 
Aao+agt+agt...)=A-B 

Multiplying Se ls sides o the above relations TY ary hitiehy, Sei aes Be 
re We have im <y fel oh | 
ce Aa; + a3 + .- ag + ay 1) = AP ~B< A? pee oot (0 BAO) 
~, ».- Now, soe Beato t A Sle asi ee tat wet a = 


pet ooh es 


Example 16. If a,b,c,d are four non -ve real vunibers and a+b+c+d=1, show that 
ab+be+cds1/4. (INMO 1993) 
Solution Leta+b+c+d=A 


a-b+c-d=B 
Then, 2@+c)=A + B,2+d)=A - B, so that 
4a+c)b+d)=A?- Br < 42 Cr ’ (: B22 0) 
Now, we have A = 1 
So, . a+cb+ d)s+ 


Now, ab+bc+cds(a+c)b+d)s1/4 
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Example 17. Ifx,y,z>Oandx+y+z=1. ; 
a 3 
Prove 44272175 


Solution vx,y, zwe have 


x2 +y24 z2oxy+ yzt 2x fi) 
Now, K+y4 zP ax? 4 y? + 22 4 2xy+ yz zx) 
; ae ee ee 
a nyt yet m= RAY sy 2) pete 
i , 
2 a8 oe 
> xy tyz+ maize ty +2) 


2 
Substitute the value of xy + yz + zx in (i), we get 
1- (2 + y? + 2?) 


x2 +y? 4 27> ; 


=> x2 +y?2 4 2721/3 abt 


Example 18. For given, real numbers, x,, X2, ¥y,Y2» 2s Zp Satisfying X, > 0, X2>0, xy, - 27 >0 and 
2 
X2¥2 — Zz > 0. , 


Prove that a. es < it deren + iret Sn give necessary and sufficient conditions 
K+ XQ), + ¥2)-(G|t+ alr xy - 2 X2Y2 - 22 
for equality. } { ’ einun by 


Solution We have to prove , 
a —_ + ne 
K+ XW +Y¥I-G|+ZPr xmy-zAZ  xy.-z 


Let us denote the denominators appearing in (i) by A} A), A) respectively. ' 


«(i 


A=A, + Ay +Xy2 + X2y, — 2242, Hyun ...(ii) 
Applying x+y22 yxy &>0,y>0) 9-8 4 
=> A=A, + Ay + “1 (A, + 22) 4 22 
Xo xX) 


(A, + 27)- 22,2, 


2 
x x x x 
A=A,+A,+2A,+2A,+]z, [2-2 [BD 
1 2 ts 2 % 1 ‘1 % *¥x> 


A>0 ? Alii) 
x + y22 xy ; a 


Az A+ Ap+ 7b Az+ "2 A,2 A, + Ay + 2YAA 
2 1 


= (JA; + JA2? vs(iv) 


Equality holds only in case 
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Now, (i) can be written as 
8 1 1 8A, A> 


—s—+—orA2 
A A, A, A, + Ap 
Now, it is enough to show that ee 
(JA, + Az)? 2 84, A, 
2 
Legotivy VA + Az) Ai + Ary a a, 
2 2 
Based on inequality between AM and GM, we have 
2 

[a] JAS 

and as JMAz 


Equality holds, if A, = A, 
Together with (v) it gives x? =x? - 


Consequently x, = x, is necessary for equality. Based on (v) these conditions imply z, = z, 
Now, A, = A; forces y, = y2 
But x; =X2,) =2, 2, = 22 obviously imply equality in (i). 


_ Example 19. Leta,b,c be real numbers such thata + b+ c=1. Prove that 
a’? +b? +c?>4(@b+be+ca)-1 
when does equality hold? 
Solution a? +b? +c? =(@+b+c)* -2@b+ be + ca)=1-2(@b + be + ca) 
So, it is enough to prove that 
1 -2(ab — bc - ca)> 4(ab + bc + ca)-1 
ie. 6(ab + be + ca)s 2 or 3(ab + bc + ca)<1 


It happens only if 
0<1-3(@b+ bc + ca) 


=(a+b+c) -3(@b+ be + ca) 


_@-by +&-c¥+C-ay 
‘ 2 


which is always true. 
Clearly, equality holds when a = b=c=1/3 
Example 20. Leta,b,c be real numbers such that 
0<a<1,0<b<1,0<c<1. Prove that 
() Jab + J -a)-b)s1 (i) Vabe + JQ -al - by —c)s1 
Solution Taking a =sin*0 ba 
b=sin? » (: 0<a<land0<b<ll 
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Then, Jab + /@= axl = b) 
= sin Osin ¢+cosOcos > 
=COS@-9)s 1 
0<Ve<l, 0<JI-c<1 


We have 1 


Vabe + J = aa — by - c)s Vab+ J -a)l-b)s1 


ANE proved. 


Euaiigte 21. ova, b,c be +ve real numbers we that abc = 1. Prove that 


ab - be F ca 
@+b>+ab B+O+be C+a+ca 
when does equality hold? . 
Solution Now, a + b> = (a+ bat ~a'b + ab?! - ab) b*) // ein 


= (a+ b)la- bY @? + ab + b*)+ a*b*)2 @+ b)a*b? 
if and only ifa=b 


So wip sing Se ab 
. a a nab a*b*(a + b)+ ab 
- 1 _ 1 1) {er j Neve oak 
aba+b)+1 ab@a+b+c) ! 1 iieupen jes at 
a c 
a+bt+ec 


Now, writing Z for the sum £ ab / (a° + b° + ab), we get 
c 4 a b 


—————— + —____ =] 
a+b+c at+b+c a+bic 


Equality holds, ifa=b=c=1. 


Example 22. Let a,b,c be sides of triangle while t is its area, show that a? + b? + c? > 4t/3; when does 
equality holds? a 
Solution Suppose that the largest angle of the A ABC is at C. The foot 0 of the c 
altitude m at Cis T which is an inner point of the interval AB. Let x denote AT. 
Now, apply formula cm =2t and express a’ and b? using the Pythagoras 
theorem. 
a? +b? +c? - 4tv3 
=[m? + C-x}]+ (m? + x?)+ c? -2/3 cm 
= 2c? + 2m? + 2x? = 2cx - 2/3 cm 


= 5 lc-2xF + (V3 - 2m)']> 0 


1 


Equality holds if x = 5 and m = ef Le., triangle is equilateral. 
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Aliter ae 
Now, a? +b? +c? 2 4tv3 .. (i) 
(i) is equivalent to 

(a? + b? +c? > 480? =3- 16¢? 
Apply an appropriate version of formula of Heron . 

16t? =- at —b4 —c4 + 2a2b? + 2b7c? + 2c7a? 
We only need to verify that 

a’ + b4 4.c4 + 2a’b? + 2b’c? + 2c2a2> - 3a‘ - 3b4* - 3c4 + 6a°b? + 6b*c? + 67a? 
which is equivalent to a 
| @? - by + @2- cvs c-atr20™ 

equality holds if and only if a=b=c. ) nal 
Aliter 
Apply Hero’s formula again by AM-GM inequality, we have 


(s as bse) < [saan mnt atl iS 
3 


Hence, t=yst= ays — b)(s- c) je S 


Equality holds only for equilateral triangle. | 
This last inequality implies 


2 2 
4rvs3(25) (ates) 
\ 
2 
<3 OP te wa 4 beac? 
Equality holds only if a =b=c. 
Aliter 
Apply area formula : 
It is equal to ab sin @ and c* = a? +,b?- 2ab cos @ — 


which is a direct consequence of the law of cosines 


a? +b? +c? - 4ty3 = 2a’ + 26 aa(F sino+ Xcos0) 
2 { 


= 2a? + 2b? - 4ab sin'@ + 30°)3 2a? + 2b?'L 4ab pit 
=2(a-by>=0 
Equality holds if a = b, 6 = 60°. 


Example 23. [fa>0,b> 0, then prove that for anyx and y the following inequality holds true. 
a:2%+b-3% +15 J(4* +9" +1). Jaz+b? 41 
Solution By hypothesis both sides of this inequality is +ve. 


On squaring, we get 
- (a-2% +b-3” +1) s (4% + 9” + I@? +b? +1) 
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=> a?4* + b?9Y + 1+ 2ab2"3” + 2b-3” + 2a-2* \: 

<4%a? + 4*b? + 4% + a29” + b?9% + 9% +a? +b? +1) 
= (a29” — 2ab2*3” + 4*b?) + (4* - 2a2* + a*)+ (9” - 2b3” + b*)2 0 
= (a3” - b2*? + @* - al +B” - bP 20, 


So, original inequality is true. 


Example 24. There are real numbers a,b,c such thata> b> c. Prove that... aoriten 
a’ -b® cc? - bP" a’ c? 


a eae 4b +c. 
c a op 
Solution From az2b2c> 0, we have ‘ ' ; 
a+ bs 0c btce2” . 
a 
and  atesy | 
a’? -b? bg a ; + . - 
Now, we get : > 2(a- b) [a> b} 
I c Y47071 ‘ \ rot ; : 
oo ) ! werd nest 
Sa ea; [-csb] 
—c¢? he - 
2a-c) ; [-a2c] 
After addition of these es we - 
a’-b* oo -b = ae ere be ) 
c a b 7 
2 _ Bp 
ie, =e a ec oe la sg bee 
c a 


Equality holds if a=b=c>,0._ . ii ah ‘i huh 


Example 25. Prove that if the number x, and x, does not exceed 1 in absolute value, then 


yl- -x? + J1-x3 <2 1 -(&44y. 


For what number x, and x, does the equality holds? __! 
Solution Both numbers of the inequality are +ve. On squaring Both sides of given inequation, 


1-x7+1-x? + 2Y0 = xP)0 — x3) s 4 ~ 2 + 2xyx5 + x2) 
le. (| 2y@-x7) - x3) 2- yx, 
- fa -x?0-x2)s1-xx, 


Again squaring both sides 


we get 


1-xy =x} + X7XB $1 ~ 2xyxq + xix 
If all transposed to RHS, we have 
Osh - a 
Equality holds if x, = x,- 
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Example 26. [fa,b,c are real numbers such that a?-+ b?+'c? =1. - 
Prove that-1/2<ab+bc+ca<l. ; 
Solution -.- - ‘fd stn 


then = 5 @? is b? °c?) ab + be + casa? + b? + c? 
or -(@? + b* + c?)< 2@b + be + ca)s 2(@? + b? +c?) 


These inequalities are indeed true. 

2 (ab + be + ca) ¥(a? + b* +c?) 
=a+b+cf2>0 

and 2 (a? + b? + c*)- 2(ab + be + ca) 
=@-by+@a-c¥+b-cP20 


Example 27. Show that (n!)* >n", if nis a +ve integer. 


Solution If ris a +ve integer lying between 1 and n, then we know that 
rm—r)>(m-—-r), : 
“or rn-r)+r>norra—r+l1)>n 
Putting r = 1, 2,3,...n, we have 


Multiplying the above n rows, we get 
(1-2-3... 2-1)n][nf - 1)(2 - 2)... 2]> n" 


Les Loy geen. oo Anbxnt> nl or (at?> nt" — 


Hence proved. 


Example 28. Show that 


J + ! + Tc 
rere n+1 n+2 2n 2 
where n is a +ve integer. 
Solution We have 
fod St yee gu >, 1 > 
2n 2n 2n-1 2n n+2 2n n+1 2n 


Adding these inequalities termwise, we find 


1 1 + inca gelig ei a 


n+1 n+2. Qn dn Qn’ * in yer 
n_l é‘ ePao nein 
~2n 2 


Hence proved. 
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Example 2 
1 
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9. Prove that the sum of any number of fractions taken from among the sequence 


x ar is always less than unity. 


Solution Let us have n fractions (n> 1) 


Let us assume 2<a<bec<d< 


Then 
Consequently 


Hence, 


But 


Hence proved. 


b2a+1,c2a+2,d2a+3,..,lza+n-1 


1 1 Lx ik 1 1 1 1 
tet SS 4+ ee tt) << ——_ - 
a pb 2 @ (a+1¥ (a+n-1) a-l a+n-1 
J pd bike 


UN by eee aaa 
2 @-l)a@+n-1) 


a-l2la+n-l2n+l 


a bp 


(a-1)a@+n-l1)2n+1 and 25, hy get Ls | 
a 


Example 30. Prove that 


Solution We have, 


Adding these inequalities we get 


Again, 


Adding all these inequalities, we get 


From (i) and (ii), we get 


nel 2,3, + n <n 
22 3 4 n+l 

Ad 

22 

1.2 

2°3 

1.3 

a 4 

pat n 

n+1 

mel 24344 (i) 
2°23 4 n+1 
es A a 
2 3 4 n+1 
1.2.3 on 
—-+—+t—+t...+ n vac 
23.4 n+l” i) 
ni. 2.3 
—ea toed ot 
2°2°3°4 iy wei 
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Example 31. Ifne N, prove that 


Mepe tg lag ls is J <n 
2 23 4 2" -1 
Solution We have, 
Guitztels i gas 1 
23 4 27-1 
=(1+3)+ (bode (Ee dots d)s(Z+ ost] 
2 3 4 5’ 67 & 9 10 16 
1 1 1 
+ + ++ 
‘ (a 142 5] 
Ls 1 1 1 1 1 1 
=| +5 /+|>—— +S I+ 1a tt et It + ..4+— 
(zo *) [a4 3] [ea cg (ey x] 
++ 1 I +—! 
Pad Bee -1 
Now, eS 1 
2 oF 2 
1 L...2 
i 
Pel 2 


1 1 1.2 


+ +... t= 
2741 2742 2 2 


Again, S=1l+—+=—+—+...+ ——_ 


i. HV. 70.1.1. n-404 1 
al¢(245)4(o+2#2+2|4[2¢=2 x 
+(3 *) (3 5 6 3) (G+g+-+E)+ + 


Now, ; 1=1 


Hence proved. 
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Example 32. Let mand n be +ve integers. Prove that 


1 ers: 1 gtr? 2%. 2 


sbi El Ee 
n+l n+m4+l (n+1P (+2P (n+my~ on on+m 


Solution For any +ve integer, r satisfying 0< r<m,we haven+r-l<n+r<nt+tr+] 


= +r\n+ter—l<ntr¥<msern+e r+ Dd 
= ao Eaak See) e eeee eeee 
N¢ermtr—-1) Merk M+rmert+)) 
=> 1 _ 1 - 1 m 1 1 
(NM+r-1) (N+r) (N+r¥ (Mtr) (N+r+1) 
= 1 1 1 1 . 
< 


=- SK 
n+r n+r+l (n¢r¥ ntr-l ntr 
Putting r = 1,2,3,...,m, we get 


1 1 1 1 1 
—- < =<—- 
n+1 n+2 (n+1° n n+l 

1 1 1 1 1 


[a 
n+2 n+3 (n+2% (+1) (n+2) 


Similarly, OT ee ee on 
n+m n+m+l (n+myf% n+m-1 n+m 


Adding the above inequalities, we get 
a ae eo — +..4—l <1 1 
n+l n+m+l (41%. (n+2/ (n+myP n n+m 


t 


Hence proved. 


Example 33. Determine the largest number in the infinite sequence 1, 2,33, 4/4,...,Un. 


Solution We find that 3 to be the largest. 
So, we will prove that (n”), n> 3 is a decreasing sequence. 
1 
n’">(1+1)""*! 


ry 1. nm-1) 1 . nm-1)m-2) 1 
=| =lt+tn-—+ —= +———_—_— - > 
Now, (2 a 1) n 2 n? 6 re Pose 
-is1e3(1-2)+2 1-2)(1-2)« ei+ietytsls...ed 
n) 6 n 2 4 8 
1\' 
je 3>(1++) 
n 


-If n23,n">(n41y'*! 
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ie, (n/")is decreasing for n23 
But 3" fs also greater than 1 and 
Therefore, 34" is the largest. 


ye. 


Example 34. Forallne N. Prove that 
— l 1 1 Uy 
2vn-2<1 b ttt ee 2vn - 1 
Mean? we 3 Vn 
Solution Now, first we will prove that ~ 


2/p + - 2p < 7. <2\p -2p=1, WEN 


We have 2Jp +1 -2/p = 2(\/p+ 1 - yp) 
\- _2Wp+1 - Wpp +i + vp) 
(ptl+yp) 
"  p+1> Jp 
2 (a 
= < = /p+1+Jp>Jp+ Jp 
yp+1+ Vp Vp +p : T 1 
< 
~p+1+ ip vp + Jp 
a8 2/p+1 - 2B < (i) 
’ 
and 2p - 2fpat =20P- fp UP ee 
: \p-1> vp -. Jp+Jp-1<Jp+ Jp 
= : > : 1 1 
Ip+Jp-1 Vi +p => > 
ere ited vp+Jp-1 Jp+ Jp 
2Jp -2\p-1> z Ail) 
From (i) and (ii), we get , , 
2\p+l -2\p< "kaa nape wii) 


VpeN 
Putting p = 2,3,..., nin (iii), we have 
25 - 202 << NB ~ 2 


24 - V3 < 4 < 25 ~ 22 
2N§ - V4 < <4 - 248 


POeeUSECEOC COCO SO OOOO SOCee eee eer rey 
Peeeeeerrer errr er errr rr errr teeters 


2 24R=T < one < Yt -2/n-2 


281 


Inequalities 
2/n+ 1-2 << 2vn=2Yn= ) 
n 
Adding all inequalities, we get 
1 1 1 
2Vi -2 F< 2h - 2V1 
n+1 N2< + F +agt. & 
Adding 1 throughout, we have 
2|n+1-W2+1<1+ +e. <Wn-1 ...(iv) 
But we have ; 
[2(/n)- 2]- @ n+ 1 -—2V2 +1) 
=2Wn — Jn +1)-3+ 2y2 . 
=2(/n — Jn + 1)+ QV2 -3)<0 [- Vn< jn+1 and 2V2 -3< 0] 
ae ..(v) 


2Vn -2<2Jn+1-—2/2+1 


From (iv) and (v), we get 
1 1 a, + Leovn-1 


1 
2n—2<1+ 9+ e+ ot 


Example 35. Leta>1andn be a +ve integer. 
m+l on a 


Prove that 


Solution Let a=a? 


It is required to prove that 
a -l>n@"*! -a"-}) 
or which is the same. 
cia 
mde >na"-} 
a? -l] 


at Hh 2n -1 
iD 4 QD gta] 


> na? a4 02-2 


(Using theorem on AM and GM of several numbers) 


But ae _] 


2+ 4+...+ @n-2)=n-1) 
any . 
= n-1 


we have 7 2 Ne 
a*=1 


Hence proved. 
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Example 36. Lets>1andn be a +ve integer. Prove that 


1,1 Piticoa 
15 2s n> 1] gi-s 
Solution ig Ui aD pilage ca de 1 
2 s 2s ns 
=k 1,1 eek = a 2 1 342) 741 8 
sit(ets)* Getatata)t ta ee 
i 1 1 1 Ce | 
1s-} 25-1 qs-l get [ois 


Example 37. Ifa,b,c are +ve real numbers, prove that 
Gabe < a*(b + c)+ b*(c + a)+ c?2(a + b)s 2a + B* + c*) 
Solution We have a? + b? > 2ab 


= a? + b? —ab>ab 

> ' (a + b)(q? + b* - ab)> abla + b) 
=> : TF a’ + b®> abfa + b) 
Similarly, b3+C>beb+ c) 


C+a'> ca(c + a) 
Adding all these, we get : 
2(@3 + b? + c?)> abla + b)+ bc + c)+ calc + a) 
Again, AM> GM 


sy abla + b)+ beb + ole aes, (2b - ab* - b*c- bc? -c*a- ca*¥® 


= ' ab(a + b)+ bch + c)+ calc + a)> 6abc 
Hence, ‘ 
Gabe < a2(b'+ c) + b2(C + a) + c2(@'t b)< 2 + b+ C3) 


Example 38. Ifx+y+z=landx,y,z> 0, then show that 


(2 ‘ 1) ( +s) + 1) 64. 


Solution Consider LHS 
Open the brackets 
Let Mig " 


sure(be ded) e(L4 te). t 
xy yz 

+ 
We know (aoe ¥ 2)2 yz) 


X+ y+ 22 3Kyz)4 


On cubing both sides, we get 
12> 3(xyz)? 


es wyz)3< ‘ Ai) 
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Inequalities 
=> y xyzs ---(ii) 
27 . 
or 897 Ai) 
xyz 
or ’ 2 354 (iv) 
xyz 
: Ly ys 
—+=+=— V3 
Also, xX y Zz >(4) 
3 xyz). 
(\y/3 
pty raea(2) 
x y Zz xyz 
ee Le Ae Ie = ane = 
—+—+=29 [from (iii)] ...(v) 
x Cyrrg =, 


Now, (v) becomes 


L 
x 
fi. 4 2 
=l+/—-+-— —— “ = 
(i++ }« [ex+y+z=1] 


Adding (iv) and (v), we get 


Adding 1 on both sides, we get 


xX y Z xyz 
or (1+2)(1+2)}0+2)264 
x y)| Zz). 


Example 39. Show that 
XyZ> (y+ Z-X)(Z+X-y)K+y-2) 


Solution Consider two quantities (y + z—x)and(z+x-y) © 
AM > GM 


Wrznr erry, [V+ 2-xeeX=y) - 


or  z>fy+ z=xVz+x-y) 

Similarly, y> J+ z-xKR+y—2) | 
and i XD MKF Y= DF Z—y) —_ 
Multiplying these three results, we get 

xyz> fly + z- xP (z+x-yF Rt y— Ze 

XYZ> (y+ Z—XAXZ+X-yYMe+ y+ 2) 

Hence proved. ae 
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Example 40. Ifa+b+c+d=s, show that (s - a)s - b)(s - c)(s -d)> 81 abcd. 


Solution --a+b+c+d=s 


AS 


or 
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s-a=b+c+d 
AM>GM .. peerd, (bcd) 


b+c+d)>3bced)" or (s-a)>3bcedy? 


(s — b)> 3(cad)4 
(s -— c)> 3(abd)? 
(s - d)> 3(abc)? 


Multiplying (i), (ii), (iii) and (iv), we get 


(s — a\(s - bs - c\(s - d)> 81 &ced 3 (cad)3 (abd) abe) 
or (s —a\(s — b\(s —c)> 81@* bed?) 
or (s — a\(s — bs — c)(s — d)> 8labcd 


Hence proved. 


Example 41. Prove that 


Solution -. 
1/2, 
(2 
l(b+ec 
Also, +( 5 + 


Multiplying (i) and (ii), we have 


2 oa 2 ri 2 ‘ 9 
b+ec c+a atvb a+b+e 
AM > GM 


1 2 nS yp 2 
9\b+c cta a+b 


[Aue ee = 
| 2 
~ 2 . a 2 )(2a+2b+2c 
a, zr [Pee 
- (ets 5) ( 2 }>9 
or Zs 2s. 2 (a+b+c)>9 
, b+ec c+a a+b 
2 2 2 9 
rs + ‘ 
| = b+ec ct+a asd aioboe 
Hence proved. 


Example 42. Ifa,>0,Vi=1,2,. 


Solution -:AM>GMwe have 


Nand s=Q, +@,+...+ @,, then prove that 


2 
fe Oe 
,S8-@,  S-a , S-a, n-l 


(s — a) + (S- a2) +... + (S- ay, 


= ) {(s-a,s-a,)...(s-a,)!" 


wlll) 
Al) 
(Sl) 
iv) 


Ai) 


ii) 
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ae Sy ts Se a Vn | 
and S-a sta, S~@y dl 
n (s - a, )(S - az)..(S - ay) 
» MEAG) Pp tet Ba) U5 — aS 2). (8 ~ Oy I" 
and 4 +—1 tit 1 en Sa 
n\s-a s-a, S—@y )'\[(s ‘a, (S$ — ap)... (S - ay)” 
= BABS (5 — NS ~ a2)... (8+ ay)" 
and al 1 + 1 ie Bomettins E d 
eer S-a, $-a,) [(s—a,)\(s-a,)...(s—a,)/" 
=> (“Ys hang) th ag ge js 
n n\s-a s-a, Sa, 
=> (=) eee ee jn 
n S-Q S-@ S-@, 
2 
= Ee ee 
S-@ S-@, s-a, n-1l 
‘Example 43. ‘‘Ifajb, care +ve real numbers representing the:sides of a'triangle, prove that 
ab + be+ca<a? +b? +c? <2(ab + be'+ ca) 
a? +b? +c? 
1<——__—_. 
ea ' ab+bc+ca 
Hence prove that wv 
3(@b + bc + ca)< (a+ b+c¥ < 4(@b + be +'ca) | 
(a+b+cy 
3< —_—"_ <4. 
* ab+bc+ca 
24 p2 2. 2 
Solution (SEF ab Zt be 
a. 8 
c+a 
— 7 > 6 [: AM> GM] 
= a* + b? > 2ab,b? +c? >2be and c*?+.a?>2ca ’ 
sis a? +b? +b? +0? +c? +a? > 2b + be +'ca) 
= a’ +b? +c? >ab+be+ca 
ai: ab+be+ca<a?+b?+c? w.(i) 
In aA ABC with sides BC = a, CA = b, AB =c, we have b? + c? — a? =2becos A 
as b? +c? -a* <2be [-cos A <1] 


Similarly, we have c?+a*-b?<2ca and a®?+b?-c?<2ab 
Adding these three, we get 


7 , a? +b? +0? < 2b + be+ ca) 


.--(ii) 
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From (i) and (ii), we get 
| ab + be+ca<a* +b? + c*<2(ab + be + ca) «. (iii) 


: 2 eB. Ao 
1c Ge +e 25 
ab+bc+ca 
| : Adding 2(@b + bc + ca) throughout in (iii) 
3(ab + bc + ca)< @+b+c)*< 4(@b + be + ca) 


2 \ 
3- arbeey 4 
' ab+bc+ca 


> . - 


Hence proved. 


Example 44. . Ifa, b,c are +ve real numbers, prove 
dsted, (arbeo(steted) 
9 3 3 } 
a’ : et a oo [: AM> GM] 
a? + b? > 2ab 
a® + b* -ab>ab™ 
(a? + b? - abla + b)> aba + b) 
a@+b>ab(a+b) 
b+c>bceb+c) 
C+a@>cac+a) 


Solution 


Yuyud 


Similarly, we have 


Adding all these, we get 
2@3 + B+ @)> aba + b)+ be + c)+ cae +a), 


Adding a + b’ + c’ on both sides, we get 
3 +b +C)>@ +b +C)+ abla + b)+ beh + c)+ calc + a) 
3@ +b +c)>@+b+ cla? +b? +c*) 


=> 
2 @+b+o (arb+c (ats bi +c? 
a hs a i cane: 


Hence proved. 


Example 45. Ifa,b,c,d are four +ve real numbers such that abcd = 1, prove that 


(1 + afl + by + cil + d)2 16. 
Solution -- AM > GM 
1443 Ta,1*? 2b 
aale tf. rd 


Multiplying corresponding sides of the above inequalities, we have 
(1 + a) + bl + cil + d)2 16Vabed 2 16 [: abed = 1) 
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Example 46.\ Ifa,b,c are +ve real numbers such that a + b+ c=1. Prove that 
“(+ ay{l +b) + c)> 8M — a) - b)A-c) ; 
Solution -- ‘a+becH=l 
The given inequality is equivalent to 
Qa +b+c)a+2b+cia+ b+ 2c)> 8+ cic + alla + b) 


If we write a a - 
2 2 
Then i ines xoyeZect ly cra, ark 
=a+b+c=l 
( x,y¥,z>0 
and given inequality becomes -_ ' : 
+ ZZ + X)K + Y)z Bxyz : ..-(i) 


In order to prove the given inequality, it is enough to prove (i) 
x,y, Zare all +ve. 


YZ gay, 24% > (oH 


x+ oY > ey)? 
By the inequality of the means ae >GM) 


Now, + 2+ xIK + y)> [262)/2]- [zx]: 26y)”?] 
: = &yz aa 
Example 47. Ifa, b,c are real numbers such that0<a<1,0<b<1,0<c<lat+b+c=2 
a b c % 
Prove that ia ice ie 


Solution Puta=y+Z,b=Z+X,C=X+Y 


so that x+y+z=1 
fe x=l-a,y=1-b,z=l-c 
and ; 0<a<1,0<b<1,0<c<l 
It follows that x,y, Z>0 
@ ab ic 
aii I-a 1-b 1-c 
(+ 22+ x) + YI ATE SAAN Aes : ” 

By the inequality of the means 7 ‘ 

yet Ve 25% = Vex ** Y > hey 
It follows that 

(xyz) : 
From (i) and (ii), we get ij ’ 
ab Cc 4g 
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b 
c+a 


Example 48. Let a,b,c be the sides of a triangle, 


+ 


c 5 must lie between the 
limits 3/2 and 2. Can equality hold at either limit? 
Solution -: a,b,c denotes the sides of a triangle 


O<a<b+c,0<b<c+a,0<c<at+b 


<1,0< b 
Cc C+ 


(<2 1,0< ae S| 
b+ 2 a+b 


Now, we know that if x, y are +ve real numbers such that * < 1 and z be any +ve real number, then 
y 


XXt+Z forx+2_* 2-2). 
y yrzZ : yrz y “yytz). 
Using the fact, we find that 
8 fe OFS an thiat S~ epee. 
b+c b+c+a on +C atbte 
Similarly, oc at be 
c+a at+bt+ec 
c 2c 
_ a+b atbec 
Adding the above inequalities, we have 
, a b sg Ie < 2a + 2b + 2c 
b+c c+a a+b a+t+bt+ce 
a. b c vn oe . ‘ 
<2 : . we 
so:that b+ce "tha atk w 
.: AM> GM to the +ve numbers b + c,c + a,a + b, we have 
Libres erat a+ bz[b+ ole + alas bv? ‘wo 
-- AM>GM to the +ve numbers —— a. —— we have 
b+c'ct+a "a+b 
1/3 
1f 1 1 % 1 > re Si | t ‘if 
tera a+b) \b+c c+a a+b - tt 
Multiplying (ii) and (iii), we = 
1 1 
= b+c + >1 
5 at (pict +c cta as) 
1 1 9 
b+e + eA 
Oe lia (pst c+a a 2 
or a (iv) 


b+c cra asd 2 


-: The inequalities in (ii) and (iif) are both equalities when a = b = c, .. Inequality in (iv) is an quality when 
a, b,c are all equal. 
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Example 49. Ifa,b,c are +ve distinct integers, show that (a + b +c)? > Jabc 


((aby/* + be)¥4 + (ca¥*] 
Solution -- a? + b*>2ab : [AM> GM] 
b? +c? > 2bc,c? + a? > 2ca (unequal numbers) 
Adding these three inequation, we get abe 
a’? +b? +c?>ab+be+ca (i) 
We have, also ab + bc > 2bJac an 
Similarly, be + ca> 2cJab 
and ac + ab > 2aVbce 


Adding these three inequation 
ab + bc + ca>avbe + bVca + cVab 
= Vabe (Va + Vb + Vel Mae hires ii) 
Also, Ja + Vb > 2(ab4 
. vb + Ve > 2bc4, Ve + Ja > 2(ca4 
Adding these three relations 
Va + Vb + Vc > (ab)/4 + bc}¥4'+ (ca¥4 ... (iii) 
From (i), (ii) and (iii), we get 
a® + b? +c? > Vabc [(ab)”4 + (bc)/4 + (ca¥*] 
(at+b+c>a?+b? +c? 
(a+b+c)>Vabe 
[(aby/-* + bc¥* + Ca¥) 
Hence proved. 
Example 50. Ifa, b,c are the sides of a triangle. Prove that 
ee ee eee. 
c+a-b at+b-c b+c-a 
Solution a,b,c are sides of triangle. 


We have a, b, c are all> 0 j 
Also,c+a-b,a+b-c,b+ c—aareall>0. 


By AM-GM inequality 


ae ee =| eal: w 
c+a-b at+b-c b+tc-a (C+a-b)a+b-c)b+c-a) = 
We have a’ >a’ -(b-cP 
- a’ 2(a+b-c)a-b+c) .(ii) 
| Similarly, “a b?2b+c-a)b-c+a) *s(iii) 
and c?2(c+ a-b)(c-a+b) .=s(iv) 


Multiplying (ii), (iii) and (iv), we get | 
a’b’?c? > (a+ b-chb+c-ay(ct+a-by atv) 
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Taking +ve square root of (v), we get: , 

abc2 (a+ b-c)b+c-a)c+a-b) 
abc >1 

(a+b-c)b+c-a)c+a-b) 


1/3 
“5 abc >1 
(a+b-c)b+c-ayc+a-b) 
So, (i) implies that 


fg: & , © Pty 
c+a-b a+b-c b+c-a 


Example 51. Find the largest constant k such inat Hae st ine +.a+ b+ 4c¥, Va,b,c> 0. 
at 
Solution By AM-GM inequality 
(a+b)? + @+b+ 4c? 
=(a+ b? + @+ 2c + b+ 2c QVab*)+ QV2ac + 2V2be?) 
= 4ab + 8ac + 8bc + 16cVab 


(a+ by¥,+ @+b+ 4c? heibi: Bars: Pow EE 


“Ob ' 
ie (a+b+c) a (a+b+c) 
4,8, 8.1 
=|—+—+—+——|@+bic) 
(2 b a “a 
1 1 r. 
=8 pla yeaa 
(s+5*3* Yast Tas) | 
a.a.b.b 1 a’bc’) 
~4+24—+—+4+C |> 8] 55/—~—— 155 = 100 
(5 +979" 2 ( ere) 2 
Again, by AM - GM inequality. and - 
Hence, largest constant k is 100. 
For k = 100 equality holds, if a=b=2c> 0. 
Example 52. Ifa,b,c,...,k are +ve quantities. 
a+b+c+...+k ‘ 
Prove that (steer **) <atbict .. KK, 
Solution Consider a quantities each equal to (1/a), b gprs each equal to (1/D) ............ and k 
quantities each equal to (1/k). ’ 
As ° AM > GM 
11 11 + phy. _ 
(Z+2+...t0aterms)+ (= + +...tob terms) k_k 
aa b b a+b+ 


Li 1 1 11 VWia+b+...+ k) 
> (2-2. ..toa factors (7: .tob factors). G -=tok factors) 
a a’ b bo KR ; 
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or 


(2-0 (i :b)+ sit WI ay ey ar 


a+b+c+...+k a b k 
A . 
or T+1+..+1, 1 (a+b+...+k) 
a+b+...+k [ay Kk : ; 
1 
or on . 1 (a+b+...+ k) 
a+b+ct+...+k latp? kk) 
i at+bec+,..+k 
or n ™ 1 ; 
a+b+c+...+k at pb? ... KK 
[Raising both sides to power @+ b+c+...+k)] 
a+b Rat etek 
os [‘“ +C+...¢ ) ; < ath? ... k*) 
n 


“ p+aq 
Example 53. Prove that a?b? > (22) P 


p+q 
Solution Consider p quantities each equal to a and q quantities each equal to b. 
“ AM>GM 
@+a+...topterms)+ 0+ b+...toq terms). axa...to p factors) 


-_p+q 
(b x b... to, q factors) ]?*4 
i a 


or ap + ba, appa psa 
; p+q 
Raising both sides to power p + gq, we get 
p+q 
Gy > ab") 
pt+q me 


Hence proved. 


Example 54. Prove that unless p=q=r orx =1, 
px4-" + gx"? + xP Tope ger. 


Solution. Consider p quantities each equal to x7 ~" 
q quantities each equal to x” ~? 
r quantities each equal to x” =g 
AM> GM 
(I -" +x9-" ... top terms) + (x ~P +x" -?,., 
eee ee terms) «9-7 -x4-"... to Pp factors) (x ~? . x"? 
ptqtr 
‘ —i 
to qfactors) (x?~4 x?~4 ... torfactors)P*4*" 
or pxt-" + gx"? + rxP~T > [xPG-") yx yale -P) xxTP-D Vera er) 


292 Indian National Mathematics Olympiad 


1 


q-r r-p p-a eats Baal 
or ee ee ae ee eye 
p+qtr 
1 
q-r r-p p-q SESE 
or px + GX + IX > Qopratr 
p+qtr 
XI -T 4 gyl -P p-q 
or PRE GRD +R 
p+q+r 
or px? -" + gx™-P + rxeP-Tspt+qer 


2n . 
Example 55. Prove that (n!} < n(2 . *) oe 


Solution - AM > GM 
B+2+3%9+..+ . g3.93.33 pyr 
n 
3,93, 33 . 
= (: +243 "| >Q-2-3.2nP . wai) | 
“as ae 
2 
Now, Pa B44 v4 =[MAT 
_nint iy 
4 


Substituting this value of 17 + 2? + ...+ 1 in (i), we get 


al > nif orn" (2y] > (nlp 


2n n 
or (2st) > inif or iP <n") 


Example 56. Prove that2" >1+ nvs"~! 
Solution Consider n quantities 1, 2, 2?,...,2"~'. Then as AM >GM 


2 n-l- 
142+ 2° +... +2 >-2-22.00 gn-lyvn 
n 
é 1) 12" = 1)}, [aie 2+3+in—myyn (: LHS is sum of GP) 
| n| @-1) 
ae | a 
= 2 . > [air -in/2 p/n [vas2434.. n=1nn+0] 
= 2" -1 > 2-1/2 
n 
ox e =1. fon-1 
n 
or 2" —1>nV2"-! 


or 2" 514 ny2"-! 
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Example 57. Ifn>1. Prove that 


1424274234 ...42"71> nyan-l, 
Solution Consider n quantities, 
1,2, 27, Byes 25: 


Then as AM > GM 
; (ert eBe te) ga at.eatim 
n 
or (l+2 224.234) 4 2M -1y ppt 2+3+..+ 1 -Dp/ny i) 
Now, : 1+2434..4-D=) n-1) i 


[20)+ -2)=5 I 

-. From (i), we get ' 
1424274 ...42%7) > nf2m™ -Iv2 hun 

> 142427 4...42"-1 5 nfo -1/2] 

= 142422 4...42"-l>ny2"-? 

Hence proved. 


Example 58. Prove that - 
“(4 +1) 
1-22.33. 44 Wt <(22) a 
3 
Solution -. 1-22.33. 44 ont — 
=1-@-2)-@-3-3)-(4-4-4-4)...-n-n-...n) 
Total number = 1+ 2+3+4+...+ n> ! any ‘ 


+ 


=xnanm+V 
AM > GM . Pe x 
1+ @+2)+@6+3+3)+ (4+4+44 4) $ 
ant nt n...n times) >(1-22.33.44 yn ynm +172 
2s 
‘ i 
Beat a2 is — 
s (127 +2 = +4 +... en? $a. 22.33.44 mer yias 
mt +. 2 
. 2 
n+ 1)@n+1). 4 52 93° 44 n(n +1) 
= Bas 1) ae 2° 3 4 te no 
é 2 | 
2 
. (FE a. 28.38 at neon 
3 
95 2hnbn elec ( unt 
a : (7+) 21-22-3844 nt 
nin +1) | 
oan: 1.22.33. 44 wnt <(2t) ; 


Hence proved. 
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Example 59. For anyne N. Prove that 
(r+ yn tt<14+—2 my. 
n+1 
Solution ~- AM > GM we have 


[1+ 1) + ("+ (nt! + + ny") 
>(n+ Dint+ Day" ay!" ay!” ... ayn yn} 


=> [1+ 1)+ nial!" }> + 1) 
[m+ 1)-ny/"*" 
= [m+ 1)+ nm" }> n+ int DM" *? 
i 1+ (ny! > [n+ yy" *? 
n+l 
= [+ it tte14+ —" yn 
. n+1 
Hence proved. 
Example 60. Prove that for each natural number n 
1 pit _4 ee 
n+l n+2 3n+1 
, 1 1 1 1 
—_ +... + —— 
eomion Aa] ne? HAD *Sn+1 


ow dct + 1 eft ath +...4+ Jyo1 oo 
n+1 3n+1 n+2 3n 2n 2n+2 2n+1 
Since, the AM of two unequal +ve numbers exceeds their HM. 
i _[MeDaoneny” 
_ 2\(n4+1  3n+1 ie 
1 
2n+1 


Uf oot) [abi 
2\n+2 3n 2 2n+1 
rift. 1 [argue 2)". 1 
2\2n 2n+2 2 on+1 
Adding corresponding sides of inequalities, we get 


Se Se ee ee ee a ee 
2\n+1 n+2 2n 2n+2 3n+1) 2n+4+1 


Multiplying throughout by 2 and adding io i to both sides, we get 
1 Ps 1 l 


eoaltiece ot ——'> ] 
n+1 n+2 3n+1 


Hence proved. 
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Example 61. Prove that 
a: een 1 1 


<—— + —— + — +... + —-< - 
1001 1002 1003 3001 3 


Solution AM of any n distinct +ve numbers always exceeds their HM. We shall apply this result to the 
2001 numbers. \ ; 


1001, 1002, ... , 3000, 3001 


For these numbers 
Am = 1001 + 1002 + ... + 3001 7 ra enue 
2001 
2001 1 
= “~~ (1001 + 3001)- —_ 
Sai 
= 2001 
-1 
Se See 
HM =| 1001 1002 3000 3001 
2001 
{ 
1 1 1 ; 
=2001 / | ——— + ——- +... + ——_ 
/ (x01 : 1002 * sor} 
AM > HM 
2001> 2001 / (A+ + + A) 
1001. 1002 . 3001 
Le. ss fa on >1 
1001 1002 3001 
Now, let us observe that 
Toh hg pb 13 BD 
1001 1002 1250 1000 4 
1 %. 1 an 1 «i 250 1 


—— + —— +t... Ft —— << —— == ' . 
1251 1252 1500 1000 5 


1 eer 1 - 500 _1 
1501 2000 1500 3 
_l + re ee -< 1001 
2001 2002 3001 2000 
Adding throughout, we have 
a_i Bw Tel, 1,1, 1001 _ 7703 .,1 
1001 1002 3001 4 5 3 2000 6000 3 


Example 62. If n be a +ve integer. Prove 


1 7 1 n+1 1v' 1 n+1\) 
‘ . ii)} 1 - = 1= 
wo(1+2) <Q] «i *) <( ah] 

I n+2 ‘ ; ’ 


Solution (i) If x;,-..+%, +1 be +ve numbers (not all equal), then by the inequality of the means, we have 


ee = AE es EK 
+1 1 n+l : 
&, er ee i eas aaa vali) 
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Putting Xy =Xp =n Xp 1+ 2 5%q y= 


we get wa) 


n/(n + 1) 
(1+4)’ ene 
n n+1 


n/(n +1) 
(+4) <1l+ 1 
n n+1 


Raising both sides to power n + 1, we get 


n n+1 
(1+2) <(t+ A 
{ n n+1 


Gi) Putting x; = x2 =...=X_ =1-— 5%, , 1 = Lin (), we get 
(a. 4) ee 0A. in 
aoe) et 
n n+1 
n n+1 
or (1-4) <(1- 1 ) ... (ii) 
n n+1 
n+l n+1 
- G3) ) =a (iii) 
n n 
(2 eget 
n+1 n+1 
Replacing n by n + 1 in (iii), we get i 
n+ 
1 2 1 
[+ =r :} ET aT ...(iv) 
— Ss 
a3] 


Replacing n by n + 1 in (ii), we get 


n+1 : n+2 
1- 1 <}1l- 1 
n+1 n+2 
1 F 1 P 


or 


1 n+l 1 n+2 
or (2 + *) >(i+ — i] [using (iii) and (iv)] 


Example 63. Show that 
1!3!5!...@n-1)!> my". 


Solution First let us prove the following 
ri@n=re ny, n>r 
n 
r!@n-r)! 
n! 
a -2:3...rn)@n-r)@n-r-1)...(74+1)n! 
n! 
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Ne 
=(1-:2-3...nN\@n-r)@n-r-1)...(n+1) ' 
>0-2-3..N[%+1)0+2)...n) . | [-n>r] 

Also, (n+1)>r+1 
n-r>0 
2n-r>n 


1-2-3..9r+ DO + 2)...>n!, 
ri@n—M) nt orrie@n-n)!> nl? 


n! 

Now, giving r successively the value 1, 3, 5, ..., @n—1) 
We get 1!2n -!1)!> (al? 
3!2n - 3)!> (n!)? 
5!@n —5)!> (2! 


Qn-1)!1!> m1" 
Multiplying both sides, we have . 
. [L!3!5!7!... @n-1)!P > 1)" 
Taking square root of both sides a Gok | 
1!3!5!3..@n-1)> (my 


Hence proved. 


Example 64. Ifa,b,c,d,... are p +ve integers, whose sum is equal to n. Show that the least value of 
a!bictdl...isq@!P-"@!+ DY, where q is the quotient and r the remainder when n is divided by p. 


Solution Take the expression a!b!c!d!... \ 
Then, if any two of the quantities a and b say, are not equal, we can diminish a!b! by taking a, b equal 
and keeping sum of a and b to be the same. 

Hence, the value of a!b!c!d!... is least when all the quantities a, b, c d, ... are equal. If however nis not 

exactly divisible by p, this will not be the case. 

Suppose ris the remainder, q is quotient when n is divided by p. 

Thus, n=pq+r 
=-ra+rq+1) 

.. p—r of the quantities a, b,c, d, ... will be equal and the remainder r will be equal to q+) 

So, the least value of the expression is q!?7" ((q!+ 1)!Y. 


1 
t 


Example 65. For any natural number n, prove the following inequality. 
a (t+ ged++ 1 piGete. +3) (RMO 1998) 


3°05 2n-1 2 4 \ 2n 


Solution We will prove it by induction. . 
Given inequality is true forn = 1. Assume it to be true as such and show that when nis replaced by (n + 1) 


too it is true. 
a 
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Rewriting, the inequality is 


: (1+3 
n+1 


-Mh 1 (L142) 
n n+1\2 4 2n 
=(1+ 5) (Gate. +=) 
n}/n+1\2 4 2n 
which is equivalent to 
I ee Bis 
n+1 2°3 5 2n-1 
ie., jnoa badge SOF 
23 5 - 2n-1 
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Apo (s+g+-+ a) 
2n) nin+1)\2 4 2n 


FP lat(s+i+.+ 2) 
2n} n\2 4 2n 


(As no. LHS converges to log 2, while RHS converges to lim ben = 0) Assuming the last 
n-o n 


inequality we have to prove. 

Toda ba, read 
LHS (By induction hypothesis) 
ai (f+. 2) ae a 
n\2 2n) 2n+1 2n+2 


Sh et hE fl, fk 
2n-1 2n 2n+1 2n+2 n+1(\2 2n+2 


= t+] (G+--+2)+ i -o 
n(n + 1)\2 2n}) 2n+1 2n+2 


-(1+ 2) (5+.-+2)+ 4 - 
n}n+1\2 2n) 2n+1 


Ji yo d 
n+1) 2n+1 2n+2 


It suffices to show that 


(5+ x) L et = - 
2 2n}/n(n+1) 2n+1 
1 1 


1 1 (1 1) (1 1 
See ee 1 
n+2 male? at (st-+2) 


ee it 
2n+2-n+1 2n+2 


1 


en ee 
2n@n+1) 2n+1 2n4+2 


1°? 


= ————_ + 
'  2n(n+ 1) 
2S alas AMDT 
2n(n + 1) 
oh (Re, de 
2m+1)\(n ‘2n+1 
BY 3n+1 
2(n + mn + 1) 
3n+1 


1 
2n+ 1)@n+ 2) 


1 
2(n + 1)2n + 2) 


1 1 


~ 2nin+ n+ 1) n+1 2n+2 
3n+1>2nand 2n+2>2n+1 


“. Given inequality is true by induction. 
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n 
Example 66. Prove that for any +ve integer n we have2< (2 + *) <3. 
n 


Solution Let us prove that 


k 2 
1+ Ks(1+2) lanes 
on n non 

for any +ve integer k such that k<n 
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(IMO) 


We shall use the method of mathematical induction for k = 1, the required relation obviously holds. 


Now, let us assume that it holds fork + 1 as well. We have 


(2 yn (1 + 0 + *)a(1 + Ae > 2) 


It should be noted that here we have not used the relation ksn. . 
Consequently, this inequality holds for any +ve integer k. 
Let us put ks n. Then, we get : 


k+1 k 2 
(1+2) -(1+4) (a+2)< 1+ £45 ](1+2) 
n n n n n n 
k+1 ke4+2k+1. k+1—= kK? 
=) SS Eee Siar 
n, n? now 


2 
a1 kthy Kel ons Dk wie ttl. 


n n w n 
as nk + 1)> k? forn2>k 


On substituting the value k = n into the inequalities we have derived we get ' 
n 2 4 

2=1+8s(1+1) Ps ees 

n n nn. 


Example 67. Ifabc =1a,b,c> 0. Show that 


Solution Let 


i, Deri WE ps & \ 
aib+c) bc+a) C@+b) 
weg ee 


(i) WZ Z+RK 


Now, 


x 
S =——_ + 
Let y+zZ 


Z+X x+y 


Consider (x + y + z)° ' 
2 
4 xVy+Z,Y Z+X | Z\x+y 
Wy+z \z+x \x+y 


k+1P 


n2 


(IMO 1995) 
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Using Cauchy's inequality Hf | 
(a,b, + a,b, + asb,) < @? + a} + af) 
} + bz + BS) ; 
2 
x y 
—— fy + z+ on EY, 
as ht {z+xX y ) 
2 2 2 eh tov 
“if (7 eae funn erate) 
hd yz 'Z+X X+Y Ht) 13 
= wy ePSSyt Zt ZEX E+) 
or goxtytz 
2 
We know, X+Y4Zs Ky 
3 
or x+y + Z23Qyz)4 
or x+y + Z, 3eyz)* 
2... 2 
:. We get | Wie S23 wel 
, S23. «is [-- xyz = 1] 
1 i 3 
+, + Pa 
' @b+c) Be+a) Ca+b) 2 
Example 68. IfC, = . Prove that 
ait rin—r)! ; 


VG + JG +-. + Off 


Solution AM of (1/2)th powers < ae —— of AM 


Gi+G? +. +GP. Cun 406 * 
n j n } 
: a 
7 VG'+ erat <2 =1) 
n- n 
_ \G+ Crh at fe NE OD 
n 


“ Hence, IG + IQ +..+ VG < vine" - DI 


ca 


Example 69. Ifx+y+2Z=1,x,y,Z are +ve, show that , 
( 4) ( AY + Sl 100 
x+—] +]y+—] +] z+—] > 
x y Zz 3 


Solution AM of (2)th power >(2)th power of AM 
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3 : x y Zz 
2 2 
(x+2) +[r+2) +(z4 y 2 ; 
= x y shige Bye! aes [ex+y+Z=1] 
3 9 x y Zz 
Again, x7 Ba i i oe Se »(e foe i 
or Api +Z *>o. 


(aN bsf oleaferor 


Example 70. fx, y, z are unequal +ve quantities such that sum of any two is greater than the third. Show 
that ii ‘ 


1 5 Ag rt Ding v9 


Yt Z=X Z+xX-y xt+y- Zz X+yY+Z 


Solution Consider three quantities (V+ Zz—-x)(z+x- -y) and (x + a z) and taking m=-1 
-: AM of: mth power > mth power of AM 


(z+x—-yyl ++ z—-xyl +a 4+y- [oer x4 @+x- <P Kt Y= z) 
3 3 


- a a See: ae >t) -__3 
3ly+Zz-xX Z+xX-y X+yY-Z 3 ) X+yVH+Z 

or a Bc i i 

YZ—-X. Z+X-Y iX+Y-Z X+ y+ zZ\ 


Hence proved. 


+ 1 


Example 71. Prove that ss | 
b+c-a)+(c+a-bl + @t+b-c)2 bc+ca+ ab) 
Solution Taking m = 2 and considering three quantities b+ c-a,c+a-banda+b-—c. 
-: AM of mth power > mth power of AM . | 
etiot een and niosheer ere bias boeh, [os enas brands usboo 


3 3 
2 

- boned SOLS bP +@+b (arbre) “i 
Now, considering a? and:b* | 

a5 AM > GM 

5 (a? + b?)> Va*b? 
or a® + b> 2ab 
Similarly, b? +c? > 2be 


and c? + a* > 2ac 
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Adding these results, we get 
(a? + b?)+ (6? + c?)+ (C2 + a?)> Rab + 2be + 2ca) 


or (a? + b? +.c*)>ab+be+ca 


Now, add 2ab + 2bc + 2ca to both sides, we have 
a? +b? +c? + 2ab + 2be + 2ca> Gab + 3bc + 3ca) 


or (a+b+c)*>3(ab + be + ca) 

ie (" + uae , 3(ab + be + ca) [on dividing by 9} 
3 9 

or (arbre), absperen Ai 
3 3 


From (i) and (ii), we get | 
b+c-al+C+a-bP+@+b-cY>ab+ bet ca 


If a=b=c, then 


(b+c-al+c+a-b¥ + @+b-c 
=ab+bc+ca- 
6. 58. 38 
Example 72. Prove that? +h +¢ 51,1 1, 
p ove that “53 ie 


Solution Take m = 8and consider a, b,c 
AM of mth power > mth power of AM 


[oemee a (arbesy 
eee +c (43) j(atbeey 
: (i) 
a i 
We know that a we abc (ii) 
2 : . 
ai >(wrkne) | -_ ..(iii) 


Squaring both sides of (ii), we get 


Putting the value of (iii) and (iv) in i we have 
a® + b® +c ss gitpia |" + be + <a) 


3 
Dividing both sides by a*b’c? 
a®+b*+c® | ab+be+ca 
abc abc 
a®+b8+c8_ 1,1,1 
0) —————— > - +t —- +t — 
= abc c ab 


Hence proved. 
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Example 73. Prove that 
a + b> + © > abc (ab + be + ca) 
Solution -: AM of mth power > mth power of AM 


tre, (arbre) 

3 3 

Pivsc,(arbee)(arbec) (i) 
3 3 3 


AM> GM 
b b+cy 
a+b +e, abe} or(222*¢) > abc 


From (i), we have 


5 w | 
Sees ae (23+) (ii) 


AM > GM 
2 2 
wth > Vath? or a* + b? > 2ab 
Similarly, b? + c? > 2bc and c? + a? > 2ac 
Adding these results, we have 
(a? + b?)+ ? + c?)+ (C? + a?)> 2ab + 2be + 2ac 
2(a? + b? + c*)> 2(@b + be + ca) 
or a’? +b? +c*>ab+be+ca 
Adding 2ab + 2bc + 2ca to both sides, we get ; 
a? +b? +c? + 2ab + 2be + 2ca> 3(ab + be + ca) 
(a+b+c)>3(ab+ be + ca) 
+b+cy _3@b+be+a 
ore P > Slab + be + ca) _ a [on dividing by 9] 
at peel, (@eetee 
3 3 
P+ te, abe 


From (ii), we get 
(AE) 
3 


a@ +b +> abc (ab + be + ca) 


Example 74. By Cauchy's inequality. Prove that 
bre + ea + a+b 26 
a 
where a, b,c are all +ve. 
Solution Let two sets of numbers are Ja, Jb, Jc and 7 : 5 ; “e Now, from Cauchy-Schwartz 
inequality, we have 
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or 
or 
or 
or 


Hence, 


Example 75. If x,,X>,. 


inequality show that 


Solution Assume that 


ie., 


By applying Tchebychef 's inequality, we get 
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(Way + Wb) + Wey] , 
| ‘ 
(al-Gl Gea e ed 


G+b+o(t+i+2)eari+iP 
a c 


a+b+c ,atbt+c, at+bt+Cyg 
a b c 


eae C+a,,,atbyg 


--pXn ANAY,, 2, ++4¥Vn be any two sets of +ve numbers, then by using Tchebychef''s 


[i+ Spee Mo Le e+ Maat 
y 2 Yn J\%1— X2 Xn 


fy 


Rc Xz< Xn then 


Y:. -Y2 Yn 
Yi>Y2>.>Yn fortwo sets -h * 
x) Xo Xn 

qx. mt and 21, 22 Yn 
vy Y2 Yn X XQ Xn 


x 


Mp At 5... Ms Pees Pallan( SM Sa Yag 4 Sa Ye 

Vi Yn J\% X2 Xn MX V2 XQ Yn Xn 
or (SoS e Meet Mobentsry tn 

Yi Yn Xx XQ . Xn 

as Ry ee Sa )(4 + Yee + Ye lant 

yy Yn J\% 2 Xn 


Example 76. Prove that 


where n ts any +ve integer. 


-: nis +ve integer such that JI > is > 


Solution 


and 


v1 + fe+ ) 
— in < en 1" 
n 
> fe for two sets of number 


to 
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Applying Tchebychef 's inequality 


[+ Fo + Eas Fe len(e fife FR) 
"= [a+ Be fF <n(avds+2) ..(i) 


Again applying Tchebychef ’s inequality for two sets. 


eek eee 
Z n 2 n 
1 1 
>-—>...>— 
2 
(+34 +i) 5+ + Ben(1 144 1, 1.1) 
n n Z 2 
2 
(i+3+.+ i) <n(i?+ 3 +..+ 5) (ii) 
2 n 2? n? 
n>Oand-n<0O 
or n?-n<n? 
nin -1)<n? 
or = ee 
* n@-1) n? 
Putting n = 2,3,4,...,n 
. aI ,i 
1-2 2? 
1 1 \ 
——— 
23°32 
1,1 
3-4 4? 
1 am | 
> 
(n-1)-n n? 
Adding all corresponding sides, we get 
1 1 1 1 1.1 1 1 
— + —— + —— +. t+ >—s+ — + —- 
1-2 2:3 3:4 (M-Im 2% 3 ar dial. 
Ll byl _ ds 1 11,1, 1 1 
l-=+=-=+7--—+...4+—~—--—> 4S +S+S — 
sal 272.33 4 i ns 3 "SS 
DB. De J 1 1 
=> 1 a tat ae my 
1,1 1 1 
or 1l+5+5+..+—5<2-— 
22 34 n? n 
ally +24 ++ )<en-1) * 
i’ re + .--(iii) 
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From (ii) and (iii), we get 
2 


(i+5+- +2) <@n-1) 

2 n 
{i (1+p+--+2)<en-1)7 ...(iv) 
\ 2 t n 


From (i) and (iv), we have ; 
“ 2 , ! 
[+ B+. fE]icmen-m¥2 
2 4 n 
[t+ B+ +E} <vien— a 
2 n 
M+ fio. : 
aa we ee , 


Hence, 


Example 77. Prove that 


1-3-5-7...@n-1)_ ‘y 
2-4-6...2n (+1) 


where n is +ve integer. 


P 1 1 1 1 
Solution Let Oy = 54 Ap = 71s = re Oy = 5 
then A +8, +a;,+...+4, 55, et+4414 we 
. 2 4 6 2n 
Now, apply second inequality of Weierstress's inequality, then 
(L+ S,)< (1 + a) + a,) + a)... +a,) 
(+ a,)0 + a2) + a3)... +a,)>1+5S, 
1 1 1,1,1 1 
1+ -fl+—]>1l+i+-4+l4+..4 2 
~ (43 a) ill 8) ( in) 2° 4 6) On 
3 5 7 @Qn+1) A peat... eal op -1 ; 
Can eee >14+2°+4%°+ 6% 4+...+ Qn 
a 246° 2n @n) (i) 


-: AM of (-1) th power > (-1)th power of AM 
™ 21441+67+..+ Gry", (asa Sstiny" 
iLe., se En EE ae 

n n 


= ee ee 
2+4+6+...+2n 


224414 61 4...4+ Q@ny> 


n 
—@2+2n 
ae ) 
234474 674..4 @ny'> 
n+1 
142°) 4 43) +67 4.4 On ote 
n+1 
1427447467 4...4 Qny'>2ntl Ai) 


n+1 


Inequalities 


From (i) and (ii), we get t 
3°55 “7 @n+1), @n+ 1) 


246 °° 2n n+1 
te 3-5-7...@n-@n+1), @n+}) 

2-4-6...2n n+1 
ox 3:5:7...Qn-1), 1 


2-4-6...2n n+1 


Example 78. Ifx,y, z are each +ve andx + y + z=6. Show that 


2 2 2 
(x+2) +(y+2) +(z+2) hic 
y Zz x 4 


Solution ‘By using HM inequality 


3 X+V+Z 
iG 2 
So, 1,1,.133 
x y Zz 2 
2 2 2 
[x+3} +(v+2] +(z+2) xtusyetazel 
Now, Z ae 
° 3 i v3. 
3 
6+= 
2 Pas 
3 2 


Now, squaring both sides and multiplying by 3, we get 


2 2 2 
(«+2) +(y+2) +(z+2) 25 
y =. IZ x 4 


Example 79. Ifx,y,z> 0, prove that 
(xy + yz + 2x) 


1 1 1 9 
——__ +}. 4 | |> = 
oF + zy ty | 4 
Solution Lety+z=a, 
z+x=b and x+y=c 


a 
We have xabro= 
a’-b-c 
Thus, ya =a b-cF 
_ a? -b? -c? + 2be 
4 


Lyz= +E @be ~a*) 
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Now, assume a2 b2c without loss of generality, then 


2be — a? < 2ca - b* < 2ab = c? 


.. By Tchebychef 's inequality and AM-GM inequality ‘ 


4 2) rie gayle 
alee a ene a’); cs 

2 2| be - a’). 4-3 (222)- 12(« ey ~l=2-Je1 
a’ 


Example 80. Determine all real numbers satisfying the inequality 


3 logx -1)+ log jx -9>1. 


[log denotes logarithm to base 10} 
Solution : log@x - 1)+ log./x—9>1. 


4 


Yuu yuy 


5 logex -1)+ 5 log - 9)>1 
log [@x — 1)& — 9)]>2 
(x — 1) — 9)> 10? 
2x? 19x —91>0 
(x — 13)@x-+ 7)>0 
Either x <5 orx> 13 


- x cannot be less than -7/2 (as if x < 9, then log x — 9 has no cad 


+. xmust be> 13 


The desired set is &* :x > 13 andx e€ R} 


Example 81. Without evaluating square roots, find the larger of two surds : 412 ~J11,/7-J6 . 
Solution -: (12 - VI1)W12 + V11)=1 


ie., 


Consequently, 


so that 


Example 82. Let a,a,... 


1<ksn-1. Show that 


Eff Je \? + VB) 1 
(J12 - V11)W12 + V11)= W7 - Y6)V7 + V6) 
@Wi2 - vil). (/7 + J6) = ‘ 
“7 - 46) <Wi2+ JID ol 
V7 + V6 <6, V12 + vil i 8: 
47+ 6 v7+V6 . 
oe 
ae 5 


7 -J6>VI2 - JIT 


=1 


<1 


,@, be real numbers all greater than 1 and such that |a,-a,,,|<1 for 


a 
Gig Be 4p a 4 etn, 


a B&B * a yy 
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Solution By using mathematical induction, we will prove the result. 


(i) We will prove that §: 5. S29 


a aA d wt 
Assume @, < a, 
: |a, - a,|< 1, we have a, - a, <1 
Le., a, <a,<a, +10 
a , a 
So % Beye Stl, Je3 
a a a, a, 
Assume @, < a, 
|a, — a,| <1, we have a, <a,<a,+1 
a 
44% tl yi9, 1263 
a a. a az 
Assume 4 ,& 
a, = @>, then | + 2 =2<3 
a a 
, (ii) Now assume 
a, 
Bh ig 2 eo. Ae ed 
a4 & a, 
Hyg Tet 
a & a 
ay 
~(Se+ a Sects Se) ee 
a2 a A) Ae A A 


, Nowit is enough to show that 


a px 
9x 4 Sk+1 _ Ak is less than 2. 
Any a a 


If a, < ay, ,, thenay,,;- <1 and we have 


a a 
Oy Mk _ Ak oy Lee 
K+ Qa a a 


If a, >a,, 1, then a, — 441 <1, we have 


a 
a <2, 21% <9 
Ane a aA 
a As, a n 
If a, =a,, ,, then| ““ + —~-—|=1 , 
k k+1 a a ’ \ ’ 
Ane) h 1 


So in all the cases 
pet RY ak + Ake = ay <2 
Agel ay a 
Example 83. Ifa,b are +ve real numbers. Prove that 
[a + b)(a? + b*)...@"'+ 


for every +ve integer n. 


Solution [@+b)(a? + b?)...@" + b")? 
=[(@@+ b)(a? + b?)...@" + b")) 


i] 


Age) a 


Ny 


bMyR> atts by, 


(a" + b")a"-'+b"-")...@+ db) 
=(a+ bya" + b")a? + b?Ya"~! + b"~")...a" + b" la + b) 


a a 
+ Mist Sec ok-n)+ (St + Shot Ge 


a 
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[- a, > 1) 


[-- a, > 1] 


| 


[- a, >1] 
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If k be any +ve integer such that 
lsksn, then 
ak + pkg K+} 4 pr-ke}) 
=q'tl + prrt + akpr-k+l + bkgn-k+ly grt! + prt) 
Applying this result to each of the n products we find 
[a + bya? + b?)...@" +b" PP 
>rtls prtlygntl 4 pb +1).. to n factors 
a@rtly prtlyn 
Hence, | 
[a + b)(a? +b’)... @" + b")P>@rtt+ prtyn 
Hence proved. 


Example 84. Ifa,2a,2...2a, be real numbers such that ak + ak + ...+ ak 2 0 for all integers k> 0 and 
p= max {|a,|,|@,1,-...,1@,|}. Prove that p =|a,| =a, and that (x - a,)( - ap)... 
& -@,)SX, - a? 
Solution Take k=1 
» ak+ak+...4+ak20 


and for k = 1, we have 


a, +@,+...+a,20 q roi) 
: @, 2@,2>a,>...24,,a,20 fii) 
and if all a,,i =1,2,... mare +ve 
a, is the maximum of all a,'s. 
" p=lal=a, 


Suppose some of the a,'s are -ve and p # a, then a, <0 


Hence, p =|a,| 
Let r be an index such that 
An = Ay) =e = r+1<4 Sa,_)S...5a 
Then ak+ay+...+a,_,k+ak+...+a* 
k k k 
=ak (2} +(2) ++ (%) +{%]4m-n 
a, a, a, n 
=ak xX 
k - k' - k k 
where X= “| +(2} ++ ("4 +(2]+m-n 
. a, a, a, an, 
hee tl 
An| |@n ap, 


So their kth powers < these fractions and by taking k sufficiently large which would make X > 0 and 
Xak < 0 for k odd. 
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A contradiction and hence p = q, 
Let xXx>a 
By AM-GM inequality 
(K — Ay) — @3)(K — ay)... & — Ay) 


te 
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xr K-@G, =a 
like « -a) <[@-Dx+a, [- 4,20] 
n-1l n-1 {=1 
‘ -1 . 
= fes a 
oto n-1 
ae ieee Ce as ee [:(22)se-w. rea] 


Multiplying both sides by (x - a,), we get’ 
& -— a,)(K - ay) (XK -— a3)... % -a,) 
SO — aya" + x" - 7a +... at l)=x" - al 


Example 85. [fx,y, z be +ve real numbers and xyz = 1, prove that 


a . Sa eee Y 


+P ty P+ P+ ys D+ + 2x 


when does equality hold. (IMO 1996) 


‘ { s 
a) a 394 


Solution x5 + y= + ye! - xy + x2y? - 9? +4) 
= Get y)ixt + x2y? + yt xy? + y?)] 
= & + ye? + xy + y*) Ke? - xy + y?)— xy? + xy + y?) + x2y?] 
=& + MK? + xy + 2) (x? — 2xy + y2) + x2y?] 
= & + YM? + xy + ¥7)e - y+ x2y?] 
> K+ y)xx?y? ; 
ie, x9 +P 2x2y2@ + y) 


Equality holds if a=b 
1 1 


———— 
e+y xy? +y) 


05 a) 
> xtY oxy &+y) 
xy 
~~ +eyp4] 
=n “—-~—sxy+y)+1 
xy ‘ ‘ 
Soak 
- a A ew etal 


See ee 2 ie 
x+y ¢xy Ltxyet+y) 


| be & —yP &? + xy + y2)2 0] 
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Example 86. Ifx,y, z are sides of a triangle andx + y + z= 2, show that 
x2 + y? + 2? + 2xyz<2. (INMO 1993) 

Solution It is givenx+y+z=2 ; . 

On squaring both sides of above equation, we get . 

=> : 4=&K+y+t zh =x? 4+ y? 42? + Whey + yzt ZX) 
x? +y? 4 27 =2Q@-xy-yz- zx) 
Adding 2xyz on both sides, we get 

x? + y? + 2? + 2xyz =2Q - xy -yz- 2x + xyz) 

Now, to show that x? + y* + z? + 2xyz<2 it is enough to show that 


i 2Q — xy - yz — 2x + xyz)<2 


=> 


or \ 2+ xyz -xy-yz-2x<1 

or xy + yZ+ ZX —xyz-1>0 7 
Ps) X+y+Z=25=2) 

So ' s=1 


Now, 101 - x)(1 - y)(l - z)> 0 as the expression in the LHS is square of the area of triangle with sides 
X,Y, Z. 


> Ble + y+ 2)? + Oy + yz4 Zxl—xyz$0° 
or -1-2+xy+yz+ zx -xyz>0 
or xy + yz + zx —xyz—1> as desired. 


Example 87. Leta, b,c be +ve real numbers such that abc = 1. Prove that 


| (a-1+p)(b-1+Z)(e-1+2)<1 


Solution Now, ‘ (» -1 +2) =b (2 an x) 


So, the square of product of all three 
< ba*cb?ac? =1 


Actually that is not quite true. The last sentence would not follow if we had some -ve LHS, as then we 
couldn't multiply inequalities. 


But it is easy to deal separately with the case where (2 -1+ i} (» -1+ *}(¢ = 14 i) are not all +ve. If 
, c a 

one of the three terms is -ve then other two must be +ve. For example 

ifa-1+1<0,thena<1soc-1+2>0 


b>1sob-1+ 450 
Cc 


But if one term is -ve and two are +ve, then their product is -ve and hence less than 1. 
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Example 88. Prove that 
\ k+1 
1 nbteiks Ike 3h4 + nbe(1+ 2) 1 nk+1 
k+1 n 
(n and k are arbitrary integers). 
Solution Now, in 


k-1 k-245 


Saxk4xk-lax ee ese | 


ifx > 1, then the first term is numerically the greatest but if x < 1, then the last term is greatest. It follows 
that cy 


k+1)x*> s>k+1,ifx>1 
k+1)xkes<k+1ifx<1 
If both sides of these inequalities are multiplied byx —1,it is found that forx #1 
+ Uxk(x - D> x**!-1>k+ DR-D 


Assume that x = —? , then we find 
(p-1) ‘ rT 
k+ Wp , ptt! -(p- DE? | k+ (p+ 1) 
(p.-1)k*? - (p-1}**} (p -1)**} 


If we assume x = 2*1 


, we get 


k+ (p+ 1k, (p+ Ett p*t* | + 1) pk 
peers. pk} pert 
If follows that 
(p+ yt! —petl sky 1)p* > pk*}— (p ~ 1k} 
Letting p successively have the values 1, 2, 3, ..., n. 
ak+1_ykelo gy yykspktiug 
gktl_ok+ly gy ppks ake _ykel 


4k+l —3ktls ae 1p* > 3k+! —2k+1 


seeeeeecenes 


If these inequalities are added together, we get . 
(n+ kt! -1> 4+ Ik + 2k 4 3% 4.4 n*)> nk} 
Dividing through these inequalities by k + 1 


i 1 L eked 7k «ok ak ko ol oo. 
1l+=— - et > 15 4 28 4 Ry ten ¥ 
( "7 pauiee alias =< 
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a i[b (; i) 
Wtlss 3/2 (a+b) a9 
for all +ve real numbers a and b. 


Determine when equality occurs. (amo) 


Example 89. Show that 


Solution Multiplying both sides of desired inequality by Yab gives 
Va? + Vb? <32a+ by 


Put Ya =x and Yb = y we find that it is sufficient to prove 


x? + y?<3/203 +? forx,y>0 


By AM-GM inequality, we have 
x Pe ee thy 6a 


or 3x4y? <x + x3y3 + x33 
and 3x2y4 <y® + x33 + x3y3, 
with Spaliiy) if and only if x® = xy? = y® or equivalently if and only if x = y. Adding these inequalities 
and adding x° + y° to both sides aca. \ 

xS+y 6 4 3x22? 4 y2 )s 25 +.y8 + 2x3y3) 
Taking cube roots of both sides yields. 
Equality occurs when x = y ora = b. 

5 ft | 
a b 3_@t+b+cy 


Spee SS 


x y Zz 3K%+y+zZ) 


Example 90. Prove that 


a, b,c,x,y, Zz are +ve real numbers., 
Solution By Holder's inequality 
i, (mB + a + PY? = PPPs + G14203 + Hh 
for all +ve reals p; 4; 5% 


73 
1/3 
Hence, (ae +2+S) a+1+1)4 


«+y+2)8>a+b+e 


Cubing both sides and then dividing a sides by 3 + y + z) we get 
@ Bo, arbecy 
x y Z 3R+y+Z) 


Example 91. Let m and n be +ve integers. Let @,2,...,4m_ be distinct elements of (1,2, ...,n} such that 
wherever bs +a,sn for some i, j (possibly the same) we have a,+a,=a, for some k. Prove that 
Q + Ay +--+ Om nti 1 

m 
Solution A = j,Q9,...5 An} 


Assume, A, > A> ...> Am 


... Inequalities tip 315 


Assign to any a, element of A, the element a, _, , 1 as its pair. This matching is symmetric, the pair of 
4m -1 +1 18 @; and if m is odd, then median a,, , , is equal to its own pair. | 
= 


First we show that sum of any pair is at least n+ 1. If to the contrary a, +d, _;,,<+1 for some 
(1 <is<m) then ordering of A gives 


A, <A; + An <A; + Ay 1 << A, + Am 74,5 \ --i) 
Hence, by condition the i sums in (i) produce elements of A. All of them are greater than a, a 
contradiction since there are only i — 1 elements in A beyond q,. 

x at+a,2n+1 
a,+ A, _,2n+1 


An +a, 2n+1 
Adding these, we get 


2, + Az + ...+ Ay, )2mn+ 1) 


Example 92. Let {a,} be a sequence of distinct +ve integers (k=1,2,...,n,...) Prove that for every +ve 


integern, & Sk> 1 (INMO 1978) 
"k=l R2 k=1K 


Solution Let x,,X>,....%_3¥1»¥2»---»¥n be real numbers 


where X 2X2 2...2Xn Vy SoS... SYp 


Moreover Z,, Z2,..., Z, @ permutations of the y,’s, then 
2 xy = XZ ...(i) 
In (i) equality holds if the order of z,’s agrees with the order of the y,'s. 
If to the contrary, we assume that they first differ at the kth place ie., y, = 21Y2 = Zo5.. 
But Vp FZ, 
Let Z, =), and y, = Z, 
where rand s are greater than k,r > kand s> k using this notation X Zp + X5Z, =X,y, + Xe” 
Now, change the LHS by substituting 
XyZy + XyZy =XVyp + Xs¥_ DY XyVy + Xs¥,- This way we increased the sum on the left. 
as XY + Xs¥r) — & yr + XY )= Ky — Xs), -Y,)zO 
This implies that the sum 2 x,y,, where x, — s are in decreasing order is the smallest if y;, - S$ are in 


increasing order. There is a minimal among the above sums as there are finitely many of them and that 
can only occur when the y, — s are in increasing order otherwise we could decrease the sum using our 


+9Vk-1 = ZR 1 


arguments. . " 0 
So, for a given n let a, $ a2 $...< a, be the first k elements in increasing order. 
Weve SD Wve nl ; ’ 
But i og 
and hence by (i) ‘ Nes 
Ee tS ii) 
k=1 2 k=l K2 
1 21,0) 2 2,..., Ay 2 Ky... Qj, 2 and so (3) implies that 
na n k nj] 
= == 5 = 
kel 2 kel K? k=lk 
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Example 93. Consider the infinite non-increasing sequence wi) of +ve reals nap thatXx, = 1. Prove that for 


every such sequence there is ann21 such that 


2 
i SreXO XE 4 n=1 > 3999.) (i bow 
X, Xp Ni ‘1 


Also find such a sequence for which 


2 2 


2 j 
aN g ees ere — (INMO 1982) 
Day tke UOT Cg 


Solution It is given 
2 "x2 
Sp =X0 4% 4.4 2M-1¢3999 
XX Xn 


Oy — 2X41)? 2 05x72 4x Xi 41 — Xie 


2 
x 
follows and so —! 


2 4K; - X41) 
Xie . 
Applying this to sum in (i) 
Bs 2 i olid il ’ 
S. i? ee es +X) —Xp t...+ Xq__y — Xn) 
X, X2 Xn 
= 4(1-x,) 


If the limit of the sequence x, is zero, then there exists an n such that x, < = and for this n, 


s 2>4(1--1_)-=3999' 
n>4(1- 365)" 


Now, let the limit c be different from 0, c > b > 0 so every element of the sequence is greater than b. 


Let n2 4/ b, then 


2 nxn me 
$= £ os 2 he 2 aonb 
1=0X) 41 i=0 Xin) i=0 


Now, let x, =27@=0,1,.-.}NOW oj. i: 


xp 2 ott 
Ta PO a aa 
f b 4 yf f 1 1 » 0 
and so — Sanat atig hrs gaat 


"Extending it to an infinite geometric, sequence the sum is 4. 
Hence, the finite sum S,, never reaches 4. 


ory | av y “4 ‘ ve z 
Example 94. Ifa,b,c be the length of the sides of a triangle. Prove that 


---(i) 


a’b(a - b) + b’cb -c) + c*alc - a)2 0. (INMO 1983) 


Solution Let . 

a*b(a - b)+ b*c - c)+'c?alc -a)=0 
Let x=-a+b+cjy=a-bec 
and z=a+b-c - 


li) 
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Thus, x, y, Z are twice the length of the segments between the vertices and the ie pan of the 
incircles. So ea bs coal Sel 
+X X+y, 


Vit 2 pe = 
2° 2s 

Substitute them to (i) and multiply the inequality by 16. ' 

+ zP(z+x)y—x)+ (2+ xP + yZz- y+ & + ¥RO+ air: 2)20 
=> 324 Px + 22y>x2yz + y2zx + Zxy 
and so 324+ x + Dy —x2yz-y2zx - z2xy 

= zx(x - y)* + xyly - zP + y2(z-xP 20 
Asx >0,y> 0, z> 0, equality holds if and only if x = y = z. 
ie., if a=b=c, then triangle is equilateral. 


N 


a= 


Example 95. Prove that 0< xy + yz + zx - 2xyzs oo where x,y, Z are non-negative real numbers for 
whichx + y + Z=1. { ten ' (INMO 1984) 
Solution We have to prove jun oar v) ganic 


Oxy + yz+ zx-2xyzs F ..-(i) 


X+y+zZ=1 el Se peal ..-(ii) 
To prove LHS of inequality observe that (ii) implies 
O<x,y,z<slandso 
Xy + yZ + 2X — 2xyz =xy(l - Z)+ yz -x)+ zx20 
eS ¢. All terms of LHS are non -ve.) 
In order to show the RHS of inequality. 


1 1 1 
X=aA+—,Y=b+=,Z=C+=,5°) 
Let a y +3 Zz cag 
Now, (ii) gives ’ : 
at+b+c=0 |. 4 “ices apes ii) 
and -lea pecs? . : . 
‘ 3 3" 
After substituting b + c =— a, we get 
7 wll 
+ ZX —2xyz=—— + = 
XY + YZ — 2xy: 37 * 3 
(ab + be + ca 6abc)= s +5 be -a® — 6abc) ..-(iv) 


Our original expression is symmetric ina, by. 
Hence we may assume that as bsc. rot 
According to (iii), a, b, c cannot be all +ve or -ve at the same time so there are 2 possibilities. 


(ajasbsOsc or ()-Zsas0sbsc 


Now, bc - a? - 6abc is not +ve. In case (a) every expression is +ve, so 2 holds. 


Now to prove (b), let us arrange (iv) 
be - a® - 6abc = be - 6 + c)* - Gabe 


_ =-@-c) -3bc( + 2a) 
Now, as 1 + 2a> Oand bc 2 0, the expression cannot be +ve,'so (ii) holds. 
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Aliter } ; 
(ii) implies that at least one of x, y, z, let us say x is not greater than 1/3. Thus, 1 - 2x > 0 and so 
Xy + yZ+ ZX — 2xyz = xy + yz(l - 2x)+ zx>0 
Hence we proved LHS of (i) 
To prove RHS. We consider 2 cases. 
(a) One of x, y, z, let us say’zis at least 1/2; z21/ 2 
(b) OSx,y,z<s1/2 
In (a) case x + y=1-z we get 
XY + yZ + ZX — 2xyz = ZK + y)+ xy - 22) 
= z(1 - z)+ xy(t -2z) 
1 7 
<2z(0-z)s m < 7 
In (b) case, apply the following substitution 
a=1-2x,b=1-2y,x=1-2z 
These values gives a,b,c2>0,a+b+c=1 -(V) 
Substituting and applying (v), we get 
wy + y+ zx ~ Doyz = 1 * UE ...(Vi) 


Now, AM-GM inequality gives 


abee(2t etc) 2 
3 27 


Hence, (vi) implies 


Hy + 2+ 2X ~ BYES 59 = 
4 


So, we proved (i) in every case. 

Aliter 

The problem involves the so called elementary symmetric polynomials of x,y, z that lead us the 
following idea. Consider the polynomial f(t) of degree (3) 


ft)=(- xt -y)t - =O - 07 + y + Z)+ ty + yz+ ZX)- xyz Avi) 
From (ii), we have 


1),1_1 7 
23 )=4 st Or yet RD 2xyz 


ny + yz+ Doe =2f{ i) +3 


1) 137 
0<2f|-|+-<s— 
si r(5) 4 27 , 
1 1 1 
-sSI5|Ss5 «(viii 
anid 8 (5) 216 (vill) 
Assume x2y2z20 
Choose x, y, z such that x21/2,ys1/2,zs1/2 holds. 
(vii) implies that (3) $0. 


oe -1Q)-(-YENG-D 
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Applying AM-GM inequality and using x < 1 


nae © 1/ 
X-y-Z+=— 2x -= 
2 3 3.) 8 
1 1 
=> —|2-= 
G3 


If we choose the values of the variables such that x < 1/2 and soy<1/2, z<1/2 holds. 
The previous method gives 


3 
~-( + y+ 2) 
1\<(L-x)(1-y)(4-2)<|2—__— 
= t(2)*(*)le*le-= 2 
sale 7 
" °° 216 


Hence proved. 


Example 96. Let x,,x2,...,X, be real numbers. satisfying x? + x3 +...+.x?=1. Prove that for every 
integer k= 2 there are integers a, (i = 1,2, ... ,n) not all zero such that|a|< k-1 for alli and 


|X + ApXz +... + AnXylS ih (INMO 1987) 
Solution xP 4+xe4..4+x2 =1 ... (i) 
[A,X +€oX2 +. + AnXylS a iN -.-(ii) 


Applying AM-GM inequality for (i), yields , 
ae XT + X2 +o. + Xn 5 1X1 + Ixol + ...4+1Xyl 
vn n n 
ie, IX] + [XQ] + ...+ 1X1 Vn 
Consider, now the k” — 1 sequence of length n, none of them is constantly zero that are composed from 
the numbers (0, 1, 2,...,kK- 1) oe 
Let one of them be @,, @>,.-. , 4, Set now the sign of a, in such a way that the product a,x; is not -ve 
G@=1,2,...,m) clearly 
AX, +... + AnXp =lallx| + |ag||Xal+ ... + lan lx, 
SK = 1)(Xy1 + [XQ] +... + 1X) 


<k-1n ... (iii) 
Split the interval (0 , & - 1)/n]into k" - 1 equal parts the length of each part is xn If any one of the 


sums above is inside the first interval, then (ii) clearly holds for this sum and we are done. If there is no 
such a sum, then there are at least two of them in some of the remaining k" — 2 intervals. If these sums 


are 
BX, + BX. + 6+ DyXp 
and CX, + CXQt..+ GX, = (BI ols k-1) 
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Then obviously their difference cannot exceed the length of the interval 
[Byxy + DX +... + DyXp — GX — COX 2 —CpX yl 
=|, -— C+ Gy -— Cy +) Or -— Cn Ral 
< k = ln 2 i 
kK" -1 
. b,andc; are of same sign, |b, - ¢l<k-1 
Clearly, a, = b, - c, are integer of (ii). 


Example 97. Let ABC be a triangle with sides a, b, c. Consider a AA, B,C, with sides equal toa + 3 »b+ 5 , 
c+ > Show that ’ 
[A,B,G]2 9/ 4[ABC] 
where [XYZ] denotes area of A XYZ. (INMO 2003) 


2 
16[ABCF = @+b+c)a+b-clb+c-a)c+a-b) 


16[A,B,GF = sa + b+ ch-a+b4 30)Cb4 c+ 3a)-c+ a+ 3b 


OASE 3 \ 


Solution It is readily seen that a + 24D ieee Scan serve as the sides of a A. Heron's formula gives 


Now, a, b,c are the sides of a triangle, we may assume that 
BEL GT a=qG+r;b=r+p;ic=p+q 
p,q,¥r are +ve real numbers. 
So, we have 
[ABC? _ 16pqr 
[A\BGP 3@p+4)eq + rer + p) 


-. It is enough to prove that 


: Qp + q)@q + r)er + p)227paqr 
for +ve real numbers Pp, q, I. 
Now, AM-GM inequality gives 
2p + q23~"q)’, 
2q+r23@q@*r)? 
and ar + p23¢p)? 
If we multiply all these inequalities, we get 
2q+r)@r+ p)@p + q)227pqr 
Equality holds if p=q =r 
ie., when A ABC is equilateral. 


Example 98. The diagonal connecting two opposite vertices of a rectangular parallelopiped is 73. Prove 
that if the square of the edges of the parallelopiped are integers, its volume does not exceed 120. 


Solution Let a,b,c be the lengths of the edges of the parallelopiped. 
We have a’ +b? +c? =73 
By AM-GM inequality, 


3 
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- a®,b?,c? are integers, | 


3 
=> a*b*[73 - @? + b*)]< 14408 


We need the largest integer N such that N< 14408 | 
Nhas 3 factors whose sum is 73. 


14401 and 14407 are primes. 


3 
a2b’c? < (2) ~ 14408 


14402 =7201x2 = 7201 is a prime. 
14403 = 4801 x3 = 4801 is a prime. 
14404=4x13x277 
14405 = 43 x 67x5 
14406 =2 x 3x74 
14408 = 1801 x 8 

None of these numbers have 3 factors with sum = 73 

Now, 14400 = 24x 24x25 

and 24+ 24+ 25=73 

.. Maximum volume is J14400 = 120 


Example 99. Letx,, x, be the roots of the equation x?, + px - ta 0 ,where x is unknown and p is a real 
2p? Palate 


parameter. Prove that x; + x3 >2+ 2. 


Solution We have x, +x, =-p 


XX sisanaile 
Tr2 2p? 
; 1 
Thus, a a a le 
te 


2 5 09) ra 
x} +X3 = i + Xz) — 2xix} 


Pu 4 : tp 
2 4 

=|P°o+—] -sy =P +a +2 

( | 2p* i 2p \ 
For a> 0,B 2 0, we have a + B22/aB sae 


1 1 
x4 2x = bie ny De ra fee +2= 242 ‘ 
So 1 +X2 =P Op P 2pt 
Hence proved. 


Example 100. Prove that for every three non -ve numbers a,b,c the inequality a + b? + @ + 6abc 
2 : (a+ b+c) holds and that equality occurs only when two of these numbers are equal and the third is 
Zero. " { 
Solution without loss of generality, assume a2 b2c 
a+b +c} + babe2 = a+ b+ cP 
© 4 +b +c} + Gabc)2 (@ + b+ C3) 
+ 3ab (a + b)+ 3bc(b + c) + 3ca(c + a)+ Gabe 


aie eee 
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= (@ +b + C+ Gabc)2 abla + b)+ beh + c)+ calc + a) 
We have a-c2b-c 

=> ala - c)2 bb - c) 

> ala -c)(a- b)2 bb - c)(a- b) 

> ata - b)a-c)+ bb-c)b-a)20 

Also, c-asQandc-b<0 

and c(c - a)(c - b)2 0 


Adding these, we get 


ala - b)(a-c)+ bb -c)b—a)+ cc -— a) 
(C-b)20 
Expanding LHS, we get 


a+b +c -aba+b)-bceb+c)-calc + a)+ 3abc> 0 
Thus, ab(a + b)+.bcb + c)+ calc + a) 
<@+b +0 +3abesa+b +0 + Gabe 


Equality holds if and only if 

a(la-b)a-c)+ b-cbb-a)=0 
and c(c —a)(c — b)=0 
Second equality holds if eitherc=Oorc-a=0 
or c-b=0 


If c = 0, from first equality, we get 

. a’(a-b)+b*b-a)=0 
=> (a - b)a? + b*)=0 
> a=b 
Ifc-—a=0 -- a>b2cit follows thata=b=c 
Substituting in the equality we see thata=b=c=0 
Ifc=b thena@@ - b)(@-b)=0>a=O0ora=b 
Ifa=bthena=b=c=0. 
This completes the proof. 


Example 101. Find the largest integer n for whichn®™ < 53%. 


Solution 200 < 5300 
. 3 \200 
J mt noni] 
> n<5¥? = (5p =5/5 
To find n such thatn<5VSsn+1 
© n?<125<(n+1) 
By inspection we get 11. 
.. Answer is 11. 
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Example 102. Let P be a point inside a AABC. Let 1%," denote the distances from P to the sides 
BC, CA, AB respectively. If R is the circumradius of AABC, show that 


Vi + We + VB < oe @? + bP + PY? 
where BC = a,CA = b and AB=C. 
Solution Vi + Jim + laa daih Jat te a + 


Applying Cauchy-Schwartz tena for the sets 
(ar, br, Jer} and {7.7} 
we have Vi + Vn +m 
2(1, 1,1)? , 
$ ar, + br, + cr)” (-+¢+2) fi) 
Now, "ar, + bry + cr, = 2(APBC + APCA + APAB) 


= 2AABC = 20C G AABC Area = ave (ii) 
OR. 4R 
Now, (ii) reduces (i) to 


v2 
Wi + i+ ee(y (i+}+2) a 
Again by Cauchy-Schwartz inequality, we get 
(ab + bc + ca)s (a? + b? +c?)/2 
@? +c? +a?? =a? +b? +0? -.afiv) 
Applying (iv) to (iii) 


\n+vn+ fas (@e) (eaeey 


abc 


2 abc)" a? +b? +2)" 
~\2R abc 
Vit Wa + Se @ + + ct? 


Example 103. Leta, b,c be +ve real numbers such thata + b+ cz abc. Prove that 
a? +b? + c* > 43 abc. 
Solution Assume that a? + b? + c? < V3 abc 
By AM-GM inequality R 
3a*b2c? < a? + b? + c? < V3 abc 
It follows that abc > 3V3 (i) 
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Also, by given condition on a, b,c 


239-9 
athic’ 2 A+ br ey < ati y?y 2 Fab 


: 3 
=> — abe<3V3 ...(ii) 
A contradiction to (i) 
: a’ + b? + c* > 3 abc. 
Example 104. Let k andn <n, <...<n, be odd +ve integers, show that 
ng — nd +n? — ne + et NB > 2K? 1. 
Solution Case k = 1 is clearly true. 
We prove the result by induction. Assume that 
n? — nd +n? —n? +... + n2 22k? -1' . ..-(i) 
Now, we would like to prove 
ne — nd +n? — ni? +...+ ne 
ne. + ne, 2 2k+ 2° -1=2k? -14 8k+ 8 
It is enough to prove that ; 
Ne. 2— Mk, 2 8k+8 ..-(ii) 
Now, Oy. 2 — M4 1)2 Oy 2 + Mo) 
and | | m2 2k-1, 
-. We get Os 2 — Mes tes 2 + Mee) 


=nz,>—m,,22(2k+1)+ @k+3)]=8k+ 8: 
This proves (ii) and hence result is true fork + 1. ' 


Example 105. Ifa, b be +ve numbers andp, q be rational numbers ( p> 1)such thatt 41 1. Show that 


abs x A Lad ’ 
q 
L.. J 
“ p>land—+-—=1 
Solution . tog 
q>l1 
a a’ 
; D=—,q= — 
Let 5 7 
where o., B, a’, B’ are +ve integers. 
p pA a@'B po'B 
Then cerca 


= ——_ + 
pq 6/8) @7/B’) 
_Bat , pros 
a a 
= a’ pav/? + op'b*” > (q%®' po" Van" ap 


p 
abs 7+ 
p q 


Inequalities -2. 00\. _ 


Example 106. Ifa+b+c=n, wherea,b,c ~ +ve integers Prove that 
@?-b’. en +(a’.b°. cy + @° -b*- open 
Solution Leta’ =(@-a...a times), 
=(b-b...b times) 
and co =(-c...c times) , 
Now, using AM-GM inequality 


(a+a...a times)+ (b + b... b times) 
+(C- C.. -c times) 5 (a. pe. iene 


a+b+c 
But a+b+c=n 
1 
a+bsc?. fa%brce yn 4 .. (i) 
n ; 
Similarly, a” = (@-a-a...b times), b© = (-b-b...c times) 
and c? =(C-c-c...a times) 
Again, using AM-GM inequality 
(a+a...b times) + @+b...c times) 1 
+(C-c-c. a times) , (gb. be .cayatbre | ° 
b+c+a “iO oy 
@b + be + 6€) gb pe \eayns* 12 Nils ii) 


n 
Similarly, we prove 


1 
GPS RCH EA2 af -b4 chy ...(iii) 


Adding (i), (ii) and (iii), we get 
Ga? + Bis c* + Dabs De + 200) igs. Pei + PW cy 4 GE bt chy 


BHD 3 gs Dc PY cons Gf bt coy 
n 


=>. 
a J i 1 
- rae bec + abe -c1y + bt chp 
ee tk : 
or , (a7 .b? ch +?) BS -c7 + Sb? cop cn 


- Hence proved. 


Example 107. A triangle has sides of length a,b,c: and altitudes of length h,,h,,h. respectively. If 
a2b2c, show thata+h,2b+ 2 et Te 


Solution Area of A= 3 a: hg =5b- hy=ke- h, . - A 


= 
i) 


Now, 


rr =F 
ul 
nigeleuts® 
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Let us assume 
ath, 2b+h, 


(a - b)(ab - 2A)>0 
Area of A = 5 absin C 
2A =absinC 
2A =absinC<ab .. 2A<ab 
ab-2A20 ~ €@-b)20 
which is true as it is givena>b 
Similarly, we can prove other. 


Example 108. Ifp,q,r,s are the sides of a quadrilateral. Find the minimum value of 


Peqhet 
st 7 
Solution We have ” 
= r 
AB=p . c 
BC=q 
CD=r . 
AD=s q 
We know that © 
aig ngs 28 
(p-q + @-r*%+(r-p¥20 c : 4 
- 2(p? + q? + r7)>2(pq + qr + rp) 
- 3(p? + q? + r7)2 (p? + q? + r?)+ 2(pq + qr + mp) 
[on adding p? + q? + r? to both sides] 
As 3(p?+q?2 +r7)>(p+ qtr 
[.- sum of any three sides of a quadrilateral is greater than fourth one] 
= ° 3(p?+q2+r7)2(p+qtry>s?” 
yp + qg + r2 . 1 
- s* 3 


1 


2 2 3 
.. Minimum value of peg r is; 
Ss 
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Example 109. If n is a'+ve integer> 1. Prove that 


boi 
2" +n-6 2: <3", 
Solution ~ a" -b" =@-b)a@"-! + a"~*b+ a"~3b? + ..4+ b"~') 
ee ie ea la ee ae .-(i) 


-s AM > GM for distinct +ve numbers 


n-1 -2 = 1 
See 2+ +2" 51g. 32 BT YVQ@.22 27-1) 


n 
n-1 n=l n-1 
=3 2.2 2 =6 2 (ii) 
From Eas. (i) and (ii), we get 
n-1 
37 >2" 4-6 2. 


Example 110. IfA>0,B>0and A+ B= 1/3, find maximum value of tan A - tan B. 
Solution Let y =tanA tanB 


AM> GM 
tan A + tanB 
2 


tan (A + B)= 


2./tan A tanB 


tan.A + tan B 


l1-tanA tan B 
m_ tan A + tanB 


3 l-tanA tanB 


=> ¥3( - tanA tan B)=tanA +.tanB 
V3(1 - tan A tan B) 
2 


V3 -y)2 2Vy ¢. tan A tan B=y) 
me 30 -yf 2 4y 
= 3y? -10y +320 
iS ys1/3ory23 
But A+ B=n/3andA>0,B>0 
ys1/3 


-. Maximum value of tan A - tan B =; 


tan 


2./tan A tan B 


Example 111. Let a,b,c be the length of the sides of a triangle and r be its radius. Show that 
a+b? +c? 
3a+b+c) 


Solution We know for a AABC 
r= ___ Area = _ A 
Semi-perimeter @+b+c 
5 


< 


328 Indian National Mathematics Olympiad 


=> ra+b+c)=2A=bcsin A=casin B=absinC 

= 3rfa+b+c)=6A=bcsin A +casin B+ absinC ...(A) 

Now, bc sin A < be ...(i) 
casin B<ca ” ... (ii) 
ab sin C< ab ... (iii) 


From (i), (ii) and (iii), we have 
bc sin A + casin B+ absin C< bc + ca+ ab 
= 3ra+b+c)<be+ca+ab ~ _ ..-(B) 
2 22 
bes Pt 
c? +a? 
2 
a+b? 
2 
=> / ‘be + ca + abs (a+ b? +c?) ueLE(C) 


cas 


abs< 


From (B) and (C), we get 

a ee 

3ra+b+c<@+b*? +c’) = pet Tre 
' , : 3a+b+c) 


Example 112. In any acute angle AABC, show that 


(cos 4 cos Bc + sf< 3v3 8 orsin A + sin B+ sin Cx 33 (i) tan A + tan B+ tan C> 3¥3. 
Solution (i) We have to show ; 
cos $08 5 cos 5s 38 ...(i) 
a. - 
If A + B+ C= rn, we know that 
‘oom sin A + sin B+ sin C= 4cos 4 cos 5 cos £ (ii) 
Using (ii) in (i), it is sufficient to show that 
1 (sin A + sin B+ sin C)s = 3v3 
sin A + sin B+ sin cs 398 
A 


or sin A + sin B + sin Cs —— 
(ii) If A + B + C = x, we know that 
, tan A+ tan B+ tan C=tan A- tan B- tanC’ A) 


Consider three non -ve quantities 
tan A, tan B, tan C 


AM2 GM 
(tan A + tan B+ tan C)z (tan A + tan B+ tan CH 


tan A + tan B+ tanC 23(tan A + tan B+ tanc)? 
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Cubing both sides, we get ' 
(tan A + tan B+ tan C)?>27 
tan A + tan B+ tan C>3V3 


Example 113. In a rectangular parallelopiped, the length of the edges are a,, a, a, and length of the 
diagonal is d. Prove that ‘ —— 


d<a+a,+a,<2d 


d<Ja?+a?+a<a+a,+y 


Solution From 


Also, @, + a, + a)? -@ + a) -a,¥ = 4a, + @)a,_ 
so that (a, + a, + a3)" > 4@, + a.) a, 
Similarly, a, +, + a;) > 4(a, + a3) a, 
and (a, + a, + a3)? > 4@, + a,)a; 


Adding these inequalities, we get 
'3@ + a, + P28 @,a, + a,a,'+ aa) 


8. ' 
(a, + a, + ah 25 (qa, + aa, + a,a,) 


4d? ; 
Adding = to both sides, where 


d* =a? + a3 + a2, we get 


2 : 
One (a, + a) + a) 2 (a + a3 + a?)+ 2@a, + yz + Q30,) 


or a At eh a + a, + a} 
2d 2a, + A, + @ OF a, + a, +a, < 2d 
Equality sign hold if and only if , 
a + @,-@;=0;a,+a,-a,=0 
or { \ @+@-a,=0 
Le, if a, + a, +a, =0 


SO we getd <a, +a, +@,<2d 


Example 114. In any AABC. Prove that 
s sin A a 
A,B,C sin B+ sin Cc- sin A 


Sol sin A = a 
ution Let OR 


sinBa?_ and sinc= ©. 
2R 2R 


Using the above concept, we get the desired result, 
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Example 115. Show that if A,, Az,..., A, are the angles of a convex polygon, then 


sin A, + sin A, +...+sin A, snsin 2% 

n 

and tan 41 + tan 42 +... + tan & >ncot =. 
i = 


Solution -:The sum of exterior angles of a convex polygon is 27, the sum of the interior angles is (1 — 2)z. 
If 0<x < x, thensin x a concave function of x so that sin A, + sin A, + ...+ sin A, is a concave function 


of A,, Ao,...,A, whose maximum value occurs when A, = A) =...=An = Ones 
| so that maximum value of sin A, + ...+ sin A, is 
nsin M-2)n 


n 
sin A, + sin A, +...+ sin A, S$ nsin(“— 2) 
) n 
=nsin — 
n 
Similarly «° A,, A ,...,A, are all < x, tan tan £2,...,tan(4) are all convex functions so that 
tan 41 + tan 42 + ...+ tan “ is a convex function. 


- Its maximum value occurs when 


Ayo Ay =.= A, 2 gy that 
2n 
tan 414 tan 42 +... +'tan 403'n tan @= 2% 
2 2 2 2n:, 
mon 
=ntan} —-— 
(F =| 
=ncot = 


Example 116. Prove that ifp,q,kare all> 1,a,, 2, a3, ...,, are all+ve numbers whose sum is unity, then 


n k (n? + n2)k 
(2, @ + a7) 2 tla 


Solution x’ is convex, if p>1 
'! x49 is convex, if q>1 
x? + x4 is convex, if p,q>1 
Let fx) = (x? +x7)k 
£0) = KO? + x7) (px?! 4. gx4 3) 
£77 (x)= Kk - DK? + x4 )K-? 
[p(p - IP ~? + aq - 1x4 -?) 


If p,q, Kare all >1, then 
f’’(x)> Oand f(x) is a convex function. 


fa,)+ Fa,)+ ...+ f@n) 2/4 + @,+...4 2] 
n n 
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but a, + @) + ...+ a, =180 that 


FQ@,)+ F@2)+...+ flan)» ¢(2) 
n “ x 


Put f(x)=(&? + x7)‘, we get 


1 & oo..oe¥1 . LY 
mie + Fe (+) 
n k (n? + n7)k 
or . 2 (a? + a7) 2 +ank=T 
Equality sign holds only when 
' @, =ayeit=a, =1 
; n 


Example 117. Fora acute angle aasc_ 0, x . Prove that 
3V3 


sin Fin BsinC< ar 
Solution Let +a f(x) = log sinx 
f’&)=cotx 
f’’&)=-cosec?x 
f’’)<0 Ka 
r(4 + B+ je f(A)+ F(B)+ FO 
3] 3 


log sin (=) log sin A + “og sin B+ log sin C 


3 log (Fh log(sin A sin BsinC)' 
log (22): log(sin A sin B sin C) "4 
3V3 


sin 4 sin B sin Cs -—— 


Let us Fractice 


Level 1 
1. If x >a, then prove that 


Let'us Practice 


x3 + 13a2x > Sax? + 9a}. 


2. If x,y> 0, then show that 


10. 


11. 


12. 


13. 


14, 
15. 


. Prove 


. If xis any real number show ; 


x" ty" >xT~ ly 4 xyt 1, 


. Prove that a*(a@ - b)(a -c)+ b?(b- c)b-a) 


+c?(c-a)(c-b)20 


. Ifa,b,c> 0, then prove that 


a+b+c>Jab + Jbc + Jac. ‘ 


. Without using AM-GM show that 


a® + b® + c8 > a*b’c?2 (a? + b*? +c?) 

a‘b* — bic 
4a + 

c a 


without using AM-GM 


44 
7 + > (abc) (a+b +c) 


x? ia 
7s> 
+x* 2 


. IfA + B+ C=n, show that 


tan? B+ tan?C 


tan? A + tan? B 
tan B+ tanC 


tan A + tan B 


2 2 
, tan’C+ tan” Ay tan 4 tan BtanC. 


tan C+ tanA 
If x, y, zare positive, show that 
ey eee 2 tM ol Tee ae 
x+y y+z Z+xX 
If m> Landne N. Prove that 


m 
1 4 2'43" +t >n(222) F 


If m> 1 and ne N. Prove that 
17 437454 ...4Qn-1)">n™*). 
If a, b, c= 0, then show that 
ab + bc + caza Vbc + bvca + cVab. 
Prove that if a,b,c, d> 0, then 
Ja+ b+ d)2 Jab + Ved. 
Find, which is greater x3 + 2° or 3xy” 


Let a,b,c anda+b-c,a+c-b,b+c-abe 
+ve, Prove that 


abc2(a+b-ciat+c-b)b+c-a) 


a ee ee a ee oie 


16. If ae ETE 
1+ 9+ 9*4...+ 9°" 
Lt 7472 + ot Zo 
and =a ye 700" 
L+7+7°+...4+7 
Prove A<B. 


17. Without using AM-GM, prove 


a+b+Cyap , 


18. Leta,b,c,...,1 be nreal +ve numbers, p and q 


be also two real numbers. Prove that if p and q 
are of same sign, then 
n(a?+4 + bP+4 + 1.4 1P*7) 


>@? +b? +...4+1’)@Q? +b? +...4+17) 
If pand q are of different signs, then 
nQPrd + Herd 4 4 JP *7) 


'< @? + bP 4+...4 1) Q4 + b44...4+17) 


'°19. Prove that 


() $4? 2 Jab (a, b> 0) 


( 


QL OA EE tS tig Be Or 
8 ca 2 


ifa2b. 


20. Ifx + y =a, then without AM-GM, show that 


2 2 
(x+2} +(r+2) >}(a+4). 
x y 2 a 
. Prove that 
weh(ar? 
2 


3 
} ,a>0,b>0. 


- If @,,@,..,@, are real numbers show that 
(cos a, + COS a +... + COS a, )? 


+ (sin a, + sina, +...+ sina,)* sn’. 


- Forne N,n>1 show that 


Bhoclond 1 + ee 


no n+l n+2 — py 


Inequalities oc 8° ‘sh 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


35. 


36. 


Prove that es ay 1 Sip) ee 
n+2 3n+1 


n+1 


If a, b,c are unequal and +ve. Prove that 


be ca ab 1 
b+c c+a eet 


Show that (a+ b+ ¢ +d) 
@+ ++ d*)> a+b? +c? +d°y. 
Prove that (a,b, + arb, + a,b,) 
ea + @> + a3) 
. (# b, b, 1 2 a ; 
Show that , Mcp 
aed 4 _ 3g 3 + 3 
b+c+d c+d+a d+a+b a+b+e 
fi 1 C 1 ‘ ; 
5 
a+b+c+d 


If a,b,c, d are +ve real numbers, prove that 


bed , £40 , da? , WE >atb+c+d.t 
a ob cd ; 
Prove that 


(a+ b\b+c)a+ cz 8 abc (a,b, c> oO 
Leta, b, e be +ve integers, prove that 
b 


ey 


atbae pare. (arose yl 
Prove that (+a)">l+aA (@ is any the 
number and (> 1 is rational). 

. . 1 
Show that (1 + a)" < Ts 


real, A rational and 
os 


4ve,oA<l 63 | Ge) 
Ifx, y, zare unequal +ve quantities. Prove that 


x+y+zZ 
Pates) xtra? 


X+yV+Z 
xX+y+Z 
> (42+) ar 


yo4t a+bt+e 
" +ca+ 2 . 


oy 


Prove that 
a+b+c 


> vibe)" (ca? (ab)°. 


If x, yz are +ve real numbers such 
x3y?z4 =7, show that 


that 


2x + Sy + 3z2 0( 528)" 


37. 


46. 


333 


‘Show that |)! } ' ‘ 
b™ +c" c™ +a" a™ + b™ 
b+cy" Cr+ay"-? @r+by" 
a+b+c 
es 
where m does not lie between 0 and 1. 


Show that 
b? +c? 
b+e 


38. 


Beer } 
ath asbic 


pee 
at+b 


c+a 


. Find the maximum value of (8 - x)'& + 6)*, if x 
lies between -6 and 8. 

40. Find’ the maximum value.of 7-x)*@+ x, 

when x lies between —2 and 7. 


1 1 
. Find the greatest value of x?(1 — x? when xlies 


between 0 and 1. 

Find minimum value of G+x2+x) 

' ‘ 1+x 

. If 5X + ie 60, find the minimum. value of 
x? +y?. 


212.2 
44. Find the minimum value of 9x" sin’ x + 4 


t X sin X 


45. If a,b are +ve real numbers such that 


a? + b* =1 show that 
1 

a+b+ 
(Ss 


Fora> b> 0.nis a+ve integer> 1, show that for 


k20¥a" +k" -"b+ KR <sa-b. 


2 
} 22+ 2. 


If a,b,c are unequal +ve rational number, 
' a+o0+ec ® 
show that (435) <atb’cé 


a+b+e 
z a? +b? +c? 
a+be+c . 


47. 


48. If a triangle having base a and ratio of other 
two sides is r < 1, show that altitude of triangle 
in _@ 

1-r* 

49. Suppose (X,,X21---:Xns---) iS a sequence of 
positive real numbers — such , that 
X, 2Xy2Xz2..2Xp oan for all n 

! " 


ei ey. 
2 3 


. Xe, 
1 n 
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50. 


S51. 


52. 


53. 


54. 


Show that for all k the following inequality is 
a 


Xx 
+ —* $3. 
k 
(RMO 2000) 


If x,y, Z are the sides of a triangle, then prove 
that 
Ix*(y - z)+ y2(z—x)+ 22 -y)l< xyz. 
(RMO 2001) 

Find all integers a,b,c, nd satisfying the 
following relations. 

(i) lsasb<cs<d; 

(ii) ab + cd =a+b+c+d+3; \, (RMO 2002) 
For any natural number n+1, prove the 
inequality (RMO 2002) 
1 Les 2? 3 

+ + 
n+2) 243 
| ee Ve | 


5 <i os, 
n°+n 2 2n 


mt Ba 5 


Suppose the integers 1, 2, 3,...., 10 are split 

into two disjoint collections @,,@),@3,€4,45 

and b,, b,, b;, b,, b, such that 

A, <Q, <@;<a,< a,b, >b,>b,>b, > b. 

(i) Show that the larger number in any pair 
{a;, bj}, 1s js5,is at least 6. 

(ii) Show that ' 
Jay ~ byl + 1a, ~ byl + 1a — byl + Lay — byl 

+|a,-b]= 
for every such partition. (RMO 2002) 


Let a, b,c be three positive real numbers such 
that a+ b+ c=1. Prove that among the three 
numbers a-ab,b-—bc,c-ca there is one 
which is at most 1/4 and there is one which is 
at least 2/9. (RMO 2003) 


Level 2 


1. 


74 


If a, b,c are real numbers such that 
a+b?+c=l , 
prove the inequalities 


- 5 Sab+be+casl 


If a,b and c are integers with c > 0, then 


2-2 REF EP ESI 


55. 


56. 


57. 


58. 


59. 


60. 


Indian National Mathematics Olympiad 


Let x and y be positive real numbers such that 
y? + y<x—x°, Prove that 

(i) y “ x< 1; 

(ii)x*+y?<1 (RMO 2004) 


Let a, b,c be three positive real numbers such 
thata+ b+c=1.Let 
a= min {a@? + a2bc,b® + ab’c,c? + abc’}. 
Prove that the roots of the equation 

x? +x+4=Oare real. (RMO 2005) 


If a, b, c are three real numbers such that 


ja-Dbi2Icd,|b-cl2lal,lc-al2lb,, 
then prove that one of a, b,c is the sum of the 
other two. (RMO 2005) 


If a, b, c are three positive real numbers, prove 
that 


aed ed oe < +13. (RMo 2006) 
»b+c, C+a a+b ; .@8 
Prove that 
W5<¥5 +45 + 45; 
(ii) 8> V8 + 78 + YB; 
(ii) n> Vn + Vn + Yin for all integers n> 9. 
! (RMO 2007) 


Prove that there exist two infinite sequences 
(4n)y >, and (Pn Me >; Of positive integers such 


that. the following | conditions .. hold 
simultaneously 
(i) l<a,<a,<a;< 
(ii) a, <b, < az, for all n> 1; 
(iii) a,, - 1 divides b, -1, for alln>1; 
1, (iv) af - 1 divides b? - 1, for all n> 1. 
(RMO 2008) 


4 


Prove that for every three non-negative 
numbers a,b,c, the inequality 


P +B + c+ Gabcz i a+ bee)? holds and 
that equality occurs eal when two of these 
numbers are equal and the third is zero. 


Show that for all natural numbers n>1 the 
inequality 


n+1\-D 
(eee (oe J ss vai 
n+2 n+1 


Inequalities 


5 


7 


10. 


11. 


12. 


13. 


Show that ifx, y, z> 0, 
1 7 
(xy + yz + zx)] ——— + 
& + Et Qt+ze (z+xe 
>9 
4 
. Find the largest constant k such that 
_ ae 504 Bs Ga b+ AEF 
a+bt+ec 
for alla, b,c>0 
Given positive real numbers a,b and c such 
thata + b+ c=1, show that 
ab’cS + a’b'c? + a b%c? <1. 

. If a,b,c,x,y and z are real and 
a+b? +c? =25,x2 + y2 4 2? =36, and 
ax + by + cz =30, compute as b+, 

X+yV+Z 
Prove that 
Donk} pk y 2k 4 3k 
k+1 . 
k+l 
ae nt<(1+ 2) a) pkt) 
n +1 
(n and kare arbitrary integers). 
There are real. numbers, a,b,c such that 
az2b2>c.Prove that 
2 2 
a —b* , ch? a - C339 ays 0, 
c a 
1 1 Al 1 
a hench——— < L = 
Prove that l< Toor 7902" 3001" 3 
Let a, ,€>,@3,.-. 14, be real numbers all greater 


than 1 and such ‘that |@,-@,,|<1 for 
l<k<n-1. 


Show that 
Fe, By 4 M4 Me 2n-1, 
a @ a AY 


For any natural number n, prove the following 
inequality 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


335 
Prove that i 
11 1 1 
1 =} + —4+...¢ <2 
“4 9 16 25 ne 
for any n. 


Let a,b,c be three real numbers such that 
1>az>b2c>2 0. Prove that if 1 is a root of the 
cubic equation x? + ax? + bx + c= 0 (real or 


complex), then |A |< 1. (INMO 2000) 


If a,b,c are positive real numbers such that 
abc = 1, prove that 


a’? pera cith< 1 . (INMO 2001) 


Let x,y be positive reals such that x + y =2. 


Prove that 
373 +y3)<2 — (NMO 2002) 


Let ABC be a triangle with sides a,b,c. 
Consider a AA,B,C, with sides equal to 


a+? psf ies 2 Show that 
2 2 2 


TABGI2 S{ABCI, 


where [XYZ] denotes the area of the AXYZ. 
(INMO 2003) 


Leta and B be positive integers such that 
43 <2 l? 17 
ean BE 
Find the minimum possible value of B. 
(INMO 2005) 
(i) Prove that if nis a positive integer such 
that n> 4011°, then there Ai an integer 


Isuch that n< I? <(1+ 


2005 


(ii) Find the smallest positive integer M for 
which whenever an integer n is such that 
n2 M, there exists an integer /, such that 


n<P< <(1 + sans) (INMO 2006) 
If x, y, Z are positive real numbers, prove that 


(+ y+ z) (yzt+ 2x + xy)? $3 (y? + yz+ 2?) 
(2? + zx + x2) (x? + xy + y?). (INMO 2007) 


. Let a,b,c be positive real numbers such that 


c’. Prove that 
a® + b? -c? > 6 (c-a)(C-b). @NMO 2009) 


a+b= 
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Olympiad in 1986. It worked with Homi Bhabha Centre for Science Education, Mumbai: 


One aim of this activity is to support the mathematical talent among the senior, 
secondary students in the country. The problems of the Olympiads, chosen from Variou 
areas of secondary school mathematics, require exceptional mathematical ability ‘and) 
mathematical cal knowledge on the part of the candidates. 
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with complete solutions, occasionally accompanied by remarks, alternative ways 5 Of, 
doing the same problem or | the generalization o of the problem. 


all 
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Regional Mathematics Olympiads as well as ones, who are preparing for entrances suc! 
as JEE Main & Advanced, where complex and tricky problems are routine..2 
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PREFACE 


Since the year 1989 when India started participating in the Mathematical Olympiads, the 
interest of the school students in the country has tremendously increased in India National 
Mathematics Olympiad (INMO). Now, we find a number of really talented students in almost 
all the prestigious schools in India who are excited about this mega event and sincerely 
desire to participate in it, win a handful of medals and make the country proud. We just need 
to educate them about the competition, and provide them the relevant study material. 


The Mathematical Olympiad tests the participant's level of mastery of the methods of 
Mathematics and the strategizing and tactical skills in plenty. The Olympiad is an open 
challenge to all those who love the problem solving. 


This book has been written, keeping in mind the orientation required on the parts of 
students to face the Olympiads at national or regional level. This book has designed to give 
the student an insight and proficiency into almost all the areas of Mathematics. Exhaustive 
theory has been provided of selected and relevant chapters to clarify the basic concepts. 
Problems from recently held Olympiads have been given to increase awareness of what to 
expectin the event. 


Revised Edition of This Book Has 
1. Complete theory with support of good number of solved examples and exactly on the 
pattern and level of Indian National Mathematics Olympiads. 


2. Each chapter has two level exercises divided according to RMO Regional Mathematics 
Olympiad and INMO (Indian National Mathematical Olympiad) 


3. Solutions have been provided for selected questions. 


First of all, | would like to thank Mr Deepesh Jain, Director Arihant Group the man with a 
distinct vision, for the idea to write this book, and then bringing it to reality. | am also 
thankful to my colleagues and students for the moral support they provided. | take this an 
opportunity to thank Sunil Chugh, Director, HMA, for the inspiration to write the book of this 
nature, and Sumit Malviya for the assistance he provided in the preparation of the 


manuscript. . 

Itis hoped, this book will charge you up for the Olympiad juggernaut. | have tried my best to 
keep this book error-free. However, if any error or whatsoever is left | request the readers to 
bring forward to-my notice. Suggestions for the further improvement of the book are 
welcome. 


With best wishes 


Rajeev Manocha 
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INTRODUCTION 


MATHEMATICS OLYMPIADS 


ABOUT THE EXAM 
& HOW TO SUCCEED IN IT ? 


International Mathematical Olympiad 


International Mathematical Olympiads was created by Dr. George Lenchner, a prominent Maths 
educator, in 1977 with the aim of stimulating enthusiasm and love for Mathematics. About 1,50,000 
students from 50 states of USA and 25 other countries participate in this competitive examination 
every year. Through this examination, effort has been made to introduce important mathematical 
concepts and teach major strategies for problem solving. The examination also seeks to foster 
Mathematical creativity and ingenuity and provide satisfaction, joy and thrill through meeting 
challenges. 


Every participant team comprises 35 students. Some schools send more than one team in the 
contest. However, the rule indicates that only schools or home-school associations may participate 
individuals are barred from entering into the contest. 


Every team enters into competition in just one division. Those teams which have members from 
more than one school are called ‘district teams' or ‘institute teams’ and they are not eligible for team 
awards. The team score is the total of ten highest individual scores taken after the fifth contest in a 
series of contests which involve selection. 


The International Mathematics Olympiad invites students from 2nd to 12th class to Participate and 
excel at international level. 


Indian National Mathematical Olympiads 


In India, National Board for Higher Mathematics (NBHM) started National Mathematics Olympiads in 
1986. It worked with Homi Bhabha Centre for Science Education, Mumbai, for this purpose. One aim 
of this activity is to support the mathematical talent among the high school students in the country. 
NBHM take the responsibility of selecting, training and grooming of Indian team for Participation in 
the International Mathematical Olympiad every year. There are certain regional bodies which 
provide voluntary service and play an important role at various stages. The country has been divided 
into 23 regions for conducting Mathematical Olympiads. 


Stages 

Stage | Regional Mathematical Olympiad (RMO) 

A regional coordinator conducts tests in each region. Regional Mathematical Olympiads (RMO) is 
held in each region between September and first Sunday of December every year. The regional 
coordinator makes sure that at least one centre in each district of the region is provided for the test. 
All the students of high school upto Class XII can appear at Regional Mathematical Olympiads. The 
qualifying test is of three hours and consists of six to seven problems. 


The regional coordinator has the liberty of making his own paper or obtaining paper from NBHM. 
The regions which choose to go for paper by NBHM conduct this contest on the first Sunday of 
December. The performance in RMO is judged and a certain number of students from every region 


are chosen to appear for the next round. There is a nominal fee to meet the expenses of the 
organising the contest. 


Stage Il Indian National Mathematical Olympiad 


The second stage of selection involves holding of the contest at the national level. Indian National 
Mathematical Olympiads is (INMO) organized on the first Sunday of every February at various centres in 
different regions. Only those students who have been selected in Regional Mathematical Olympiads can 
appear at this contest. At this level, thereisa 4-hourtest whichis common toall regions. Those who rank 
among the top 35, receive a certificate of merit. 


Stage Ill International Mathematical Olympiad Training Camp (IMOTC) 

The INMO awardees are invited to a month long training camp held in April-May each year at the 
Homi Bhabha Centre for Science Education (HBCSE), Mumbai. INMO awardees of the previous year 
who have satisfactorily gone through postal tuition throughout the year are invited again to a 
second round of training (Senior Batch). The senior batch participants who successfully complete the 
camp receive a prize of 5,000/- in the form of books and cash. On the basis of a number of selection 
tests through the camp, a team of the best six students is selected from the combined pool of junior 
and senior batch participants. 


Stage IV Pre-departure Training Camp for IMO 


The selected team of six students goes through another round of training and orientation for about 
10 days prior to the departure for IMO. 


Stage V International Mathematical Olympiad (IMO) 

The six-members team selected at the end of the camp accompanied by a leader and a deputy 
leader represent the country at the IMO, held in July each year in a different member country of IMO. 
IMO consists of two 4 and 1/2-hour written tests held on two days. Travel to IMO venue and return 
takes about 2 weeks. India has been participating in IMO since 1989. Students of the Indian team 
who receive gold, silver and bronze medals at the IMO receive a cash prize of 5000/-, 4000/- and 
3000/- respectively during the following year at a formal ceremony at the end of the training camp. 


Ministry of Human Resource Development (MHRD) finances international travel of the 8-members 
Indian delegation, while NBHM (DAE) finances the entire in-country programme and other 
expenditure connected with international participation. 


Awards and Recognition 

Participation Certificate to every student | Merit Certificate for students appearing in second 
level School Topper Medal to the class topper in each participating school (with more than 50 
students). 
Top three students from each class are awarded Gold, Silver and Bronze medals. 

» The top 500 winners (classwise) are endowed with cash prizes and scholarships, courtesy of the 
official sponsor. 
Every participant who scores 50% or more is awarded a Certificate of Participation. Toppers are 
awarded merit certificate. 
School/College of each medal winning participant is awarded the ‘Intellect Trophy’ for having 
groomed and nurtured the talent. 


Career Prospects 

Mathematical Olympiads were created to hunt out the talented students and to give them an 
opportunity to express their talent in creative and intuitive way. It reads well ona student's 
curriculum vitae to have participated in Mathematical Olympiads. Those who have participated in 
the Olympiads have a good chance of doing well in Engineering. 


The top few students from Mathematical Olympiads are selected for admission to premier 
institutions. The career of the students takes up an upwards mobility curve after participating in this 
contest. The students become confident of their performance and rich with the feeling of self-worth 
after selection to represent at Mathematical Olympiads. 


Number of Students Appearing 

* Approximately 10,000 students appear for this examination at regional level, though the number 
is only eight when they represent the country at international level. 

* Students from rural and urban areas alike participate in the regional competition. This 
competition is open for all the students from Class IX onwards. 


Month and Frequency of Examination 

International Mathematical Olympiads is held once every year in July. The qualifying rounds of 
Indian National Mathematics Olympiads is held in different months of the years starting from first 
Sunday of December. 


Craze of the Examination 

Mathematical Olympiads, whether they are held at national level or international level, attract 
interest not only from the mathematicians but also from the student community, the parents and 
society at large. Even those students who may not be participating in the contest are interested in it. 


The students who participate in the contest start preparing for it at least three months prior to the 
date of examination. The craze for the examination is not limited only to a certain region, the verve 
engulfs the entire country. Those who are selected are viewed as the promising stars of future who 
will contribute to the progress of science and technology in years to come. 


General Eligibility 

The students must be from Class IX and must be at least 14 years of age to participate in this contest 
both at national and international levels. They must pass the different rounds of selection in order to be 
eligible. 

At the first round, all students who are in Class IX are eligible to appear for the qualifying test. In the 
subsequent rounds, however, only those whom make it in the test would be eligible to carry forth. 


Skill Sets Required 

In Mathematics, the skill most required is ability to think fast, be spatially gifted and compute 
complex data without committing error. The students must develop the habit of calculating data 
mentally and simplify the methods in order to arrive at the correct answer with minimum effort. 
Another very important part is concentration; lack of concentration can cause the candidates to 
commit errors, so sufficient effort must be put into develop the power of concentration. 


Difficulty Level of Problems 


The problems of Olympiads, chosen from various areas of secondary school Mathematics, require 
exceptional mathematical ability and mathematical knowledge on the part of the contestants. 
Generally, there are six to seven questions asked and they are of extremely high level. To solve these 
questions, the students need to be thorough with their basics and have good knowledge of all the 
principles of Mathematics. Since two or three principles from different mathematical streams must 
be applied to solve the questions, the problems assume a sophistication which requires an agile and 
quick thinking mind with plenty of common sense to answer them. 


How to Prepare for Different Subjects in Stipulated Time 

The best way of dealing with this contest is to cultivate scientific thinking and to develop power of 
concentration. The students must try to deal with two or three mathematical principles 
simultaneously so that they become adept at solving complex problems which require application 
of higher mental faculty. Ther2 are many books in the market but Arihant books are the best as they 
help in development of scientific temper along with providing reading material and solution. 


General Mental Set up Required for the Examination 


The candidates must have a positive frame of mind and they must be able to deal with stress that 
comes as a package with these examinations. They must have the desire to succeed and ability to 
work for long lasting success. The candidates must be well versed in all the fundamentals of the 
principles of Mathematics. They must be original thinker and must have a scientific temperament. 
The power of concentration of the candidates must be of exceptionally high order. The calculation 
skill of the candidates must be extremely good since all Maths sums are based on reasoning and 


calculation. 


Do’s and Don’t on the Day of Examination 
On the day of the examination, the candidates must take care about a few things which are listed 


below: 
* The candidates must reach the venue of the examination at least half an hour before time. 


* The candidates must carry their admit cards to the examination hall. 

¢ The candidates must carry their own pens, pencils, erasers, sharpeners and must refrain from 
borrowing these articles from the other candidates. 

« The candidates must abstain from talking to other candidates in the examination hall while the 
examination is being conducted. 

* The candidates must hand over their answer sheets to the invigilator as soon as the stipulated 
time is over. 


How this Book is Useful for You 

This book by Arihant is the best in the market for purpose of preparation. It has many complex 
problems and tricky questions requiring sophisticated methods of calculation. 

This book coaches the students to think in multidimensional way and apply the principles of 
Mathematics to solve the most complex problems in the simplest way. It also gives tremendous 
exposure to different types of problems which exist in the realm of Mathematics. 

This book has matter for study by the students and solved problems which help in understanding of 


the subject itself. It also has previous years papers from Regional and International Olympiads along 
with their solutions. It is an excellent book to have which will prove to be the best friend to the 


contestants. 


From Page 336 Inequalities Solutions 


Solutions 


Level 1 
1. &? + 13a2x)- Gax? + 943) 
= & - a)? - dax + 9a?) 
= & - all - 2a? + Sa?) 
=-ve 
if x>a 
Hence, (x? + 13a?x)> Gax? + 9a?) 
2. x" + y)—&" ly + xy"-}) 
=> &™ — x" ly) + (y" —xy"-}) 
= x" -y)-y" 1% -y) 
=> @" 1 y" lye -y) 
& —yP QRZ 4x" Bye 4 yt?) 
«-y)?>0 
~" x and y are +ve. 
K-24 x" Sy 4 + y"2)>0 


2 xT + yl ox" ly + xy"! 
3. -- The given inequality is symmetrical ina, b,c. 


Without loss of generality assume a> b2>c we 


have 
a’a - bya -c)+ b*?b-c)b—a),, 


+ c*(c~a)c - b) 
= (a-b){a’a-c)-b*b -c)} 
+ c?(¢ - ac -b) 
=@-b\i@ - b*)- ca? - b?)} 
+c?a-c)b-c) 
= (a - b){@ - b)(a* + ab + b*)- ca - b) 
a+ b)}+c’a-clb-c) 
=(a-b)*{a? + ab + b* -cla+ b)} 
+c’@-c)b-c) 
=(a-b){a*? + ab+ b? -ca- be} 
+c?a-c)b-c) 
= (a - b} {ala - c)+ bb -c) + ab} 
+ c*(@-c)b-c) 


which is non -ve as each term of RHS is non 
-ve. 
a>b2>canda,b,c be non -ve 
Thus, a’@-b)a-c)+b°*b-c)b-a) 
+ c2(c-a)(c-—b)20 


. a=(Vay 
b= (by 
c=Wcy 
-. Now, let Ja =u 
vb =v 
Jc =w 
u2+v?4+w?>uv+ vw + uw 
a+b+c>Jab + Jbc + Jac 


. a® + B® + c8 > g*h2c2Q@? + b? +c?) 


a4? + 4% + C4P > ath! + bict + atc4 
‘ i) 
2b? + 7e2F + (a2e2? > (a2b2yb?c2) 
+ 7c?)\(a2c?) + (a*b?)la’c?) 
2 4b? bic + atct > a2h2e2(@2 + b? + c2) 
..-ii) 
From (i) and'(ii), we get 
a® + b§ + c8 > abe? @@? + b? + c2) 
bc . ca 


6. Let ay, Ly cay, 
a b 


c 
We know that 
ut +yt4 wt > uvwus v4 Ww) li) 
ui+vig wt > abe (22 4 Be <1) 
ac a ob 
a*b? + b’c? + c2a® 
abc 


us + v4 + wt > ab? + b%e24.c%a? id 
Now, we know that 
a’b? + bc? + c2g? > abca+ b+) ...\iii 


ut sv ew! > abe| 


Inequalities 


From (ii) and (iii), we have 
ut +v44 wt >abca+b+ch 


Substitute the value of u,v,w we get the 


desired result. 


7. If x =0, then result a. a 1 ie, O< 1 is true. 
1+0 2 2 


For x # 0, x? is +ve. 


2 
Let S=_* 


imal for x #0 


We can write S = 


8. Let tan A =u, tan B=v, tan C = w, we have 
Di isd 2 2 
cE Ew 


u 
u+v vV+w 


Be 2 
+ wt eusvew 
u+w 


=> u+v+we=tanA + tan B+ tanC 
Now, when A+ B+C=n 
tan A + tan B+ tan C= tan A tan B tanC 
Hence proved. 
9. Use fourth fundamental concept. 
10. Form>1 
AM of mth power > mth power of AM 
17 42743" 4+...4n7 


n 
(Le23-tay 
| [eae 
n 
1742743" 4.0.4" (“ey 
a ee 
n 2 
m 
= rm +2" 4.4 >n(22t) 


11. Now, AM of mth power > mth power of AM 
17 437 45" +...4 @n-1)" 
n 
»{irdtir is en— ny" 
n 


12. 


14. 


15. 


17. 
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=> 
n n 


= 14345 4 + Qn-1)" >on?! 


1” 43" 45" tout Ona Ih (me 


Vx,y,z20 
Bi. seg? 
Alia gr 


24 y2 
xreyry z2aX tY 4 a a 
2 2 2 
>xy + yz + 2X 
Let x = Vab, y = Vbc,z= ca 


Put the value of x, y, z, we get 
ab + bc + caz avbe + bVca + cVab 


. a,b,c,d>0 (given) 
Then a+ c)\b + d)=ab+ad+bc+cd 
> ab + 2Vadbe + cd 
= (Jab + Vcd¥ 


or @+c)b+d)2Vab + Ved 

3xy? — &? + 2y3)= xy? + 2xy? - x? - 2y? 
= Wy? - x3)+ Qxy? - 2y%) 
=x(y? - x?) + 2y?& - y) 
= & - y)I-x(y + x) + 2y?] 
= & - y)[2y? - yx - x?] 
=k —y)Qy + x)y - x) 
=- &-yP& + 2y)<0 


If x#y 

Hence, 3xy? < (x3 + 2y3) 

ie., x3 + 2y? > 3xy* 

We have 
a’2a®-b-c Ai) 
b?2b* -(-ay ..- (ii) 
c?2c?-(@-by .. (iii) 


Multiplying (i), (ii) and (iii), we get 

a’b’c? > (a+ b-cha+c-beb+c-ay 
or abc> (a+ b-c)a+c-b\b+c-a) 
Leta=x3?,b=y',c=2 
It is sufficient to prove that 

x34 y+ Zz) -3xyz20 


for any non -ve x,y, Z 
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We know that 
P44 2-3xyz=K+ y+ DO +24 2? 
— Xy - yz - zx) 
we also know that 


x? + y? + 2? —xy-yz- 2x20 
x3 +y3 + 2 -3xyz>0 
Hence proved. 


18. Let aand b be two real + ve numbers. If p> 0, 
then a’ - b” > Ofora>b. 


If p< 0, thena? -b’ <Ofora>b 

..We may assert (@” — b”’)(a4 - b*)> 0, if p and 
q are of same sign. 

We have a?*4 + b?*4 >Q’b4 + ab’ 


aP*4 + cP*4 > QPcP + aac? 
a? td 4 P*4 > QPI4 + atl 
BP+4 4 cP*9 D> WPF + BIC? 
Adding these inequalities termwise, we get 
(n-1)@?*9 + BP*4 +... 4 1? *4)> Sah 
where a and b attain all the values from the 
series a, b,c,...,l. 
Adding £a’*? to both number of this 
inequality, we get 
n@’?*4+4bPt9+...+1?*7) 
>@? +b +...+P)@7 +b +...+17) 
19. (i) AM of two +ve numbers is not less than 
their GM 


Indeed 2*? - Jab 


= 5 (a+ b-2vab) 


= 5 Wa - vbr 20 
(ii) To prove that 
a+b_ <1 @-bY gyp 
2 8 2 


It is sufficient to prove 
iby 1 @-by 

a es 

G 2) 8 


b 
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It is necessary to prove following 


Similarly, we can prove second inequality. 
2 2 
20. Lets =(x + i) * [+ J] 
x be 
Opening the brackets, we have 
s-(?+s2+ys S42] 
x y 


. ifx+y=a 
2, v2 2 
Sax2¢y?4+¥tX nq | x24 y22% 
" xy? ie 
2 
a 
eee 
v 4 
_ =. 
S20 4244 
a” 
16 
2 


2 
S2F +2 x8+4 
a 
2 
a 8 
a A le 


g> 4 +16+ 8a? _@?+4/ 
2a? 2a? 
sa} (a+ ‘y] 
2 a 
Hence proved. 
21. We have a* + b? - 2ab =(@- by 20 
a® -ab +b? ab 
a + b> abla + b) 
Consequently 
3a? + 3b > 3a*b + 3ab? 
Adding a? + b’, we get 
4a’ + 4b} > (a + by 


and so, a+b > (“+ ) 
2 2 


Hence, 


Inequalities 


22. Let Z = (cos a, + cosa, + 1. + COS Ay? 
+ (sin a, + sina, + ...+ sina, 
= (cos? a, + cos” a, + ... + cos? a,) 
+ (sin? a, + sin? a, + ...+ sin? a,) 
+ 2(COS @, COS Ay + COS A COS Q + ... 
+ COS a, _, COS @,)+ 2(sin a, sin a, 
+ sin a, sin a, + ...+ sina, _, sin a,) 
=(1+1+..ntimes)+ 2[(cos(@, — a.) 
+ COSQ@, — @)+ ...+ cOS@, _; — a,)] 
cos@, - a,)<1 
cos(@, — a;)<1 


cos@, _1 — 4)S1 
cos@, — a2)+ cosa, - a3) 
+... + COS@, _; — &,) 


<1+1+1+.. 1 times 


_nn-1) 
2 
zene 2 De 
2 
Z<n’ 
1 1 1 1 
ee + tio 
a A’ m+] nee n? 
1 1 1 1 
ots (5+ atat ans 
(n? — n times) 
ee 1 i 
1 + ae 
SC Hal nee n? 
2 
n n 
24. We have, 
[ee aes 
n+1 n+2 3n 3n+1 


-(2.+1-|+[45+2 
n+1 3n+1 n+2 3n 
1 


+... ——— 
2n+1 
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2 4n+2 4n+2 , 4n+2 
(n+1)Gn+1) (1+2Bn 2@n+1¥ 
1 
sine Do + 
laa ane 
25. «°° AM> GM 
2 
a De, Jo6 or(7**) > bce 
ny 4 2 
op BIC, 
4 b+e 
Similarly, °* 2 > ca naar? ab 


4 c+a 4 a+b 


Adding these results, we get 


bec aha ,atb, be , a 4 a 
4 4 4 b+c c+a a+b 
1 @+b+0c)> be ee rae 
2 b+c cta atb 
or be + £4, % las pec) 
b+c c+a a+ 2 
26., Now, 
(at +b44+c44+d*)+ae+c +d) 
+b@+c + d3)+c@+b +d) 


+d@+b+c)>at+b*t+c4+d‘4 
+ 2(a2b? + a2c? + a2d? + b’c? + b’d? + c2d?) 
or a4 + b4+c* + d*)+ @b + ab) 
+ (ac + ca®)+ (ad? + da*)+ bc? + b’c) 
+ bd? + b'd)+ (cd? + cd) 
> (at + bt +4 + d*)+ 2a*b? 
+ 2a2c? + 202d? + 2b?c? + 2b’d? + 2c7d? 
i) 
AM> GM 


area? Jab? x @b 


or (ab? + ab)> 2a*b* 
Similarly, (ac? + a°c)> 2a°c? 


(ad? + a3d)> 2a°d? 
and bc? + b’c)> 2b7c? 
and (bd? + bd)> 2b7d? 
and (cd? + 8d)> 27d? 
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27. 


Adding these results, we get 
(ab? + a°b)+ (ac? + a'c)+ (ad? + ad) 
+ bc? + Bc) + (bd? + Bd)+ (cd? + 2d) 
> 2a*b? + 2a°c? + 2a7d? + 2bc? + 2b2d? 
+ 2c*d? 
Adding (@* + b* +c + d*) to both sides, we 
get (i) 
We are to prove that 


(a,b, + apb, + ab 2 + et | 


>@,+a,+a,P 


or af + SER Sits 5 ele + af 
2 


+ Sees , Hoey, Gated . 32 
Bb  b& B 


>a? + d? + a? + 2aa, + 2a,a, + 2a,a, 


or (a? + a3 + az)+ (ae + “ee) ) 
i :% 
‘ (az ‘ an (22" A sab) 
b, b, b, b, 
> (a? + a2 + a?)+ 2a,a, + 2a,a, + 2a,0, 
...(i) 
< AM> GM 
Lf aabr , as), [a5 sz age) 
“ 2\ b b, 
aa a,azb, >2 Adi) 
or + 122" > 2a,a, 
b, b, 
Similarly, 
BoM ae > 2a\a, (iti) 
b, 
Pes 2200s > Dat, ...(iv) 
, 


Adding (ii), (iii) and (iv) 
aa,b, , a,a,b, \ a,a,b, 
b, b 


2 


+ [se + sats), 2a,az + 24,0, + 2a,a, 
2 


Adding (a? + ai + a?)to both sides we get (1). 
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28. ~ AM> GM 


| a Sa ae. Sy epee 
4|b+c+d c+dt+a dta+b 


+ 3 
aE 


3 3 3 
YS Ga i 
b+c+d c+d+a d+a+b 


1/4 
3 Ai) 


xX —— 
a+b+ec 


b+c+d c+d+a,d+arb 
3 3 3 
poehen 
3 


Also, 1 
4 


#6 [area ey. [Paced 


3 3 
netdradeaek,, gtbecl™ 
3 3 3 
atbreed,[Prerdcrdta 
4 3 : 3 
~atat+b atb+c) 
3 3 
Multiplying (i) and (ii), we get 
ii Og 
l6|b+c+d c+d+a dtar+hb 


or 


..-(ii) 


ae See 
ot. 
(a+b+c+d)>1 

3 45 3 4 3 
b+c+d c+d+a dt+a+b 


3 16 
= > — 
at+bic at+bt+ctrd 


or 


29. We have to prove that 


Bo rt eo asbrcrd 
a c 


d 
Dede a -] 
> ica . cda ‘ abd abc 
(Dividing both sides by abcd) 


Inequalities 


30. 


31. 


-- AM> GM we have 


Adding these inequalities, we get 


career 


Vv 


1 1 1 1 
(ac* gat aa ea) 


1 1 yheog 1. 1 ot 1 
abe” abd acd bed 
Make use of the following identity 
(a+ b)b + c)la.+ c)=(@b + ac + be) 


(a+ b+c)-abc 
But a+b+Ciae _ab + ac + be 
3 : 3 


a°b*c 2 
saa cialis bc)2 9 abc 
Seacmarnamnitiy: (a+ bXa+c)b + c)> 8abc 


Consider a quantities equal to - 
b quantities equal to ; 


c quantities equal to 1 


AM of these quantities will be 
aah hee 3 
A iD Cig 
-a+b+c a+b+c 
GM is equal to 
ghee i 1 
a? bP 
Consequently, 3 2atbee Pid 
a+b+c at? pe cf 
Ml, eM ee 
oar Berree citeee sl 74+ b+c) 


32. 


33. 
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Leta= mon 
n 


We have 


m (i+e@)(1+0m). (1+0 my. 1-L.1 


(isa™)+(1+0%)+..+ (1407) 


+m-n 
< 
m 


The factor 1 + a = of the radicand is taken n 
times, the factor 1 is taken as m — n times. 
Hence, (2 + am) <l+a 
or Q+oy"">1+am 
Let x= 

n 


Assume that m>ni.e., A>1 
we have 


mt-o@)(1-o@)-(1-oM) 1-11 


The factor 1 - a > of the radicand taken 


n times and factor 1 is taken m — n times. 


+a 
1-a%- I 
n ; 
(l+a)" 
Q+ayn <i_t 
tao 
n 


Assume that m < n we have 


Wa +a)™ = +a)0+a)...04+0)-1-1-1 
<Gtayme+n-m_1,,.m._ 1 
n n 4. 


m 
So in this case, also (1 + a)" < 
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34. Consider x quantities each equal to x;y 
quantities each equal to y and z quantities 
each equal to z. 

AM> GM 


&+X+... tox terms )+ (y+y+...y terms) 
+ (Z+ 2+... z terms) 
X+yV+Z 


>[&-x... tox factors) (v- y ... toy factors) 


(z-z... z factors)] 1 
X+yV+Z 
1 
ue & -x)+ (y-y)+ (2.2). 6%) y”Kz2)h” * z 
X+yY+Z 

2 2 2Verytz 
= eS] pptghuae 

X+yYt+Z 


Again, consider x quantities each equal to ! Wy 
quantities each equal to ; and z quantities 
each equal to 

AM> GM 


(S+ 5+ - tox terms) + (1+ 7+ .toy terms} 
x xX yy ¥ 
(2 1 
+/+ —+... to z terms 
2 
XYZ 
>| (2-2.-t0x terms)(7.1... toy terms) 
| x xX yy 


1 
(2.4. tozterms) ee 
zz | 
(«-2)+(y-2)+(22) 
Ky OL OY) NN 2? 


or 
X+y¥+Z 
1 
x y Z\x+yez 
lblel 
x) ly) \z 
wor ee 
- Lt1+1,/ 1 \xeyez 
X+¥tZ (xyz? 36. 


1 
X+y+tZ + yee 
or Rae ctype? 


35. 
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or 


We have to prove that 


+d+ 
(mrcesae) 5 ie OP a 


a+b+c 


a+b+c 


> far’ xbet4 xc fi) 

Consider, + c) quantities each equal to a, 
(c + a) quantities each equal to b and @+ b) 
quantities each equal to c. 

AM > GM 
-. [to ® + c)terms]) x [b + b + ...to(c + a)terms] 

x[c+c+... to @+ b) terms] 

(b+c)+ C+a)+ @+b) 


b a+bece 
a (2) 


>[@-a...to ® + c) factors} {b-b...to (+a) 


factors} 
1 


x {C-C... to @+ b) factors]® * ©) * + a+ (a+b) 
ae (b+ cla+ C+ a)b+ @+b)c] 
b+ c)+ €+a)+@+b) 


1 
>[a’*<¢ x bo +2 xC7t Op+c)+ c+ a)+(a+b) 


2(@b + bc + ca) 


or ch cet re te LD, 
2a+b+c) 


1 
>[a’** x DE + x cas bplardee) 


a+b 
ie ab + bc + ca 94: 
a+b+e 


>[a’*< x B62 yx cat dp? 


a+rbec 
aa ab+bc+ca 
a+b+e 


Ss lab © x bet ay cart 


Apply AM-GM inequality to the 9 numbers 
2x 2x 2x Sy Sy 3z 3z 3z 32 


3 ee ae a he ee 4 rt 


Inequalities 


: Qx + Sy + 3z)2 ere 
a Gea le)bacacal 
TF 


37. If mdoes not lie between 0 and 1. Now, 
AM of mth power > mth power of AM 


b™ +¢™ >(beey’ 


2 2 
Dividing both sides by @ + cy" ~! 
b™ +¢™ (b+ cy" 
2b+cy"-) 2" b+ cy"! 
b™ +c" — b+e . 
or bet pm aT ...(i) 
c"™+a™ _c+a 
Similarly, _———— > —— ..-(ii) 
% Geayets amet 
a" +b" a+b vy 
—___ > ——_ ... (iii) 
and (a+ by" =} pm'-1 
Adding (i), (ii) and (iii), we get 
b™ +c™ ‘ c™ +a™ a™ +p” 
b+cy"-! C+ay") @+by"" 
> atl + 0+ ©+a)+ a+ d)} 
1 a+b+c 
peat OA Ot leer 
Hence proved. 
38. AM of mth power > mth power of AM 
b?+¢? (b+ i 
2 2 
b?+c?_bt+e ’ 
- b+e . 2 soll) 
Similar! c+a’ cra a 
% c+a 2 a 
a?+b*_a+b 
a+b . 2 ~- (tit) 


39. 


40. 


41. 
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Adding (i), (ii) and (iii), we get 


Bec? ct+a? a+b? 


b+c c+a a+b 
pb C+A, AtDi gy nec) 
2 2 
Let z=(8-x)}( + 6) 
= 34*(8=*) (% - ey Ai) 
3 4 
3 4 
.. z will be maximum when (2) (* , °) 
is maximum. 


3 4 
But (35*) (*] is product of 7 factors, 
sum of which = 14 

3 4 
“ (*3 *) (He °) will be maximum if all the 
factors are equal i.e., 

3 4 
Maximum value of z = 6° - 84 


Let z=(7-x)'@+xPp 


4 5 
= 465575) (#2) 4 
a 5 (i) 


4 5 
.. Z is maximum when (4) (*2*) is 


maximum. 


But it is the product of 9 factors, sum of which 
is 9. 


4 5 
(5%) (2) will be maximum, if all 


4 5 
factors are equal. 
ie., If 7X 24x 
+ 5 


4+5 9 
Now, do yourself. 
Let z=x/*.Q-x)4 


z® =x301 - x}? 


3 2 
6. *2°() (+= =*) i 
or z=3 3 3 (i) 


42. 


43. 


3 2 
‘. Z is maximum when (3) (3) is 
maximum. 


2 
=3(3)+2(45) 
2 
=X+(1-x)=1 
.(X ari =x" 
ce *) (3) will be maximun, if all factors 
are equal 
ie, x ~1-x __x+-x) 1 


From Eq. (i), maximum valué of 
374 2 
sre 
5S/\S 


i. 4 
.. Maximum value is (2G). 
Let y=1l+x 
or x=y-1 
6+x)@+x)_G+y-VO+y-) 
1+x y 
_4+yly+D 
¥ 
Re BEA os Gia 8 
¥ y 


-(w-2) +s+4 


-(w-2} +9 Ai) 


The given expression will have minimum value 


2 
when [w - 5] =0 
.. Minimum value of given expression = 9 
For real number a, b, x y, we have inequality 
ax + bys Ja? +b? x? +y? 
Hence, 60 =5x + l2ys 5? + 12? yx? + y? 
= 13x? + y? 


The minimum value of yx? +y° is _ 


45. 


46. 
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. Dividing out gives 


; 4 
= 9x sin X + 
fe) : X sin x 


-:x sin x is non -ve in 0<x < nm. Using AM-GM 
inequality, we get 


fx)=2_|9x sin x - =12 


X sin x 


.. Minimum possible value is 12. 
It is attained when x? sin x? = < 


.- ¥51,x sinx being continuous does attain 
the value : for some x in the interval [o. x 


1 


Let u = — 
vab 
Then, a?+b?=1=>2ab<1=>u2>2 


& 2-2 )>0 
u 
Hence, u-2)(us 2-2)r0 

u 
= w-2-V7+220 
u 
=> u?+ 23242 
u 


a+b++>2Jab+ 1224 2 
ab ab 


Equality holds if and only if a = b = /2 

Now, x” —y" = (x —y)x™~1 4 x" -2y 
+b xyt- ey yt) 

x=@"+kK i" 

y=o"+ky" 


Let 


We get 
Wa" +k)-IO" + RM) @"-) 4a" b+... 
+b"-"")<qh—p" fi) 
[x 2a,y2b,k2 Oanda>b> Ol 
But a"~! + @"-2b+...4 ab? -2 4b"! 
a" -b". 
‘see 
*. From (i) 


va" +k" -"b" +k'<a-b 


Hence proved. 


Inequalities 


47. :: a,b,c are +ve rational numbers. 
Using Weighted mean theorem for a, a; b, b; 


c,c we get 
1 
@a+b-b+c-c), a%prct at bre 
a+b+e 
2 2 2 a+bee 
or [2 +B +c" > abet (i) 
a+b+c 


Using same result for a, i 7b, 1 ": 1 we get 
a b c 


ae eee 


OO" 


1 


aie 3 e 1 a+bee 
a+bi+c a? . bP. 


3 a+bec 1 
or eee os 
(ats) ° ac 
a+be+c 
or (245) <atbeé ii) 


From (i) and (ii), we get 


(sey carte 


given ** 
<( a+b+e 
48. x be sin A => a-p 
= p= besinA 
a 
A 
50 
a 
M 


_ abc(sin’ B - sin* C)sin A 51. 


~ eB eeeagigs stati 
a’(sin* B - sin* C) 


_ abc sin (B - C)sin? A 
a’(sin? B - sin* C) 


49. 
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___abc sin (B- C) _ abc sin (B - C) 
g{ sin? B_ sin?C b* -c*) 
sin? A sin? A 


Let k be a natural number and n be the unique 
integer such that (n - 1)° < k< n?. Then, we see 


that 


k 
Mes (M424). (es +%) 
r=l 1 2 3 5 8 
++ Mn =? Vy Xky + “ata 
(n-1/ k n?-1 
<(B+ 4+). (Hoey +) 
ae ee 4.4 4 
t..+ No -w? , Xn? 
m-1/ (n-1/ 
ee, reg 
+ & (n-1/ 
n-1 2r+1K, 
ral r2 
n-l 3p 
ad r? 
-] 2 
=3 £—- <3, 
rel yr 


where the last inequality follows from the 
given hypothesis. 


. The given inequality may be written in the 


form 
I —y)(y - z)(z - x) < xyz. 


Since x,y,z are the sides of a triangle, we 
know that 


Ix-yl<z,ly - zl<x and|z-xl<y. 
Multiplying these, we obtain the required 
inequality. 
We may write (ii) in the form 

ab-a-b+1+¢ed-c-d+1=5 
Thus, we obtain the equation 
@-1)b-1)+ €-D@-1)=5.Ifa-122, 
then (i) shows that 
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52. 


53. 


b-122,c-1l2>2andd-12>2 
so that @-1)0-1)+C-lD@-l28a 
If follows thata-1=Oorl. 


If’ a—1=0, then the contribution from 
(a - 1) - 1)to the sum is zero for any choice 
of b. But then €-1)@-1)=5 implies that 
c-—1=1 and d-1=5 by (i). Again (i) shows 
that b-1=0 or 1 since b<c. Taking 
b-1=0,c-1=1 and d-1=5 we get the 
solution @, b,c,d)= (1, 1,2, 6) 

Similarly, b - 1 = 1,c-1=landd -1=5 gives 
fa, b, Cc, d)= a, 2, 2 6) 

In the other case a - 1 = 1, we see thatb-1=2 
is not possible for then c - 122 and d -122. 
Thus b —- 1 = 1 and this gives (Cc -1)@ -1)=4 It 
follows that c-l=1, d-l=4 or 
c-—1=2,d —1=2. Considering each of these, 
we get two more solutions 
(a, b,c, d)= 2, 2, 2,5), 2, 2,3, 3) 

It is easy to verify all these four quadruples are 
indeed solutions to our problem. 


We have 
nent+len?+2<n24+3<...<m4n 


Hence, we see that 


1 ¥4 n 1 
+ tot > 
n?+1 n?4+2 ne+n ne+n 
2 n 
tit 
ne+n n?+n 
1 1 
= 0+24+3+...+n== 
ne+n 2 
Similarly, we see that 
1 2 
+ +...+ 
n+l n2+2 nen 
1 2 n_1l 
eae tt et te eet 24+34+...4 0) 
n= vn? n2 ne? 
ees 
2 2n 
(i) Fix any pair {a,, bj}. We shave 
A <Q, <...< aj, <Q, and 


b,>by,,>...>b, Thus there are j-1 
numbers smaller than a; and 5-j 
numbers smaller than b,. Together they 
account for j-1+5-j=4 distinct 
numbers smaller than a, as well as b,. 
Hence, the larger of a, and b, is at least 6. 
(ii) The first part shows that the larger 
numbers in the pairs {a,,b,},1<$ js5, are 
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2s 3, 4, 5. This implies that 
Ja, — By) + 1ay — bal + 1a; — Byl + lag — by | 
+1a; ~ by 


=10+ 9+ 8+7+6-0+24+3+4+5)=25 


6, 7, 8,9, 10 and the smaller numbers are 
1 


. By AM-GM inequality, we have 


2 
all -a)s (4*) =7 


Similarly, we also have 
1 1 
— b)< —andc@i -c)s — 
bQl - b)s 4 ca 4 


Multiplying these we obtain 
abc (1 -a)(-b)G -Os5 


We may rewrite this in the form 


a - b)- ba ~c)-e—a)s 


Hence, one factor at least (among a(l - b), 
bQ -c),cQ — a)) has to be less than or equal to 


i ; otherwise lhs would exceed —. 
4 4 


Again, consider the sum 
al -b)+bQ-c)+cQ-a). 
This is equal toa+b+c-—ab-—bc-ca 
We observe that 
3(ab + be + ca)< (a+ b+ cP 
which, in fact, is equivalent to 
a-bY +&-cP+€-aP20 
This leads to the inequality 
a+b+c-ab-bc-ca>(+b+c) 
1 1,2 
pet hrey aloes 
Hence, one summand at least (among 
a(l — b),bQ — c), cl - a))has to be greater than 
or equal to mh (otherwise lhs would be less 


than 2.) 
3 


. (i) Since, x and y are positive, we have 


ysx-x3-y <x. Also, x-x22y+ > 0S 
x. -x*)>0 

Hence, x < 1. Thus, y < x < 1, proving part (i). 
(ii) Again, x+ysx-y 


So, x2 -xyey?s XY 
x+y 


Inequalities 

That is 

x24 yrs XV 4 yy aX Vt Kt) 

x+y x+y 
Here, xy & + y)<1-y-0.+1)=2y 
So, veg yr eX iV ty 
x+y 
a ty oF 
x+y 

This proves (ii) 

56. Suppose the equation x? + x + 44 =0 has no 


57. 


real roots. Then 1 - 16/.< 0. This implies that 

1 - 16@? + a*bc)< 0,1-16@' + ab*c)< 0, 
1-16@ + abc?)<0 

Observe that 

1-16 @ + a*bc)<0 

1 - 16a? @+bc)<0 

1-16a?  -b-c+bc)<0 

1 - 16a? (1-b) (1 -c)<0 


<a a-ba-c) 


Similarly, we may obtain 
a a-c)a ~ a), H<c? @ - a) - b) 


1 UN SU 


Multiplying these three inequalities, we get 
a’b*c?0 - a’ a-bY a - oF > 


However, 0< a<1 implies that al -a)s1/4 
Hence, 
a’*b’c2Q - a. - bY a -cyY 
=aa-a)? oa - byP ed - oF s 


a contradiction. We conclude that the given 
equation has real roots. 
Using|a — b|>|cl,we obtain (@ - bY 2 c? which 
is equivalent to @-b-c)(a-b+c)20. 
Similarly, @ - c - a)b-c + a)2 Oand 
(c-a-b)c -a+ b)2 0. Multiplying these 
inequalities, we get 

~@+b-c¥ b+c-alc+a-b¥20. 
This forces that lhs is equal to zero. Hence, it 
follows that either a+ b=c or b+c=a or 
c=a=b. 


58. 


59. 
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We use the trivial inequalities 
a? +12>2a,b? +12 2b and c* + 1>2c. Hence, 
we obtain 
a?+1. b*4+1, c?4+1 
+ + ——_— 
b+c c+a a+b 
> 2a 4 2b n 2c 
b+c c+a a+b 
2a 4 2b 4. 2c >3 
b+e 


c+a a+b 
Adding 6 both sides, this is equivalent to 
@a+ 2+ 20)/ : sje 


+ 
a+ 
Taking x =b+c,y=c+a,z=a+b, this is 
equivalent to 


1 + 
b+c cta 


wry+a(is ts tao 
x y Zz 
This is a consequence of AM-GM inequality. 
Aliter The substitutions 
b+c=x,c+a=y,a+ b=z leads to 

r 2a apYtZ-X_y5(X LY 

b+e x y xX 

-326-3=3 

We gave (2.2)* = 4.84<5, so that J5 > 22 
Hence, ¥S>J22>14, as (1.4)? =1.96<22, 
therefore ¥/5 > 4/5 > 1.4 
Adding, we get 

V5 +35 + Y5>224+144+14=5 
We observe that 
V3 <3,¥8 =2 and 4/8 < ¥8 =2. Thus, 

VB + V8 + 78<34+24+2=7<8 
Suppose n2 9. Then n? 2 9n, so that n23 Vn. 
This gives Jnsn/3. 

Therefore, 4n<¥n<Jns<n/3. 
We thus obtain 
Vn +%¥n+ Yn<(n/3)+ (n/3)+ M/3)=n 


. Let us look at the problem of finding two 


positive integers a,b such that 
l<a<b<a’,a-1 divides b-1 and a*-1 


divides b? - 1. 

Thus, we have 
b-1=k@-1)and b’ -1=1@?-1) 
Eliminating b from these equations, we get 

&? - la =k? - 2k+ 1. 
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Thus, it follows that 


quKi=2k+l_) _2k-) 


kK? -1 ke -1 
We need a to be an integer. Choose k? — / = 2s0 
that a=1+l-k=k?-k-1 and 


b=k@-1)+1=k -k? -2k+ 1. We wanta>1 
which is assured if we choose k 2 3. Now, a< b 
is equivalent to (k? - 1)(k - 2)> Owhich again is 
assured once k 2 3.It is easy to see that b< a’ is 
equivalent to k & - 3k? + 4)>0 and this is 
also true for all k> 3. Thus we define 

a, = (n+ 2% —-(n+2)-1L=n? +3n+1, 


Level 2 


1. 


Since, a? + b* + c? =1, the inequalities to be 
proved may be written in the form 
-50° + b? +*)s ab+be+casa*+b*?+c* 
or — @? + b? + c*)s 2(ab + be + ca) 

<2(@? + b? +c’). 
These inequalities are indeed true since 


2(ab + be + ca)+ (a? + b* +c”) 
=@+b+cf20 


and 2(a2 + b* + c?)-2 @b + be + ca) 
=(a-bf+@-ch+b-cP20 


. Leta=me+randb=nc+ s, where m,n, rand 


s are integers and 0<r<cand0<s< c. As the 
coming proof will indicate, a certain 
relationship must be established; for 
conciseness of proof, we will establish that 


first 
If s2r, then2s+l2r+s+1 


So, [Z: [+= } 
c € 


if s<r,then2r2r+s+land 
(= [= S+ +} 
Lg Cs pace 
c c 
in either case, 
[=]+|¥2 ‘}a[=* s+l1 
c c Cc 
Furthermore, since (£| = [:]- 0, we can also 
c 


say that 


eee Reheh Ee 
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b, = (n+ 2) - (n+ 2% -2in+ 2)+1 
=r? +5n* + 6n+1, 
for all n2 1. Then we see that 
L< a, <b <b, 
for all n2 1. Moreover 
a, —1=n(n + 3),b, -—1=nn + 3)n + 2) 
and a? -1=n(n+3)n+ 1+ 2), 
b2 -1=nin+ 3) + 2) + 1)(n? + 4n+ 2) 
Thus, we have a pair of desired sequences 


(Qn) and (Bp ). 


Now, the proof 


[22] [PE] =e +E] [ane Be ' 
c c c c 


=2m + 2n+ [2], [25*1) 
c c 


sade Canal aca 
-[m+t]+[n+ S]+[mons oe stt) 
gal bier 


. Without loss of generality, we may assume 


thata>b2c. 
a+ B+ + Gabcz (a+ b+c} 


@ 4° +b +c + 6abc) 
2 @ +b + c)+ 3ab (a + b)+ 3bcb + ©) 
+ 3ca(c + a)+ 6abe 
© @+b> +c + 6abc)2 abla + b)+ beb +c) 
+ ca(c + a) 
We have,a-c2b-c 
> ala-c)2-c) 
=> ala-c)a-b)2 bb -c)a-b) 
= ala-b)a-c)+ bb-c)b-a)20 


Also, c-as0 
and c-bs0 
Thus, cc -a)c-b)20 


Adding these two inequalities, we get 
ala - b) (a - c)+ bb - cb - a) 
+ (€- aye - 2 0 


Inequalities 


Expanding the left hand side of this inequality, 
we get 


a’ +b’ +c} - ab (a+ b)- be b+ c)- calc +a) 


+ 3abc>0 
Thus, ab(@@ + b) +. bc(b + c) + ca(c + a) 
s<@+b +04 3abesa?+b ++ Gabe 


The equality holds if and only if 
aa -b)(@@-c)+bb-c)b-a)=0 and 
c(c - a) (c - b)= 0. The second equality holds if 
either c=0 or c-a=Oorc-b=0. If c=0, 
from the . first equality, we get 
a*(a-b)+b?b-a)=0 = @-b)a* + b?)=0 
=>az=b. If c-a=0, then since a>b>c, it 
follows that a = b=c and substituting in the 
equality we see that a=b=c=0.Ifc =b, then 
a(a—b)a-b)=0>a=0ora=b.Ifa=b, we 
see as before that a=b=c=0. 

This completes the proof. 


. By the power means inequality we have 


n+2 
_ (ttt Ul +... + + 1! : 
n+2 j 
[i+ Orv af 3. (n+ 1y'7 
> n=] ——___—____————__ 
n+2 


If we take away one of the (7 + 1)'"! terms in 
this average, the average will obviously 
decrease, so 


fit a+ Ut 
n+2 
1+ (412 4+...4m41"7 
> penser 
n+1 
1+ (74+ 1") 4+...4+ n""! 
Sa 
‘ n+1 


Nene! iten" 
= n-l| ——————__ = n-] 
n+1 n+1 


and the proof is complete. 

. Writing y+ z=a,z+x=b and x+y=c, we 

have 

x=b+c-a/2,etc., 

thus 

_a®-b-c) _a*-b’ ~c? + 2be 
ee ee 


etc. 
4 


yz 
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and hence, in cyclic sum notation, 
yz = 1 E @be - a”) 


Now, assume a2b2c without loss of 
generality; then 

2bc - a? < 2ca - b? s 2ab-c? 
and therefore, by Chebyshev’s inequality and 
the AM-GM inequality. 


4 1 1 2a,l, 1 
= === be - ~z—> 
4 oar =| “oes 3 a’ 
1 1 1 (. 2bc 
aaa) a 2 


1/3 
2(n2) Sy aren 
a 


The. inequality follows. 


. By the AM-GM inequality, 


(a+ bP + @+b+ 4c? 
=(@+ bl +(@+2c+b+ 2c¥ 
> QVab?)+ @V2ac + 2V2bc") 
= 4ab + 8ac + 8bce + 16cVab 

Therefore, 

a+b +@+b+4cyP 
abc 

> 4ab.+ 8ac + 8be + 16cVab 
abc 
8 8. 16 


={ 18,8, 16 
-(S+F+8+ JS )asb+o 


-a+b+c) 


x(a+b+c) 


2 
>a(s¥_1_}(,¥a°b’ ) _ 199 
2a*b*c 2 


Again, by the AM-GM inequality. Hence, the 
largest constant.k is 100. For k = 100, equality 
holds if and only if a= b=2c>0 


. Using the weighted AM-GM inequality three 


times, we have the following 
c:a+a-bt+b-c > (a bach yas bre 
c+a+b 
1 


1 
a-a+b-b+ C-Cy Gapber arbre 
a+be+c 
Adding these inequalities together gives 
@+b+cy 
a+b+c 


_@° +b? +c? + 2ab + 2ac + 2be 
a+be+e 


=a + Pc? + a be 
ictiacens (2) ‘ (2) . @) 2 


[+3 Sl(3) +8) + 


=1-2+1=0 


(3-3) 3) a 


thus 2 =*, so.a= kx | where k=3] 
5.6 66 6 


l=a+b+c= 


and b= ky and c = kz 
The answer is then k, or 2. In a geometric 
setting, if the given information is applied to 
ABC and XYZ (even replacing the 25, 
36 and 30 by r’,s” and r, s respectively), the 
triangles must then be similar. 
We note that in the 
Saxka xh 4 xk? 44 xt lifxol, 
then the first term is numerically the greatest, 
but if x <1, then the last term is greatest. It 
follows that 
k+Ix*>S>k+1ifx>l; 
k+Ixk<S<k+1ifx<1. 
If both sides of these inequalities are 
multiplied by x — 1, it is found that for x # 1 
&+ Ux* & -1)>x**! -1>k+ D&-D). 
AntanE ROWER =- Pi then we find 
p- 
+ Ip* , pk} -(p- 1k! k+ 1 - (p- 1k 
(pe p- pT 


Analogously, if we assume thatx=?+1 we 


p 

obtain 

k+I)@+ Ik, (p+ 1k"! -p > K+ lp* 

a Sn dae sae il 
p p p 


10. 


11. 
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If follows that 
(p+ kt! - pt} > k+ Dpk> pk*! -(p- 1)" 


or letting p successively have the values 
1,2,3,..-, 
pkel “- y kth > k+ n*k> ye = 0, 
3k+l — k+l > k+ 1p* > gk 3 1**), 
41 _ 3k > k+ 1p* >3**} —2k+1 
n+ kt? — kt! > + Ink > nt! - - 1k? 


If these inequalities are added together, the 
following inequalities result; 


(n+ kt} -1>k+ 10k + 2" + 3* 
+... + n*)>n*! 


or dividing through these inequalities by 
k+1, 


This is essentially the set of inequalities 
sought. 


From a> b2>c> 0, we have 


are eae he 
a 


Now, we ger 57 = >2 (@—b), because a> b; 


ce? -b? 
——— 2 2(c - b) because c < b; and 


a-c 


2a-—c, because a>c. 


After addition of these inequalities, we have 
2 2 2 
at-b? ce? Bb? at—c? 
a a b 
22(@-b)+2(C-b)+ @-c) 


that is, 
2_p2 .2_p2 2 
a‘-b +f b a= 
c a 
The equality holds if and only if a=b=c>0 


C' >3a-4b+c 


S= soot + sor" (aaor* aeor) 
1001 3001 \1001 3001 


1 1 1 
~ (sa60 . sa05)* 2001 


Inequalities 


For any n, we have 
n® ~ 4002 n+ 2001? 2 O and 


hence n(4002 - n)s 2001? 


“S> 4002 wrth ++ 1 


2001* 20012 
1000 terms 


l 1000 1 
+ —— = 4002. ——— + ——__ 
2001 2001* 2001 
= 2000 + 1 _ 
2001 
Again, taking terms hundred at a time 
| 1 
SW eee ho een! 
Toor **** 3001 «20° 


(soor* ior *~* aor) 
1001 1101 2901 
< 100 A ee en a 

1000 1100 2900 
<“otit tebe ets) 
10 11 29 10 15 20 25 


hehe Bel et gt 
2 3 4 5 60 60 3 
Hence, 1<S<13 
12. From what has been given we have, for 
lsisn-1l, 
a - 4,514 - Ay 1<1 <a), 
=> a, < 2a),) 
Hence, each term in the sum 
§ = 4 S.,..4 Son 
a2 a, ap, 


is less than 2. Suppose that k terms in this sum 
are > 1 and the remaining n-1-k terms are 
<1.Then i 
Ss2k+(n-1-k)-l=n-1l+k 
Next, a, — @ = (@, - @,)+ (@; - a) 
+...+ @,-@,_)) 
each term on the right hand side is less than 1. 
If a,,, - a > 0, thena,,, >a, or a,,, <1. Hence, 
there are only n - 1 -k positive terms in this 
sum for a, - @,. Thus 
a, -a,s(n-1-k)x1+kx0 
=n-1-k<(n-1-k)a, 
ie, dy <n k)ay, St <n —k 
1 
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Hence, the given sum 
4 yf +.,,.¢ Mat 
a, a; an, a 
<n-1+k+n-k=2n-1 
This completes the proof. 


13. Proof by induction. Given inequality is true for 


n= 1. Assume it to be true as such and show 
that when nis replaced by (n + 1) too it is true. 
Rewriting, the inequality is 


I Cee et oe 
n+1 3 2n-1 


arte ts 
n \2 2n 


pik ot btgtet sa 
4 


n n+] 2 2n 
-(1+2). 1 ptgtet seh 
n) n+1(2 4 2n 
which is equivalent to 
1 j,-1,1_1 1 1 
n+1 2 3. 5 2n-1 2n 
> 1 tat~ta 
nin+1)(2 4 2n 
Le., pat ytil L =e 
2 3 5 2n-1 2n 
aa ttat +s 
nl2 4 2n 


(As n— , note that LHS converges to log 2 
while RHS converges to lim 5 en = 0.) 
no n 


Assuming the last inequality we are to prove 


Le BAS Sypiheaek 


2° Ss 2n-1 2n 


+ 1 a a eee ee Se 
2n+1 2n+2 n+1 12 2n+2 


lhs (by induction hypothesis) 
aa feet ee ae 
n (2 2n} 2n+1 2n+2 
=n+1 is+* saht a as 
n(n + 1) [2 2n} 2n+1 2n+2 
-(1+2} 1 G+ +s 
n}/\n+1) (2 2n 
1 1 


+ —— - ——_—_ 
2n+1 2n+2 
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2 sation (5+ ee x )+($+ wt x) 
n+1\2 2n 2 2n 


1 en eee 1 
nai+l) 2m+1 2n+2 
If suffices to show that 


($+~+ 2) a ee 
2 2nJnm+1) an+el 242 


1 1 
n+l 2n+2 
l 1 
2nin+1) 2n+1l 2n+2 
= 1 es 1 
2nin+1) n+ 1l)Qn+ 2) 
1 n 1 


~Int+ 1) 2m+ Dens 2) 


entity) 
2n+1l)jn 2n+1 


se 3n+1 a 3n+1 
21+ Inm2@n+1) 2nitn+ L@n+ 1) 
2 
n+] 2n+2 
14. Let us consider the sum 
141/4+1/9+...+1/n*? with n smaller 
than 2**! and = also. the sum 
141/27 +41/37+...41/@**! -17. 
On grouping the terms 


11 11,1 L) 
—+——]+/.+5+sStalt-t 
1+(J+ 3) (= 5 66 7? 


1 1 1 ) 
st —ae + - 
lay e*y Qty 
eae 
1.1 l ok+i 1 
=l4i454.44+—2 £ =2-—<2 
"2 a eed 2k 


. 


which is what we intended to prove. 


Remark 


In acompletely similar manner we can show that if 
ais a number greater than 1, then 
1 1 1 


1+ —+ -— wt — 
ge 3° a 


for anyn 


15. 


16. 


17. 
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Thus, for any a> 1the sum 
Wit We a. 1 
T+ oat x iat = 
remains bounded for arbitrarily large n it follows 
that fora < 1the sum 1+ 1/2% + 1/3% +... + 1/n™ 
can be made arbitrarily large. by taking a 
sufficiently large value of n. 


Since, A is a root of the equation 
x3 + ax? + bx + c = 0, we have 
# =- an? -brd-c 
This implies that 
at =- an - br? - cr 
=(-ay+@-bn+b-c)Atc 
where we have used again 
‘-8 -av -br-c=0 
Suppose | 4|2 1. Then we obtain 
lal’ s@-a)lAP + @- bar + @-c)lA+c 
<Q -a)|aP + @-b)|aP + &- chap + clap 
<|aP 


This shows that |AJ<1. Hence, the only 
possibility in this case is | A] = 1. We conclude 
that | A] < lis always true. 


Note that the inequality is symmetric in a, b,c 

so that we may assume that a2>b2c. Since 

abc = 1, it follows that a>1 and c<1. Using 

b= lV/ac, we get 

at +a zs cre 
al 

= c <l 


qv 


because c<1,b2c,a21anda2b. 
We have, from the AM-GM inequality, that 
x+y) 
ws(*5*) =1 
Thus, we obtain 0< xy < 1. We write 
PY + 3) = Oy) + YI? - xy + ¥?) 
= 2y)(&K + vy? - 3xy) 
= 2ixy) (4 - 3xy) 
Thus, we need to prove that 
xy) (4 - 3xy)s 1 


Putting z = xy, this inequality reduces to 
z (4-32z)<1 


Inequalities 


18. 


19. 


for 0< zs 1. We can prove this in different 
ways. We can put the inequality in the form 


3z4- 424120 
Here, the expression in the LHS factors to 
(2-1 Gz" +2z+1) and @Gz?+2z4+1) is 
positive since its discriminant D=- 8< 0. Or 


applying the AM-GM inequality to the positive 
reals 4 - 3z, z, z, z we obtain 


4 
2(4-3z)< (2+) <1 


It is easy to observe that there is a triangle 
with sides a+ 2.b + 5c + > Using Heron's 


formula, we get 


16[ABCF = (@+ b+ cla+b-c)b+c-a) 
(C+a-b) 


and IAABGP =F @+b+ carbs 3c) 


(-b+c+ 3a)-c + a+ 3b) 
Since a,b,c are the sides of a triangle, there 
are positive real numbers p,q,r such that 
a=q+r,b=r+p,c=p+q. Using these 
relations, we obtain 
[ABCP _ 16pqr 
[ABGr 3@p+q)q + r)er + p) 

Thus, it is sufficient to prove that 

Cp + q)@q + r)2r + p)>27pqr 
for positive real numbers p, q, r. Using 
AM-GM inequality, we get 

2p + q23 (p’q)?, 24+ r23 qr), 

2r + p23r°p)? 


Multiplying these, we obtain the desired 
result. We also observe that equality holds if 
and only if p = q =r. This is equivalent to the 
statement that ABC is equilateral. 


We have 
77 <8 197 
1 a 43 
That is, 
9 8B 25 
—<5<44+ — 
tia a 


Thus, 4< B es, since, o and B are positive 
a 


integers, we may write B= 4a+x, where 
O<x<a 
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Now, we get 


So, 2. <% < 25; that is, 48% <a 1% 


17 a 43 25 9 
We find the smallest value of x for which a 
becomes a well-defined integer. For x = 1, 2,3 
the bounds of « are respectively 
18 , 8 LL 37 4 2) 
1 1-= (8, 3 = /S2,5= 
(x 3}(333 a 9 3 
None of these pairs contain an integer 
between them. 
For x = 4, we have 
43x = 6 12 and 17x =s 5 
25 25 9 9 
Hence, in this case 
a=7andB = 4a + x = 28+ 4=32 
This is also the least possible value, because, if 
x25, then a> 2 *, 8 and so B>37. 


Hence, the minimum possible value of B is 32. 


20. (i) Let n>40112 and me N_ be such that 


m? <n<(m+ 1). Then 


( + 005) (m +1) 
2 

~ ie om 
‘i 5008 (m? - 4010m - 2005) 
7 sos! ~ 2005) - 2005? - 2005] 
> saz (4011 - 2005)? - 2005? - 2005} 
x sas 2006? - 2005? - 2005) 
2 sue (4011 - 2005) = <02 > 0 


Thus, we etncim+iF<(1+ l jp 
e 2005 
and |? = (m + 1) is the desired square. 


(ii) We show that M=4010?+1 is the 
required least number, Suppose n2M. 
Write n = 4010* + k, where k is a positive 
integer. Note that we may assume 
n< 4011? by part (i). Now, 


354 


21. 


(2 ‘ sons)" ~ 4011? 
2005 


7 1 2 2 
=|1 4010 - 
( + sp5 ) H0 + k)- 4011 


= 4010? + 2- 4010+ k+ —K_ - 4011? 
2005 
= (4010 + 1)? + k-1)+ —K - 40112 
K- D+ s008 
=(k-1)+ k >0 
2005 


Thus, we obtain 

4010? <n< 40112 < (2 + sas Ft 

2005 

We check that M = 4010? will not work. 
For suppose n = 40107. Then 

(2 +—! ) 4010? = 40102 + 2. 4010 

2005 
= 4011? -1< 4011? 

Thus, there is no square integer between n and 


1+ 


2005 
This proves (ii). 
We begin with the observation that 
x2 +xy+y? 
3 1 3 2 
ashtray sows yr, 
and similar bounds for 


y?+yz+ 22.2% + 2x+X? 


Thus, 
302 + xy +My? + yz + Z")(2? + x +x") 
2 w+ YF (y + Zz (z+xP 


Thus, it is sufficient to prove that 
(x + y+ Z)Xy + yZ+ ZX) 
sow +yhy+ z)(z +x) 


Equivalently, we need to prove that 
Bx + y + ZKY + YZ + ZX) 
s<9K+yMy + 2Z)(Z +x) 
However, we note that 
(x + yy + Zz + X) 
= (x + y+ z)(yZ+ ZX + XY)—XyZ 
Thus, the required inequality takes the form 
& + yy + zz + x)2 Bxyz 
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This follows from AM-GM inequalities 
x+y22yyiyr z22Jyx, Z+X2VX 
Aliter 
Let us introduce x+y=C,y+Z=a and 
z+x=b. Then a,b,c are the sides of a 
triangle. If s=(@@+ b+ c)/ 2, then it is easy to 
calculate x=S-@,y=S-b,z=s-c and 
x+y+z=5.We also observe that 


xeaxye yt =e +P - 
=c?-Z€+a-bie+ b-a) 


-3 241 @-pP23c? 
“ae +360 4 


Moreover, 
xy + yZ+ zx = (s— ays - b) + (s — b)(s -c) 
+ (s—c)(s -a) 


Thus, it is sufficient to prove that 


s£(s-a)(s-b)s 2 abc 


But X(s-a\(s—b)=r (4R+1r), where r,R are 
respectively the inradius, the circumradius of 
the triangle whose sides are a,b,c and 
abc = 4Rrs. Thus, the inequality reduces to 


r(44R+r)s ; Rr 


This is simply 2r< R. This follows from 
10? = R(R — 2r), where J is the incentre and O 
the circumcentre. 


Aliter 


If we set x=Aa,y=Ab,z=Ac, then the 
inequality changes to 
(a+b+c)(@b+ be + ca) 
<3 @? + ab+ b’\b? + be +c”) 
(c? + ca+ a’) 

This shows that we may assume x + y + z=1. 
Let a =xy + yz + zx. We see that 

xP txyty?=K+ yh -X 

= +y)(Q-z)-xy 
=x+y-a=l1-Z-a 
Mx? + xy + y”) 
=(l-a-z)@-a-x)Q@-a-y) 
=(1-a) -Q-a)? + -a)a-xz 


=a? - a? - xyz 


Thus, 


Inequalities 
Thus, we need to _ prove that 
a? < 3@2 -o? - xyz). This reduces to 
3xyz $a? Q - 3a) 
However, 


22. 


3a =3 WY + yz+ zx)SK+Y+ ZOE, 


so that 2 — 3a 2 1. Thus, it suffices to prove that 
3xyz so”. But 


a? - 3xyz = (Ky + yz + 2x? -3xyz\ + y + 2) 
= 2 
= BX Y? —xvZe + ¥ + 2) 


4 
=F et” ~vzF 20 


The given inequality may be written in the 
form 


7c* - 6a + b)c - (a2 + b* - Gab)< 0. 
Putting x =7c?, y=-6@+b)c, 
z=- (a* + b* - Gab), 


we have to prove that x + y+ z <0, Observe 
that x, y, z are not all equal & > 0, y < 0). Using 
the identity 


+ y+ 2 -Byye=5&+y+ 2) 


[& -y? + (y - 2? + (@-x?). 
we infer that it is sufficient to prove 
x+y)? + 2 -3xyz<0 


Substituting the values of x,y, z we see that 
this is equivalent to 


343c® — 216(@ + b)c? - @? + b* - Gaby 
-126c? (a + b) (a? + b* - Gab)< 0 
Using c? = a’ + b’, this reduces to 
343(@3 + b®)* - 216@ + bya? + b’) 
— (a? + b* - Gab) - 126 (a? + b°) 
(a + b) (a? + b* - Gab)]< 0 


This may be simplified (after some tedious 
calculations) to 
~ a*b?(129a? - 254ab + 129b*)< 0 


But 129a? - 254ab + 129b? 
= 129(a - b)* + 4ab>0 


Hence, the result follows. 
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Remark 


The best constant @ In the Inequality 
a* + b® -c*20(¢-a) (c-b), where a,b,c are 
positive reals such that a°+b*=c*, is 
@=2(1+ 2" + 2-3), Here again, there were 
some beautiful solutions given by students. 
1. We have 
a=c'-b =( - bc? + cb + b*) 
2 2 2 
which is same as 47 = £-* ch+b 
c-b a 
Similarly, we get 
bP _ch+cara’ 
c-a b 
We observe that 


a’ pb? ca? 4) b*)-@ -p 
—- + ——_-- = 
c-b c-a (c - alc - b) 

_c@’ + b* ~c*) 
(c - aye - b) 

This shows that 

a’+b?-c? _c?+ch+b? ce? +ca+a’ 

(c - ayc - b) ca cb 


Thus, it is sufficient to prove that 
c?+cbh+b? co +ca+a@ 
ca cb 
However, we have 
c? + b* > 2cbh and c? + a? > 2ca. 


26 


c?+cb+b?  c?+ca+a? 
ca cb 


23(2+S)e3x2=6 
a b 


Hence, 


We have used AM-GM inequality. 
2. Let us set x = a/c and y = b/c. Then 
x? + y' =1 and the inequality to be proved is 
x? +y?-1>60-x)Q-y) 
This reduces to 
w+ y+ 6& + y)-Bxy-7>0 wi) 
But 1 =x? + y? = & + ye? -xy + y*) 


which = gives. xy =[K + y)’-1]/3& + y) 
Substituting this in (i) and introducing 
xX + y=t, the inequality takes the form 


8 


3 
P+6r-2 C= 9750 wwii) 


This may be simplified to 
-5t? + 18t? - 2+ 8>0 
Equivalently 
- Gt - 8-1" >0 
Thus, we need to prove that 5t < 8. Observe 
that (x + y? > x3 + y? =1, so that t> 1. We also 
have 
(=) ge ty 3 
2 2 2 
This shows that t? < 4. Thus, 
3 
(sk HBS, 500, 
8 512 512 
Hence, 5St<8, which proves the given 
inequality. 
3. We write BP’ =c? - @ anda’ =c’ -b* 


so that 


C-a= ae a c-b= ae 
- @-ca+a?' c? -cbh +b? 
Thus, the inequality reduces to 

ab 

2, p2_ 725. 

BE EOS (C2 -ca+ a*)(c* - cb + b*) 
This simplifies (after some lengthy 
calculations) to 


Unit ¢ Combinatorics 
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~c&-@+b)0-abet + @+P)C 
+ (a4 + ab + a®b* + ab’ + b*)c? 
(a2b + ab? + a? + b*) abc + (a*b? - 6a°b? 
+ a*b*)>0 
Substituting 
C=a0+b ct =c@ +b), 
C=c? @+b),c8&=@ +b 
the inequality further reduces to 
a*b?(q@? + b? + c* + ac + bc - 6ab)> 0 
Thus, we need to prove that 
a’? +b? +c? + ac+ be -6ab>0 
Since, a” + b? > 2ab, it is enough to prove that 
c* + c @+ b)- 4ab> 0. Multiplying this by c 
and using a’ + b® =.c?, we need to prove that 


a+b +c%a+c*b> 4abe 


. Using AM-GM inequality to these 4 terms and 


using C > a, c> b, we get 
+b +c’a+c? b> 4 @bc*ac*b)/4 
= 4abc 
which proves the inequality. 


Unit 


Combinatorics 


Basic Rule of Counting 
In discrete mathematics and everyday walk of life, we always face the problem of counting the things or 
finding the number of ways in which we can perform a certain activity. 
Let us have some examples we 
1. Suppose there are 3 junior colleges attached to senior colleges 5 junior colleges attached to schools 


and 6 separate junior colleges. Then, how many options are there to Mr. X for taking admission to his 
son in a junior college ? 

2. Suppose there are 10 locks and corresponding 10 keys. A child insert the keys into the locks at 
random. In how many different ways can a child do this? 
In how many cases all the key will go wrong ? 

3. If we write 1 to 100000, how many times the digit 7 will be written? 

4. In how many different ways, the letters of ‘WWW DOT COM’ can be arranged in a row? Out of these 
arrangements, how many of them have vowels in symmetric positions? 

5. How many different 6 digits numbers can be formed by using six digits 4, 4, 2, 2, 2, 5? 

These examples varies from very simple childish problems to harder one. 

Combinatorics (Combinatorial Analysis) is the branch of mathematics which develops the rules and find 

solutions to such problems. 

There are two basic rules. 

1. The Rule of Addition 

2. The Rule of Multiplication 

Before discussing the rule, let us take the above example 1 of Mr. X 

As there are 3 junior colleges attached to senior college, 5 junior colleges attached to school and 6 

separate junior colleges. 

So, Mr. Xhas 3 + 5 + 6 = 14 options while seeking the admission to his son in a junior college. This is the 

rule of addition. 


The Rule of Addition 
If a collection of objects consists of r, distinct objects of type 1, r, distinct objects of type 2, ..., 
distinct objects of type n, then the total number of options to pick an object from the collection is 
Ktht+ht..thn. 
This rule can be put in set notation also. 
Let us| S| denote the number of elements in the set S, then 
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If S|, S2,...,5, are pair-wise disjoint sets, then 
IS, US, VU... OSL =1S 1 + [Sol +--+ 1 Sh 
n sets must be pair-wise disjoint. 
If this condition is violated, then there are chances of misuse of rule. 
Let us take the example 2 in which a child is playing with 10 locks and 10 keys. His experiment of 
inserting the keys into the locks consists of 10 successive activities. 
First activity To insert the first key into one of the available locks. 


Second activity To insert the second key into one of the available locks. 

Now, while performing the first activity, ie., to insert the first key k, he has 10 available options viz., 10 
locks L,, L,...., Ly. First activity can be performed in 10 different ways. When second activity of the 
experiment starts, there are 9 locks available to insert the second key. Hence, second activity can be 
performed in 9 different ways. 

The total number of ways of performing the first and second activity is 10 x 9 = 90 continuing, in the 
same way the 10 successive activities can be performed in 10 x 9 x 8x 7x 6x5x 4x3 x2 x 1= 3628800 
different ways. 

This is the rule of multiplication. 


Proof of the Rule of Addition (By Principle of Induction) 
Corresponding to a +ve integer ‘n’, consider the statement 
P(n): If S,, S2,...,5, are pair-wise disjoint sets then 
IS; Sp VU... USql=1Syl + [Sol + -.+ 1S pl 
If n = 1, then there is only one set 


S, = {@,,@>,...,a, 

and one object can be chosen in k ways, so P(1) is true. 
If Sy = {@,,@2,...,a,3 
S2 = {b,, bp, ...,b} 


are two disjoint sets 
ie., a, + b,, then 
S, US2 ={@), ag, ... Ay, By, bg,...,B} 
|S, USz] =k+1=|S,1+ 1541 
So, P@)is also true. 
Assume that P(1)is true. 
Now, consider n + 1 sets S,,52,.--15n+5, , 1 SO that any element of S, , ; is not previously listed. 
Then, |S, US, U... US, US, 5 iI 
=1(S, US. U...U SUS, yal 
=1S, US, VU... OSA 4+ 1S, 4 1 
=1S,1+ 1S21...+1S,141S, . 11 (since by hypothesis) 
Thus, P(@1 + 1)is true whenever P(n)is true. 
Hence, by the principle of induction P(1)is true for every +ve integer ‘n’. 


The Rule of Multiplication 


If an experiment consists of n successive activities, where the first activity can be performed in 7 
different ways, second activity performed in r, different ways, ... and nth activity can be performed in ™ 
different ways. 


Then, the total number of ways in which experiment can be performed is Hsauccoy My 
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In set notation, this rule is stated as. 
If S,,S2,...,5, are n sets, then 
|S) x Sp x... Syl = 1S Sol ... Spl 
Here again it is to be remembered that the n successive activities must be different from each other, 
otherwise the application of the rule results in wrong answer. 


Proof of the Rule of Multiplication (By Induction Method) 
Corresponding to +ve integer n2 2 


Consider the statement P(n):|S, x Sy x... x Sql = 1S Sol 1Sal 
If S, = {2 Q5,..., Ay} 
Sp = {B,,By,....B} 


Then, S, x S, consists of kl ordered pairs 
(2), By)... sD), «+1 Qyr Byes QB) 
|S, x Sp] = kl =|S,11 Sl 
This shows that P()is true. 
Assume that P(n)is true ie., 
|S, x Sz x... x Syl =1S\1Sal Syl 
Then, for next +ve integer n + 1, we have 
1S, x Sz x... x Sp x Sy 4 l=1S x So x. x Sx Sh al 
=|S, x Sy x... x SIS, 4 aI 
=/S\|1S2]... 1S, 11S, 4 11 (since by hypothesis) 
Thus, P(n + 1)is true whenever P(n)is true. 
Hence, by the principle of induction, P(1)is true for every integer n> 2. 


Example 1 Given 8 different Physics books, 7 different Chemistry books and 5 different 
Mathematics books. How many ways are there to select one. book ? 


Solution We have to choose one book. 
It can be 
A Physics book = 8 choices 
A Chemistry book =7 choices 
A Mathematics book = 5 choices 
Also, all the books are different. 
.. By addition principle 
Total number of choices = 8 + 7+ 5=20 


Example 2 How many 4 digit numbers (with possible repetition) can be formed with no digit less 
than 4? 
Solution The digits used in forming a 4 digit number are 4, 5, 6, 7, 8, 9 i.e., 6 digits. 
-. Out of 4 places |@]@[@[@] the left most place can be filled in 6 ways. 
Second left place can be filled in 6 ways. 
Third left place can be filled in 6 ways. 
Right most place can be filled in 6 ways. 
So, by using multiplication rule, the required number of 4 digit number is 
6x6x6x6=1296 
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Example 3 
Solution 


Example 4 


Solution 


Example 5 


Solution 
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How many non-empty collections are possible by using 5 P's and 6 Q's? 
We have 5 P’s and 6 Q's, so any non-empty collection will contain 1 to 11 items. 
Let p denotes the number of P's and q denotes the number of Q's in the collection, 
then 
p=0,1,2,3,4,5 
and q=0,1,2,3,4,5,6 
The number of pairs of the type (p,q) is, then 6 x 7 = 42 
Out of these 42 pairs, the one pair viz., (0, 0) gives empty collection. 
Hence, the number of non-empty collections is 42 —1= 41 


Four digit numbers:are formed by using the digits 1, 2, 3, 4, 5 with possible repetitions. 
Find how many of them are divisible by 4? 

‘: 4 digit number is divisible by 4, the unit's place must be either 2 or 4. 

We consider the following two cases. 

Case! Unit's place is 2 

‘The number is divisible by 4. Ten's place must be 1 or 3 or 5. 


.. There are 3 choices for ten's place. Now there are 5 choices for hundred's place and 
5 for thousand's place. 


In this case, the number of 4 digit number is 
1x3x5x5=75 

Case Il Suppose unit's place is 4 

*: The number is divisible by 4 


. The ten’s place must be 2 or 4. Thus, there are 2 choices for ten's place, then there 
are 5 choices for hundred’s place and 5 for thousand's place. Hence, in this case, the 
number of 4 digit numbers is 1 x 2 x 5 x 5 = 50. By addition rule, the required number 
of 4 digit number is 


75 + 50 =125 


Three digits numbers are formed by using the digits 1, 2, 3, 4, find how many of them 
are there when 
(i) repetition of digits is permitted 
(ii) repetition of digits is not permitted 
(iii) repetition of digits is not permitted but contain the digit 3 
(iv) repetition of digits is permitted and contain the digit 3. 


We shall read the digits from left to right. 
(i) In this case, there are 4 choices for each of three places. 
By multiplication rule, the number of 3 digit number is 4 x 4 x 4 x = 64 
(ii) In this case, there are 4 choices for the first place, 3 for second and 2 for third. By 
multiplication rule, the number of 3 digit number is 4 x 3 x 2 = 24 
(iii) Here, digit 3 will appear either in the first, second or third place but not elsewhere 
more. 


If 3 appears in the first place, then second place has 3 choices and third place has 
2 choices. 
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By multiplication rule, the number is 3 x 2=6 


If 3 appears in second place, then first place has 3 choices and third place has 2 
choices. By multiplication rule, the number is 3 x 2 =6. 


If 3 appears in third place, then first place has 3 choices and second place has 2 
choices. By multiplication rule, the number is 3 x 2 = 6. 


Now, the above 3 cases are pair wise disjoint 
“. By addition rule, the required number of 3 digit numbers is 6 + 6 + 6 =18. 
(d) Here the digit 3 will appear once, twice or thrice. We have 3 cases. 


Casel First appearance of 3 is in the first place. Then, second place has 4 choices and 3rd place has 4 
choices. By multiplication Tule, the number of 3 digit numbers is 4 x 4 = 16 

Case Il First appearance of 3 is in the second place. 

Then first place has 3 choices and third place has 4 choices. 

By multiplication rule, the number of 3 digits numbers is 3 x 4=12 

Case Ill First appearance of 3 is in the third place. First place has 3 choices and second place has 3 
choices. By multiplication rule, the number of 3 digit numbers is 3 x 3=9 

By addition rule, the total number of 3 digit numbers is 16 + 12 + 9 = 37 


Example 6 Howmany ways are there to pick a sequence of two different letters of the alphabets 


Solution 


from the word BOAT and from MATHEMATICS. How many ways are there to pick first a 
vowel and then a consonant from each of these words ? 


We are to choose 2 different letters from the 4 letters B, O, A, T. First letter can be 
chosen in 4 ways since it can be any one of 8, O, A, T. 


The second letter can be chosen in 3 ways, since it has to be different from the first, so 
it can be any one of the remaining 3 letters. 


By multiplication principle, total number of way to Pick a 2 letter sequence is 
4x3=12 


Similarly, from the 8 different letters M, A,T, H,E,/, Cand S, a2 letters sequence can 
be picked in 8 x 7 = 56 ways. 


Now, in the word BOAT, there are 2 vowels O and A and B, Tas consonants. 
Hence, first a vowel and then a consonant can be chosen in 4 ways. 
Similarly, number of ways in the second case is 3 x 5 =15 (3 vowels, 5 consonants). 


Example 7 A new flag has to be designed with 6 vertical stripes using some or all of the colours 


Solution 


yellow, green, blue and red. In how many ways can this be done so that no two 
adjacent stripes have same colour. 


Let a, b,c, d, e, f denote the 6 vertical stripes in order from the left. 


Then, a can be of any one of the 4 colours, b can be any one of the other 3 colours, c 
can be any one of the 3 colours.(as colour used in a can be used in c) 
Similarly, there are 3 possible colours for each of d, e, f. 


Hence, by multiplication principle, there are 4 x 3° ways of designing the flag. 
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Principle of Inclusion-Exclusion 


Use of Venn Diagrams 

In some counting problems, it is required to count the subsets of outcomes that possess or do not 
possess the combination of various properties. 

The ‘Venn Diagrams' are very much useful in such cases to describe the situation pictorially. 

In the forthcoming discussions throughout U stands for the universal set which contains all the sets 
under discussion. Also we assume that U contains N elements, Le.,|U| = N. 

Let us consider the first and the simplest case when the problems of counting takes care of only one 
property. 

For example : Suppose out of 50 students in a class, 20 of them offer Mathematics as a major subject. 
Here, universal set consists of 50 students and the set M consists of 20 students, who have offered 
Mathematics as a major subject, so that N =|U| = 50 and| M| = 20 ri U 30 
It can be represented by a venn diagram also. 


From the above venn diagram, we can easily conclude that there are 30 students 
who have not offered Mathematics as a major subject. 


If M’ denotes the complement of M in the universal set U, then | M’| = 30 
ie., |M’|=N -| Ml 
If a problem involves 2 properties say x, and x, , then we consider two sets A and B 

A = {x:x satisfy property x,} 

B={y:y satisfy property x,} 
It can happen that some elements in the universe will satisfy both the properties and some will satisfy 
none of the two properties. This situation can be represented by venn diagram. 
To find the number of elements which satisfy either property x, or x, or both. 
We add| Al and | B| 
But in this sum of the elements of A 7 B are counted twice, so we make the 
correction by subtracting |A..B| 


Thus, |AUBI|=|Al+|Bl-l|A NB 
Now, we find the number of elements not satisfying both the properties. 
ie., |A’O B' | 
From De-Morgan’s law, we have 

(A U BY=A’OB’ 


|A’U B'|=|(A vu BY| 

|A‘'O B’|=N-|A UB 

|A'O B’|=N-(l\Al +] B]-|A Bl) 
|A’O B'=N-|Al|-|Bl+|A OB 


Inclusion-Exclusion Principle for Three Sets 


If A,B,C are three sets of elements satisfying the properties x,, xX», x, 
respectively. By using Venn Diagram, it can be shown as below. 


Now, we find|A U BUC| L 
JAVUBUC|=I(AU B)UCl ‘ ae: 


U 


O=|AUBI+ICI-l(AUB)NC| 
={AI+IBI-IANBI+ICl -lANQUBAQ! 
|AUBUCISIAI+IBI+ICl-|A UV BI-WANCI+|BACI-[AACABOCI) 
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& IAUBUC|=|AI+1Bl+1Cl-l[A NB] -|ANCI|-|BnNCl+|AQBoC| 
From this it follows that IAA BAC |=N-|AUBUC| 
IA’AB AC | =N-|Al-IBI-ICI4IANBI+|ANCIFIBOCIF/IBOCl-IANBaC| 


Example 1 
Solution 


Example 2 


Solution 


Example 3 
Solution 


How many integers between 1 and 567 are divisible by either 3 or 5 ? 
Let Z = {1, 2, 3,..., 567} 
P=(xe2Z/3 divides x} 
' Q={x eZ/5 divides x} 
We have to findjP UQ| 


Now since 567 =189x3, 
The set P of multiples of 3 in Z contains 189 numbers i.e., 
|P|=189 


Similarly, since 567 =113 x 5+ 2 
The set Q of multiples of 5 in Zcontains 113 number. i.e., 
|Q|=113 
{ 567 = 37 x15+12 


The set P 7 Q of multiples of both 3 and 5 i.e., multiples of 15 in Z contains 37 
numbers /.e.,, 


{ |P \Q|=37 
Hence, |P U Q| =189 + 113 - 37 =265 


105 students appeared in an examination. Out of which 80 students pass in English, 75 
students pass in Mathematics and 60 students pass in both subjects. How many 


’ students fail in both subjects:? 


Let Z =the set of students appeared in the examination. 
E =the set of students pass in English 
and M =the set of students pass in Mathematics 
We are given 
nZ)=105 
n(E) = 80 
MM)=75 and n(E O,M) = 60 
ME UM) =nE)+(M)-n(E AM) 
n nE UM) =80+75 -60=95 
Required number = n(Z) -n(E U M)=105 - 95=10 
“> *0 students fail in both subjects. 


How many integers between 999 and 9999 either begin or end with 3 ? 
Let Z =the set of 4 digit numbers. 

P=(x €Z/x begins with 3} 

Q={x eZ/x ends with 3} 
We have to find|P U Q|. 


Indian National Mathematics Olympiad 


If a 4 digit number begins with 3, then each of its remaining 3 digits can be chosen 
in 10 ways and so by multiplication principle 

|P|=10° 
Similarly if a 4 digit number ends with 3, then its leading digit being non-zero can be 
chosen is 9 ways and each of its remaining two digits can be chosen in 10 ways, so by 
multiplication principle 

|Q|=9x10 x10 =900 
Finally, if a 4 digit number begins and ends with 3, then each of its remaining 2 
digits can be chosen in 10 ways, so by multiplication principle. 

|P A Q|=10 x10 =100 
|P U Q|=1000 + 900 — 100 = 1800 


Example 4 Howmany arrangements of the digits 0, 1, 2, ..., 9 are there that do not end with 8 and 
do not begin with 3 ? 


Solution The total number of arrangements of 10 digits 0, 1, 2, ...,9inarow are 10!. This is 
universal set. 


Let A ={arrangement ending with 8} 
B ={arrangements beginning with 3} 
We have to find|A’ a B’| 
If an arrangement ends with 8, they are 9! in number: 
If an arrangement begins with 3, they are also 9! in number, so| A| = 91, |B|=9! 


and |AnB|=8! 
Now, |JA AB |=N-|Al-|Bl+|AnB 
=10! -9!~9!+ 8! 


= 8!(90 -9-9+1)=(73)(8!) = 2943360 


Example 5 How many integers between 1 and 567 are divisible by either 3 or 5 or 7? 
Solution Let Zeal? sin 567} 
A={x eZ/3 divides x} 
B={x e Z/5 divides x} 
C={x e Z/7 divides x} 
Now, | Z| = 567 
If [x] denotes the integral part of x, then 
| A| =[567/3] =189 
|B| =(567/5) =113 
|C | =[567/7] = 81 
|A qo B| =[567 /15] = 37 
|B A| =[567/35] =16 
|C A A| =[567 / 21] = 27 
|ANBAC|=[567/105]=5 
Hence, 
IA AB OC |=|2Z|-|Al-|B-|O]+|AN B+ |BAGQ+|CHA-|ANBAG 
= 567 - 189-113 - 81+ 37+ 16+ 27-5 =308 
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Example 7 


Solution 
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Three identical blue balls, four identical red balls and 5 identical white balls are to be 
arranged in a row, find the number of ways that this can be done, if all the balls with the 
same colour do not form a single block. 

Total number of arrangements is n =12!/3! 415}. 

Let A, B, C denote the set of arrangements with blue balls together, red ball together 
and white balls together. Then, by Inclusion-Exclusion principle, required number of 
arrangements is 


10! «9! at] [ 7! 5!. 6! 
=n -—j| — + —- + —— ee 3! 
ental [ata aal* lata + 


Find the number of numbers from to 1000 which are neither divisible by 2 nor by3 nor by 
5. 


From 1 to N, the number of integers which are divisible by a fixed integer k. 


1<1<Nis equal to [F] 


where [x] denotes greatest integer < x 
Let us define the sets 

A: Numbers which are divisible by 2. 
B: Number which are divisible by 3. 
C: Numbers which are divisible by 5. 


Then, nA) = [2 ad =|} 


n(C) || 


MA 7 B) =number of numbers which are divisible by both 2 and 3 (i.e., by 6) 
7 [| 
6 


WBA C)= ee 10} «C7 A) = [a] 


mA © Bo C)=number of numbers which are divisible by 2,3 and 5 = [=] 


Now, mA U Bu C)=number of numbers which are divisible at least one of the 
three numbers 2, 3 or 5. 


Then, 
MA) + n(B) + MC)-MANB)-MBAC)-A(COA)+ MA ABAC) 


Pel Pe ES] EL elie) Ee] 


= 500 + 333 + 200 - 166 - 66 -100+ 33 
=734 
. The required number = 1000 — 734 
= 266 
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General Form of Principle of Inclusion and Exclusion 


Theorem Let A), A,,..., Am be subsets of a finite set U. 
Let S, = ZA A Ap2 0-0 Ail 


where the sum is taken over the (7) choices of sets of r integers i,,...i, such that 


1lsi, <ip<...<i, sm 
Then 
( 1A, VAQU..0 An l=S, - S24 0+ CL)" 1S, 
(ii) 1A) AA'2 0... A'm | =IUL-S, + Sp oe + CL)" Sn 


Dearrangements 


Consider n distinct objects a,,1<isn, arranged in a row in the following order a, @,...,'@,- Then, a 
dearrangement of these objects is a permutation in which no object is in its original position i.e, a, is not 
in the first place, a, is not in the second place, ...,;a, is not in the nth place. 
Theorem The number D, of dearrangements of n distinct objects is given by 
1 1 1 1 
=n! ae OS Sey 34)? =. 
D, nif ii + TET +...4'1) +] 
Proof Let the given objects be denoted by the integers 1, 2, ..., n. 
Suppose that these are arranged in their natural order. 
Let Ube the set of all permutations of these integers. 
Let A, denote the set of those permutation in each of which the integer iis in the ith place. Then, it is 
clear that 
Dy =1Ay" Ag’... An’ 
Now, for each i = 1, 2, ...n,| A; | = (1 — 1)! because after putting the integer iin the ith place, the remaining 
n— 1 integers can be arranged the remaining (n - 1) places in (n - 1)! ways. 
So, S, = Z|A;|=nx (n- 1)! 
For 1<i< j<n,we have 
| Ap A Ayl =n - 2)! 
because after putting the integers i, j in their respective original places, the remaining n — 2 integers can 
be arranged in the remaining (n — 2) places in (n — 2)! ways. 


‘: There are (2) pairs A, A,, we have 


S,=Z\A, nAjl=(3}o-20 


Similarly, for any set T = {i,,..., i,} of rintegets such that 1< i, <i, < <i sn. 
We have |A;, 04,9... A,1=M-r)! 


There are (") different r sets T. 
r 


Hence, 5, = ZIA,, NA, N...0A/,| 


n 
-(F)n-nus, =1 
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Remark 


Hence, by principle of inclusion-exclusion, the number of dearrangements is 
D, =|U|-S, + Sp -S3 +... +(-1'S, =n! - ("\° -1)!+ (") (n-2)!- (the — 3)!l+...+(-1) 
1 


nt ont nt 4° 24 1 
oe | eee Wp en ang Bs ee ‘ek conte 
n! + +...+(-1% nif at 21 att! v4] 
e If things goes to wrong place out of n things, then (n —r) things goes to original place (herer <n) 
lf D, =Number of ways, if all n things goes to wrong place. 
D, =Number of ways, if r things goes to wrong place. | 
If rgoes to wrong places out of n, then (n — r) goes to correct places. 


Then, D, ="C,-,D, 
If at least p of them are in wrong places. a8 
n . 
Then, De 3d. "C.D; 
r=p 
1 1 1 1 
where ayia peo. (Sy — 
r D, af 72 3i* +( y+] 


Example 1 A new employee checks the hats of n people visiting a restaurant, forgetting to put 
claim check numbers on the hats, when customer return for their hats, the checker 
gives them back hats chosen at random from the remaining hats. What is the 
probability that no one receives the correct hat ? 


Solution The probability that no one receives the correct hat is = 
n! 


1.1 " (-1)" 


=1--—+—- 


Tr rT 
eel dp ene oon. 
2!) 8! n! 


e~'is a good approximation to os, when nis large i.e., 


n -_ 
2, is approximately equal to = (-1 
n! k=-0 kl! 


Example 2 While at racetrack Jayesh bets on each of the ten horses in a race to come according 
to how they are favoured. In how many ways can they réach the finish line so that he 
loses all his bets? What is the probability that he wins at least one bet ? 


Solution We actually want to know in how many ways we can arrange the numbers 1, 2, ..., 10, 
so that 1 is not in first place (its natural position, 2 is not in second place and so on) 


Number is Dio=10!(1-F 4 J -..+ 3)=1012 
1! 2! 10! e 
The probability that he wins at least 1 bet 
ae 10! 1/e 
10! 


=1-1 20632 
e 
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Example 3 A person writes letters to 6 friends and addresses the corresponding envelopes. In 
how many ways can the letters be placed in the envelopes so that 
(i) at least 2 of them are in the wrong envelopes. 
(ii) all the letters in wrong envelopes. 

Solution (i) The number of ways in which at least 2 of them are in wrong places 


6 
= (5.°C:_..D 
r=2 

="C, Do + "Cy gD3 + "Cy 4Da + "Cy -595 + "Cy - 2b 
Here,n=6 

- 6 a. 6c, .3! wa! 4-4) 

= cai(1-t+ 5) + °C ai(1 at 3 31 


6 Vet tA), eee (4-4 a-atg-s) 
+ Sopai(1-F + 5 ata Oa or st al or 
144144 a 
ie 


6 st eee ee rn 
+ *cg6i(1- 1 + 3 gi 4) 5! 6! 


=15+ 40+ 135 + 264+ 265=719 
(ii) The number of ways in which all letters be placed in wrong envelopes 
-o(1-t+5-tst-t4t) 
Wo o62! 63! 64! OS! C6! 
1 $1 1 1 


=720|—-~+—-1 — |= -1 a 1 
(3 6‘ Da 20+ 5. 360 -120 + 30-6+ 


= 265 


Example 4 (i) Forn 2 2, show thatD, =(n -1)(D, _, + D,_2) 


(ii) show that D, =nD, _,+(-1!",n 22 
(iii) find Dg, ... ,Dg . 

Solution (i) The set of the D, dearrangement of 1, 2, ..., nis the disjoint union of the following 
n—1 sets A. Fix an integer iwith 2 <i <n. Let A be the set of those 
dearrangements x = ajap ... a, for which a, =/ 

Now, the dearrangements in A, are of 2 types 

(a) a, =/ and a; =1(b) a, =i and a; #1 

For example, for n = 4, A, contains 1 dearrangement 3, 4, 1, 2 of type (a) in which 
1 and 3 have been interchanged and 2 dearrangements 3, 1, 4, 2.and 3, 4, 2, 1 of 
type (b) in which the first element is 3 but 1 is not in the third place. 

The number of dearrangements of type (a) is D, _ >, since in this case 1 and ihave 
changed places and the remaining n-2 integers are deranged. Also, the 
number of dearrangements of type (b) is D, _ ,, since in this case jis put in the first 
place and 1 is not allowed to occupy the place of i and the remaining n -1 
integers including 1 are deranged. Thus 


|A|=0,-2+0,-1 fori=2,...,n 
Hence, 
D, =(n -1)| Ap] =(n -1)[D, _ 2 + D,-4) 
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(ii) Rewrite the formula in (i), thus 
D, - nD, -4=-0,-1+(N-1)D, -2 
Then, successively, we get 
D, - D, 1 =(-1)[D,-1 -( - 1)D, - 2) 
= (-1)? [D, -27 (n = 2)(D, -3] 
=(-1)' ~*[D. -(2)D,] 
Thus, D, -nD,_, =(-19' ~? [1 -(2)(0)] =[-17" 
" D, =0,D, =1 
(iii) -* Dz =1, Ds = 3, using (ii) we get 
D, = 9,D; = 44, Dg = 265, 
D, =1854; Dg = 14833, Dy = 133496 


Example5 Onarainy dayn people go toa party in a hotel. Each of them leaves his umbrella at the 
, property counter. Find the number of ways in which the umbrellas are handed back to 
them after the party in such a manner that no person recieves his own umbrella. 


Solution Let us name the persons as A,, Ap,..., A, and label their umbrellas as a;, a,..., a, 
respectively. 
Let D, denote the number of-ways in which the umbrellas can be returned so that no 
person recieves his own umbrella. / 
To find D,, we shall obtain a recurrence relation connecting D,,D,-4,D,-2:. ., 
Step 1. There are n —1 possible choices for A, to recieve a wrong umbrella. 
Suppose A, is given the umbrella az 
Step 2. There are 2 different strategies for disposing off umbrella aj. 

(i) Give umbrella a; to A,. We are left with n - 2 persons A;, Ay,...,A, and their 
umbrellas a3, a4,...,4,.. The desired task of handing over umbrellas can be 
accomplished. in D, _.» ways., 

(ii) Do not give umbrella a, to A,. We have n—1 persons Ap, Ag,...,4, and n-1 
ur ‘yrellas a;, a3, ...,a”. The number of ways of giving away the umbrellas so that 
A, does not recieve a, A, does not recieved a3, ..., A, does not recieve a,is D, _;. 
From the two mutually exclusive and exhaustive cases (i) and (ii), the total number 
of ways D, _; + D,_». 

Step 3. Since for each of the n — 1 ways of giving a wrong umbrella to A, there are 

: D, -1 + D, - 2 ways of giving the remaining umbrellas to the remaining persons so 

that no one recieves his own umbrella. 

ee D, =(n—-1)(D,_;+D,-2) 

Step 4. In order to obtain an explicit expression for D,, we proceed as follows 

D, -nD, =(n -1)D, -2 ~by-1 
=(-1)[D, _;-(n -1)D, - 2] =(-1)[D, - 2 -(n - 2)D, - 3] 


=(-1)'~(D, - 2D,) 
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Now, D, =0,D, =1 
D, - nD, =(-19'~? =(-19 

Dividing throughout by n!, we have 

Dy, 9n-1 _ (-12 

ni (n-1)! a! 
Replacing n successively by n -1,n - 2, ..., 2and adding corresponding sides, we 
have 

nis! n! (n-1)! (n-2)! 2! 
D, = 0,we can rearrange the above relation as. 


Permutations-Combinations 


Theorem 1 The number of r permutations of a set S containing n different objects is denoted by 
Pin, r) or” PB. and is given by 
"Pp anir-1%1-2)...0-r+ Da 
, Mn - 2)...@1—r+ 1) hori 
At times the word permutation is used for arrangement. P(n,r) is also called the number of 
permutations of n distinct objects taken rat a time. Note that P(n, r) is also equal to 
(a) Number of rdigits numbers, which can be made by using n distinct digits and repetition of a digit is 
not allowed. 
(b) Number of ways in which r persons can’stay {n2 r} in r hotels (each in a different hotel). 
(c) Number of ordered samples of size r without repetitions taken from the set {a,, @),...a,}. 
(d) Number of ways of making r person stand in a line taken from n persons. 
(e) Number of one-one functions, which can be defined from a set containing r elements to a another set 
containing n elements (12 r). ; 
| See 
(f) Pf, =o =n! 


= Number of ways arranging n distinct objects taken all at a time. 


Theorem 2 (a) Pn,r)=nPM-1,r-1) 
(b) Pf, r)= Pn -1,r) + rPi(— 1), ¢ -1)) 


bront wits 2.1. 
(n-r)! (n-l-r+1)! (n-r)! 


To prove it physically, we note that LHS is number of r digit numbers which can be made by using n 
distinct digits d,,d>,...,d,, when repetition of a digit is not allowed, fill up the first position by d, and 
fill up remaining (r — 1) places by the digits d,,d;,...,d, also (n ways). 

Thus, it is evident that 


Pin,r)=n- P-1,r-1) 


(b) RHS = Pn -1,r)+r-Pm-1,r-1) 
(n- 1)! = r(n- 1)! 
(n-l-r)! (-1l-r+1))! 
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__@-1)!) 5, m1) 
(M-1-r)! @—r) 


wD ee =". pyr) 
(n-1-r)! n-r) (n-r)! 

To prove it physically, the LHS again has the same meaning as in (a). The RHS can be explained as 
follows. 

In forming r digits numbers, the digit d, is either used or not used. If it is not used, then the number of 
numbers which can be formed = P [(n - 1), r] 

If the digit d, is used, it can be used at r possible positions and in every position of d,, the number of 
numbers which can be made must be P(n — 1, r - 1) Number of r digit numbers which can be made from 


n distinct digits = Number of numbers which can be used without d; + Number of such numbers which 
can be used with d, 


> - Ptn,r)= Pm-1,n+r-Pm-1,r-1) 


Theorem 3 The number of r combinations of an element set S is denoted »(?] or"C, orCin,r)and 
is given by 


1c -"B__n! 
dia rin—r)! 


Permutations with repetitions 

Concept So far we have considered permutations of distinct or unrepeated objects. The effect of 
allowing repetition is to decrease the number of permutations. 

For example : 2 distinct letters a, and a, can be arranged in one way as a)a,. Before deriving the general 
formula for the number of permutations with repetitions, consider'the problem of arranging the 7 
letters a,a,b,b,b,c,c ina row. : 
Here, we are to fill 7 places -, -, -, -, -, -, - 

with the given letters. First for placing the a's, 2 of these places can be chosen in ’ C, ways. 


Note that for each such choice we can place the letters a, a in the chosen places in one way only. Hence, 
the a’s can be placed in ’ C, ways. ‘ 


Then, there remain 7 - 2 = 5 places and the b’s can be placed in 3 of these 5 places in ag ways. 


Then, there remain 5 - 3 =2 places, in which the c’s can be put in °C ways, so by the multiplication 
principle, the number of permutations is 
7 5 2. 4! 5! 7! 
CG, x G x C, = —— x — x] =——_ 
2!5! 312! 2!3!2! 
Alternatively, we can find the number, say m of the 7 permutations of the given letters as follows. 


Replace the 2 identical a’s by the distinct letters a,,a,. Similarly, replace the b’s by b,, b,, b, and c's by 
C,, C2. Then, we get 7 different letters which can be arranged in a row in 7! ways. 


Now, these 7! permutations arise out of the required m permutations in the following ways. 
Consider any one of the required permutations say t = bacabbc. 


On replacing the letters as above, we get t, = b,a,c,a,b,b,c,, as one possible permutation of the distinct 
latters. 


Now, we can arrange 4, , 2, in their positions in 2! ways, This gives the following 2 permutations. 
t = b,a,c\a2bpb,c, 


fn = ba,c,ab,b,c, 
Similarly, b,, b,, b, can be arranged in their positions in 3! ways. 
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¢,, C2 can be arranged in their positions in 2! ways, so the permutation ¢ give rise to in all 2! x 3! x 2! 
different permutations of the 7 different letters. 

Hence, the required m permutations give m x 2! x 3! x 2! permutations. 

This happens because every permutation of the 7 different letters can be obtained by first choosing 
places to put the a’s, b’s and c’s and then rearranging the letters in those places in a particular order. 


Hence, 7!=mx2!x3!x2! 
Le., as before 
ae 
21312! 


Theorem 4 suppose there are n objects of which n, are identical of first type, n, are identical of 
second type, ..., n, are identical of kth type so that 


N=N +My +...+ NM 
Then, the number of permutations of these n objects, taken all at a time is denoted by P(t; n,, M2,...,M,) 


and is given by. 
n)\(n-n n—-M, —Ny -...—My_ 
P(n, n,,..,",)= oem we = 
ony tall ny } | ne 


Circular Permutations 


A A B B 

Cc B c c 

Cc Cc 
CiG. 

B A 


Suppose in a circular order, there are n numbered seats numbered 1 through n and we want to make n 


persons sit at these seats, then the number of ways must be same as number of ways in a line Le., the 
number of ways must be n'!. 


We will illustrate this for n = 3. (The persons are denoted by A, B, C). 
Observe carefully that all the 6 cases C,, C,...,C, are different. 


Now, if the number 1, 2, 3 are removed we can easily note that C,, CG, and C, denote the same cases, since 
all the cases are equivalent to A,B,C, C,,C, and C, are equivalent to only one case. 
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Thus, 3 persons on a circular order can sit in 2 ways only namely which can be proved theoretically as 
follows. Keep A fixed and arranged remaining 2 persons in a line which can be done in 2! ways. 
In the general case, we easily conclude that n persons in a circular order can stand in (n — 1)! ways. 


We further observe that corresponding to any clockwise arrangement of distinct objects in a circular 
order, there is an anticlockwise arrangement. 


By the principle of homogeniety, the number of anticlockwise arrangements must be same as number of 
clockwise arrangements. Now as there are (n - 1)! arrangements in all, the number of clockwise or 
anticlockwise arrangement 


1 
=-(n-1)! 
=e ) 


Theorem 5 The number of distinct circular permutation of n different objects is (n — 1)! 
Corollary Letn>3 be a+ve integer. The number of different circular necklaces that can be made from 
n different beads is (a-1)L 


Example 1 = Howmany numbers each lying: between 1000 and 10000 canbe formed with the digits 
0, 1, 2, 3, 4, 5, no digit being repeated? 


Solution Here, number of digits (objects = n = 6). 
Numbers lying between 1000 and 10000 are of 4 digits. 


Hence, number of places to be filled up = r = 4. Hence, number of different 
arrangements of 6 given 


But in these §P, numbers, some number begin with 0 and hence these numbers are 
actually of 3 digits not of our purpose. 


Now, we find number of numbers beginning with zero. In this case, number digits 
remain to be utilised in (1, 2, 3, 4, 5) =5 and number of places to be filled up =r =3 


Hence, number of such numbers 


5! 5! 

=P) Si 
3 (5-3)! 2! 

_1:2:3-4-5 _ 

~ 42 ie 


Number of numbers of 4 digits formed by 0, 1, 2, 3, 4, 5 is 360 — 60 = 300 


Example 2. Find the number of numbers between 300 and 3000 that can be formed with the digits 
0, 1, 2, 3, 4 and 5, no digit being repeated. 


Solution We first notice that numbers between 300 and 3000 are of 3 and 4 digits. We first find 
the number of number's of 3 digits. 


But we require only these numbers of 3 digits which begin with 3, 4 or 5 for those 
numbers. Number of places to be filled up = r = 2 and number of digits remain to be 
used =n =5. 

5! 


Hence, number of numbers of 3 digits begining with 3 = °P, = 31 2 
Number of numbers of 3 digit begining with 5 = 5P, = 20 


Hence, number of number's of 3 digits begining with 3, 4 or S = 20 + 20 + 20 
= 60 (i) 
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Also, for the number of 4 digits less than 3000, we require only these numbers which 
begin with 1 or 2. 


In this case, number of places to be filled up == 3. 

Number of digits remain to be used =n = 5. 

Hence, number of numbers of 4 digit-beginin: 1 with 2= py = = 60 

Hence, number of numbers of 4 digits begining wity.2e 60. + 60 =120 (ii) 


Total number of numbers lying between 300 and 3000 and formed with the digits 0, 
1, 2,3, 4, 


5 = 60+ 120=180 [from Eqs. (i) and (ii)] 


How many nianabire between 400 and 1000 can be formed with the digits 2, 3, 4, 5, 6, 
0? Number lying between 400 and 1000 are of 3 digits only. 


Now, we first find the number of numbers of 3 digits and greater than 400. These 
number begins with 4, 5 or 6. For these numbers of places to be filled up r = 2and 
number of digits remain to be used =n =5 


| 
Hence, number of numbers of 3 digits beginning with 4 = °P, = 5 = 20 


Number of numbers of 3 digit beginning with 5 = °P, = 20 
Number of numbers of 3 digit beginning with 6 = 5p, = 20 
Hence, number of numbers 3 digits beginning with 4, 5 or 6 
= 20+ 20+ 20=60 
. 60 numbers are lying between 400 and 1000 formed with digits 2, 3, 4, 5, 6, 0. 


How many different numbers of 6 digits can be formed with the digits 4, 5, 6, 7, 8, 9? 
How many of them are divisible by 6. How many of them are not divisible by 5? 
Number of digits = 6 =n 

For the numbers of 6 digits number of places to be filled up =r = 6. Hence, total 
number of numbers of 6 digits formed with the digits 4, 5, 6, 7, 8, 9. is 


| 
°F =F =1:2:3-4:5-6 =720 i) 


Also of these numbers of numbers which end with 5 must be divisible by 5. Now, for 
the number of numbers of 6 digits divisible by 5. 


Number of digits remain to be utilised = n = 5. 
Hence, number of number's of 6 digits divisible by 5 and formed with the digits 4, 5, 
6, 7, 8, 9is 
5! rr 

"he e120 .. (ii) 
Now, number of numbers not divisible by 5 = total number of numbers - number of 
numbers divisible by 5 

= 720 —120 = 600 
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How many numbers of 6 digits can be formed with the digits 1, 2, 3. 4, 5, 6, in which5 
always occur in ten's place? 

Number of digits = 6 

Number of places to be filled up =r =6 

But as 5 always occur in ten place, so that number of places to be filled up =r = 5. 
Number of (objects) digits remain to be utilised =n =5 

Hence, number of numbers of 6 digits formed with 1, 2, 3, 4,5, 6, such that 5 
always occurs in the ten's place is 


i] 
= §p, = 2! - 420 
0! 


Find the sum of all the numbers greater than 10000 formed with the digits 0, 2, 4,6 and 
8. No digit being repeated. 

Numbers formed with 0, 2, 4, 6 and 8 and greater than 1000 are of 5 digits. 

Keeping 0 at units (or tens or hundreds or thousands place). 


Number of places remain to be filled up = r = 4 Number of digits remain to be utilised 
=n= 4, Hence, numberof numbers in which O.comes at-unit (tens or hundred or 
thousands place) 


ip 4 
= "P= =24 


i.e., 0 may come at unit (or.tens or hundred or thousands place) = 24 number of times. 
Also, keeping 2 (or 4 or 6 or 8) at unit(or tens or hundreds or thousands) place. 


Number of places to be filled up =r = 4 
Number of digits remain (0, 4, 6, 8) to be utilised =n = 4 


Hence, number of numbers of 4 digits such that 2 comes at unit place = 4P, = 24. But 
out of these 24 numbers, some numbers begins with 0. 


To find the number of such numbers, let us keep 0 at 10000 place and 2 at unit place, 
then number of places remain to be filled up r =3 


Number of digits remain to be utilised 
: =n=3 


Hence, number of numbers of 5 digits in which 2(or 4 or 6 or 8) comes at unit (or tens or 
hundred or thousands) place = 24 - 6 =18 


Also, keeping 2 (or 4 or 8) at 10000 place, number of places remain to filled up =r = 


Number of digits remain to be utilised = 4 Pane, number of numbers in which 2(or ‘ 


or 6 or 8) comes at 10000 place = “P, = = « = 24. Hence, (4, 6 or 8) comes at unit (or 


tens or hundred or thousands) place in 18 number of times. 
But 2(4, 6 or 8) comes at 10000 place in 24 number of times. 
Hence, sum of the numbers at unit place 
=[0x 24+(2+4+4+6+48)x18]x1 ..(i) 
Sum of numbers at tens lace 


=(0x 24+(24 4+ 6+ 8) x18]x10 ...(ii) 
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Sum of numbers at hundreds place 


=(0x 24x(24+ 446+ 8) x18] 100 (iii) 
sum of numbers at thousands place 

=[0x 24+(2+ 4+ 6+ 8) x18] x100 (iV) 
sum of numbers at ten thousands place 

=[0-x 24+(2+ 4+ 6+ 8) x 24] x 10000 (Vv) 


Adding Eqs. (i), (ii), (iii), (iv) and (v) altogether, we get 5199960. 
Hence, sum of all numbers greater than 10000 formed with digits 0, 2, 4, 6, 8 is 
5199960. 


How many number of 4 digits can be formed with the digits 1, 2, 3, 4, 5, when repetition 
of digits is allowed. 

In the number of 4 digits 4 places are to be filled up by 5 digits. 

Now, 1st place can be filled up in 5 ways (out of any one of 1, 2, 3, 4, 5). 

Also, 2nd place can be filled up in 5 ways. 

Hence, first two places. can be filled up in5x 5= 5? ways. 

Also, 3rd place canbe filled up in'5 ways . 

Hence, first three places can be filled up in 5 2 x 5 = 5° ways. 

Lastly 4th place can be filled up in 5 ways. 

Hence, all the 4 places can be filled up in 5 x 5° = 54 ways. 

Hence, number of numbers of 4 digits formed with the digit 1, 2, 3, 4, 5, when 
repetitions of digits is allowed = 5‘ = 625 


In how many ways can a ten question multiple choice exam be answered if there are 4 
choices a,b,c and d_, to each question? If no two consecutive questions can be 
answered the same. In how many ways can 10 questions can be answered ? 


In the first case, when there is no restriction, number of questions = 10 

Number of choices =4- 

4st question can be answered in 4,ways a or b or c or d.2nd question can be 
answered can be in 4 ways. 

Hence, first 2. questions can be answered in 4 x 4 = 4? ways. 

Also 3rd question can be answered in 4 ways, so first three questions can be 


answered in 4° ways. 
Finally, all ten questions can be answered in 4"° ways. 
In the second case, it is given that no two consecutive question can be answered the 


same. 
First question can be answered in 4 ways and second in 3 ways, third question also in 


3 ways. 
So, first 3 questions can be answered in. 
4x3x3=4x 3? ways. 
4th question can also be answered in 3 ways and so on. 
Hence, total number of ways to answer all the ten questions is 4 x 3°. 
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Example 9 = inhowmany ways cann things be given to p persons, when, each person can get any 
number of things ? (n> p). 

Solution First thing can be given to p person in p ways. " 
Similarly, 2nd thing and 3rd thing can be given to p persons in p ways respectively. 
So, all the n things can be given to p persons in p” ways. 


Concept! Any number of things out of the given things occur together. 

For example, we have to find the number of arrangements of 9 persons including 4 boys, when it is given 
that 4 boys will sit together. 

Concept Il When any number of things (or no two of a certain given things) comes together, to find 
the number of permutations, when any number of a kind of things do not come altogether. We find the 
total number of permutations without any restriction li) 
Then, we find the number of permutations when all the things of that kind are kept together (ii) 


Subtracting (ii) from (i), we get the number of permutations, such that all the given number of things of a 
kind do not come together. 


For example, there are 9 students of which 5 are boys and 4 are girls and we have to find the number of 
arrangements of all the 9 students in such a way that all the 4 girls do not come together (2 may come 
together, 3 may come together but not all the 4 girls come together). _ 
Then, we first find the total number of arrangements without any restriction for number of students 
(things) to be arranged =n=9 
Number of places to be filled up =r=9 
Hence, number of arrangements of all the 9 students without restriction is 

= "R= ot g! 

0! 

Then, keeping all the 4 girls together. 
i< B,, Bo, By, By, B, (G,C,,G, C,, )and counting then as one (i) we see that number of students = 6 6+1) 
and number of places to be filled up =r=6. 
(5 places for boys and 1 place for girls) 
Hence, number of arrangements of these 6 is oR = 6! . But all the 4 girls among themselves can be 


arranged in * P,= 4! ways. 
Hence, number of arrangements of 9 students when all the 4 girls are together is 9!-6!x 4! 


Concept Ill GAP METHOD 
But to find the number of permutations of some number of things such that no two of the things of a 
kind come together. 
We put all the things on which there is no restriction in a line. Then, we count the places between every 
pair of things including the places to the left of the Ist thing and to the right of the 2nd thing if Jis the 
number of things on which there is no restriction and mis the number of things such that no two of m 
things come together, then we place things in a line in ' B = 1! ways. 
For m things there are (+ 1)places and hence required number of arrangements 

=!+lp 11, 
For example, there are 9 students of which 5 are boys and 4 are girls. 
We have to find the number of arrangements of all the 9 students that no 2 girls sit together. 
Then, we first place 5 boys in a line in °R =5! ways for 4 girls such that no 2 girls sit together there 6 


places. 
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Hence, we made the arrangements of 4 girls in 6 places in °P, ways. SO that required number of 
arrangements is 5! ®P,. 


ConceptIV Number of permutations of n things taken all at a time out of which p things all alike (of 
one kind), q things all alike (of 2nd kind and rest are of different is 
: "Bont 
p!q! p'!q! 
As for example, we have to find the number of numbers of 8 digits formed with the digits 1, 2, 3, 3, 4, 5, 
5,5. 
Number of things = n= 8. 
Out of which two are alike G,3) and three are alike 6,5,5) 
Number of places to be fixed up = 8. 
Number of numbers of 8 digits formed with the digits 1, 2, 3, 4, 5, 5, 5 is 
8! 


213! 


Example 1 There are 2 books each of 3 volumes and 2 books each of 2 volumes. In how many 
ways can the 10 books be arranged on a long table so that volume of the volume of 
same books are not separated? 

Solution Let A and B two books having volumes A,, A>, Az and B,, Bo, Bg respectively. 

Let Cand D be the other two books C,, C, and D,, Dz be their\volumes. 
There are 4 books. These 4 books, on 4 places can be arranged in *P, ways, i.e., 4! 


ways. 
Also three volumes (A,, Az, Az) can be arranged among themselves in 3P,, ie., in 3! 
ways. 

Three volumes B, Bp, B, of the books B can be arranged among themselves in 3! 
ways. 


Again, (C,, C2) two volumes of the book C can be arranged in 2! ways and (Dy, Dp) 
two volumes of the book D can be arranged in 2! ways. 


Total number of arrangements of book =4! 3! 3! 2! 2!=3456 


Example 2 Ina dinner party there, are 10 Indians, 5 Americans and 5 English men. In how many 
ways can they be arranged in row so that all persons of same rationality sit together ? 


Solution Let J,, /o,..-449 be 10 Indians. 


Ay Ao,....As be 5 Americans. 
E,,E>,...,E5, be 5 English men. 
Now, there are 20 persons. 
For the arrangement of these 3 sections. 
No. of places to be filled up =r=3. 
Number of sections (thing) =n =3. 
Arrangement of these 20 persons is °P, = 3! 
Arrangement of 10 Indians among themselves = Pp, =10! 
Arrangement of 5 American = §P, = 5! 
Arrangement of 5 English men =5! 
Total number of arrangements =3!10!51!5! 
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Example 3 There are 6 balls of different colours (black, white, red, green, violet, yellow). In how 


Solution 


Example 4 


Solution 


Example 5 


Solution 


many ways can the 6 balls be arranged in a row so that black and white balls may 
never come together? 


There is no restriction on red, green, violet and yellow balls. We first place the four 
balls in a line for the arrangements of there 4 balls. 
Number of place to be filled up =r =4 
YR YGYVVAY 
Number of balls n=4 
Hence, four balls red, green, violet and yellow can be arranged in a line in 
‘P= . = 4! ways. 


Now, for black and white balls, these are five (5) places and hence two balls (black 


; 1 BVSwas 
and white) can be arranged in °P, = — =~ = 20 


Required number of arrangements of the 6 balls such that white and black balls do 
not come together 


= 4! x 20 = 24 x 20 = 480 


In a class of students, there are 4 girls and 6 boys. In how many ways can they sit ina 
row that no 2 girls sit together? 


! 
6 boys can be arranged in a line in ®P, 3 = 6! ways. 


YB, YB, “B,,YB, YB, YB, 
Also, number of places for 4 girls when no 2 girls sit together. 
= 7(marked with ~) 
Number of arrangements of the 4 girls is 


| 
Required number of arrangements in this case = 6! xo - S 


3 women and 5 men are to sit in a row. Find, in how many ways they can be arranged 
so that no 2 women sit next to each other? 

There is no restriction on men, so we first place 5 men in a line. 

Here, n=5 (number of men) 

Number of place to be filled up =r =5. 


5 men can be arranged in 5P, => = 5! ways 


Also for the 3 women, there are 6 places and 3 women can take their sits in 8 
! 
= a ways. 
6! 


Required number of arrangements = 5! or = 14400 


Example 6 


Solution 


Example 7 


Solution 


Example 8 


Solution 


13 
‘Hence, arrangements of 3 c’s wilh -1,J3! 
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In how many ways 16 rupees and 12 paise coins be arranged in a line, so that no 
2 paise coins may occupy consecutive positions? 

We first arrange 16 rupees coin in a line. 

Forn=16 andr=16 

All the 16 coin are identical. 


16 
Number of arrangements of 16 coins = —~2 = — 


Also since no two paise coins come together i.e., no two paise coin occupy 
consecutive places so that number of places for 12 coins are = 17 


17 
Hence, 12 paise coins can be arranged in 2 ways. 


(Since all the 12 paise coins are also identical) 
Required number of arrangements = 161 x “Re =1x a AE 
16! 12! 5!12! 
| 12!-13-14-15-16-17 
~  121-2.3-4-5 


= 6188 


Show that the number of ways in which n books may be arranged on a shelf so that 2 
particular books shall not be together is (n-2)(n—-1)!. 


Total number of arrangements of the n books = "P, =n! 
Keeping 2 particular books together, number of bookis(n —1) 
These (n —1) books can be arranged in °“'P,_, =(n-1)! ways. 
But two particular books which are kept together can be arranged among themselves 
in 2P, =2! ways. 
Number of arrangements of n books when 2 particular books are together is 
(n-1)!2!=2(n—-1)! 
Required number of arrangements of n books when 2 particular books are not kept 
together 
=n!-n-1)! 
=nn-1)!-2(n-1)! 
=(nN-2)(n-1)! 
Find the number of ways of arranging the letters a, a, a, a, b, b, b,c, c, c, d, e, c, fina 
row, if the letter c are separated from one another. 


Total number of letters is=15(5a's+3b's+3c's+1d+ 2e's+ 1f)Number of 
arrangements of 12 letters excluding 3c's on which, there is no restriction is 


"Re __ 12! 
513121 5132! 


Now since no 2 c's come together 
so that number of places for c is 13. 


13! _ 13! 
3! 3! 10! =3!10! 
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Required number of arrangements of these 15 letters, when no 2 c’s are together 
_ 13! “ 12! 
3!10! 3!10! 


In how many ways can the letters of the word ‘SALOON’ be arranged, if the consonant 
and vowels must occupy alternate place? 
Number of places, r=6. 
Case! When vowels comes at first place. In this case 3 vowels (A, O, O) occupy 3 
places 1st, 3rd and 5th. 

[pI 
Number of arrangements of vowels = Ti = 2 


Since consonants also come alternately so that number of places provided for the 3 
consonants (S,L,N)=r=3 


Number of arrangements of consonants = 5P; = 3! 


! 
Required number of arrangements -5 x 3l= " =18 


Case ll Whenconsonant comes at 1st place. If a consonant comes at the first place, 
then (A,L,N)is r=3(1st, 3rd, 5th) 


Number of arrangements of consonants alternately is op (n=3,r=3). 


Since vowels also come alternately, so that number of places for the (n =3) vowels 
(A, 0,0), 2 alike (0;0) is r =3. 


3 ! 
Number of arrangements of vowels on the alternate place is = = 7 


' 
Required number of arrangement = 3! x = =18 


Required number of ways of arrangement of the letters of the word ‘SALOON’ so that 
consonants and vowels must occupy alternate places 


=18+18 =36 


Example 10 How many different words can be formed with the letters of the word 


Solution 


‘MATHEMATICS’ ? 
In the word 'MATHEMATICS' 
Number of letters =n =11 
2 A’s are identical. 
2 T's are identical. 
2 Ms are identical. 
Number of places to be filled up =r =11, 
Number of different arrangements or different words that can be formed with the 


11 
letters of the word 'MATHEMATICS' is —a1_ — _11! 
> Brat 2l 21221 
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Example 11 How many different signals can be made by hoisting 6 differently coloured flags one 


Solution 


above the other, when any number of them may be hoisted at once 7 
There are 6 differently coloured flags and any number of them may be taken ata 
time. 
Hence, number of things, n=6 
But number of places to be filled up vary from r =1 to 6./.e., r=10F 2or3or4or5 or 
6. 
Hence, required number of signals (arrangements) 
=®P. + ®P, + 9P, + 9P, + 9A + PR 
6! 6! 6! 6! 6! 86! 
“sit ait ai’ 2a ol 
=6+ 30+120+ 360+ 720+ 720=1956 


Example 12 (i) In how many ways 7 men can sit round a table ? 


Solution 


(ii) In how many ways we can place 7 apples in a circle ? 
(i) Let M,,M5,M3,...,M7 be 7 persons keeping one person M, 


fixed, remaining 6 persons can take their places in Sp. =6! 


ways. 
7. M 


Here n=6,r=6. 
(Also, there is a difference in clockwise and anticlockwise arrangements). 
Hence, number of ways in which 7 men can sit round a table in 6! ways. 
(ii) Keeping one apple fixed (n=6) 6 apples can be arranged in ®P, ways 
=6!=720 ways. ; 
But there is no difference in clockwise and anticlockwise arrangements so that 
required number of arrangements 


6! 
= ~ =360 
2 


Example 13 4 gentleman and 4 ladies are invited to a certain party, find the number of ways of 


Solution 


seating them around a table so that only ladies are seated on the 2 sides of each 
gentleman. 

Let G,,...,G,be 4 gentleman 

and L,,...,L4 be 4 ladies 


Keeping one gentleman G, fixed, remaining 3 gentleman G>,G3,G, can take their 
seats in °P, = 3! ways 

Then number of seats for ladies (one lady between gentleman or only ladies are 
seated on either side of each gentleman) is 4. 

Hence, 4 ladies can take their seats in “P, = 4! ways 

Required number of arrangements = 31 x 41 =144 
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Example 14 5 boys and§5 girls form a line with the boys and girls alternating. In how many different 
ways could they form a circle such that the boys and girls are alternate ? 


Solution Keeping any one say boy fixed, then remaining 4 boys can take their seats in 4! 
ways. 


Now, boys and girls are alternating number of places for 5 girls is 5. 
Hence, 5 ways can be arranged in °R ways 
=5! ways. 


Required number of arrangements of 5 boys and 5 girls in a circle so that boys and 
girls are alternating 


= 4!5!=2880 


Example 15 4 gentleman invites a party of m+n friends to a dinner and places m at one round 
table and n at another. Find the number of arrangements. 


Solution We first divide m+n friends into 2 parts, one of part consist m and other nin 


m+no 0 _ (m+n)! 
im: “n= 


way 
min! 


Number of ways in which 2 groups (of mand nrespectively) can go at 2 round tables 
in 2!=2 ways. 


For the number of arrangements of m friends at a round table keeping one fixed and 
there remaining (m—1) friends can take this seats in(m-—1)! . 

Other n persons‘can take their seats at other round table in (n —1)! ways. 

Required number of Ways 


=2 enh .(m=1)!(n =1)! 
=2 (m+n)! 
mn 
Problem Based on the Use of | 
(a) "GE = ath (b) MEG 2g ="- *e 


ri(n nas r)! ! 
(i) Number of different selections sad n a things taken r at a time such that any thing comes once in a 
"C= 
combination is given by "C, ars = 
(ii) Number of different selection of n things taken rat a time such that x particular thing always occur, 
is given by" ~*CG. 
Setting x particular things aside, number of remaining things =n-x. 


Now to get all the combinations in which x particular things always occur, we have to select r—x 
things in every possible way from n-x things. 


Hence, number of different combinations of n things taken rat a time such that x particular things 
are included 


—n-xX 
= C, x 


(iii) Number of different combinations of n things taken r at a time, such that x particular things always 
occur (included) is given by "~*C,_,. 


(iv) Now, setting x particular things aside, number of remaining things = n- x. 
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Now to get all the combinations in which x particular things never occur, we have to select r things 
from the remaining n—x things. 
Number of combination of n things taken r at a time in which x particular things are excluded is 


n =*C.. 


Example 1 


Solution 


Example 2 


Solution 


Example 3 


Solution 


A man has 7 friends. He invites 3 of them to party. Find, how many parties to each of 3 
different friends he can give and how many times any particular friend will attend the 
parties? 


Number of friends n =7 


Number of places to be filled up in a party, r=3 
Number of different parties to each of 3 different friends can be given, is ed 
7! 
~ 3l4l 
If a particular friend always attend the parties, then keeping one particular friend 
aside, number of remaining friends is n— x =7-1=6. 
We select only (3-1 = 2) friends from the 6 friends, since any particular friend always 
attend the parties and hence 
! l 
6 6! _ 6 5x4! _ 15 
2!4! 2l4! 


A delegation of 6 members is to be sent abroad out of 12 members. In how many ways 
can the selection be made so that a particular member is included ? 


Number of members, n=12 
Number of places to be filled up for a delegation =r =6 


If a member (particular) is included, then keeping the particular member aside, 
number of remaining member =n — x =12—1=11 and number of places to be filled up 
=r=6-1=5 
Number of ways to send a delegation of 6 members out of 12 members if a 
particular number is included = ''C, 

11! 


sl 22 x 21 = 462 


At an election 3 wards of a town are canvassed by 4, 5 and8& men respectively. If there 
are 20 volunteer. In how many ways can they be alloted to different wards ? 


We have to select 4 men out of 20 for a ward which we can select in °C, ways. 
Now, only 20-4 =16 men remain. 
Now, we have to select 5 men from 16 men which we can select in '8C. ways. 


Now, 16 - 5 =11men remain and we have to select 8 men from these 11 which we can 
select in ''C, ways. 


Number of ways in which 20 volunteers be alloted to 3 different wards 
— 20 16, VW 
= Cy C5 Cy 


bi , 
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Example 4 A candidate is required to answer 6 out of 10 questions which are divided into 


Solution 


Example 5 


Solution 


Example 6 


Solution 


2 groups each containing 5 questions and he is not permitted to attempt more than 
4 from each group. In how many ways can he make up his choice? 


Let there be 2 groups A and B. Let group A contains 5 questions and group B contains 
5 questions. Since a candidate is required to answer 6 questions and not more than 4 
questions from any group. 


Hence, a candidate can make up his choice in the following ways 


(i) 4 questions from group A and 2 from group B. 
(ii) 3 questions from group A and 3 from group B. 
(iii) 2 questions from group A and 4 from group B. 

Number of ways to answer the questions is 


°C4- °Cy + 8Cy - 5C3 + °Ca- 9Cy =5x104+10x10410x5 
=50+100+ 50 =200 


A person has 12 friends of whom 8 are relatives in how many ways can he invite 7 
friends such that at least 5 of them may be relatives? 
Since out of 12 friends, 8 are relatives . , 
There are 12-8 =4 which are only friend not relative. 
He can invite 7 friends such that at least 5 of them may be relatives in following ways. 
He can invite 5 relatives and 2 friends in °C, - 4C, ways. 
He can invite 6 relatives and 1 friends in °C, - “C, ways. 
He can invite 7 relatives and no friends in °C, - “Cy ways. 
Total number of ways to invite 7 friends 
8! 4! 8! 4! 8! 

=—— -——_ _ + —_. - —_ + —__. 

5!3! 2!2! 6!2! 4!3! ZI! 


= 56x 6+ 28x4+ 8=3364+112+ 8 = 456 


There are 3 sections in a paper each having 3 questions. A candidate has to solve any 
5 questions choosing at least one question from each section. In how many ways can 
he make up his choice? 
Let A,B,C be 3 sections each containing 5 questions. 
He can answer any 5 questions selecting 1 from A, 1 from B and 3 from Cin 
"GC * a a . oN = 250 ways 
He can answer any 5 questions selecting 1 from A, 2 from B, and 2 from C in 
5C,-5C,-°C, =500 ways 
He can answer any 5 questions selecting 1 from A, 3 from B, 1 from C in 
5C,-5C3-°C, = 250 ways 


He can answer any 5 questions selecting 2 from A, 2 from B, 1 from C in 
5C...5C, -5C, = 500 ways 


He can answer any 5 questions selecting 3 from A, 1 from B, 1 from C in 
5C, - °C, - °C, = 250 ways 


Total number of ways to answer any 5 questions 
= 250 + 500 + 250 + 500 + 500 + 250 = 2250 
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Example 7 


Solution 


Example 8 


Solution 


Example 9 


Solution 
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An8 oared boat is to be moved by a crew chosen from 11 men of whom3 can steer but 
can't row and rest can't steer. In how many ways can the crew be arranged 7? 


We can select one persons to steer the boat from the 3 who can steer in 3C, ways. 


We now require 2 particular men who can row on the bow side. 


We now require 2 more persons on the bow side and these can be selected in, from 
the remaining 6 men in ®C,ways. 


The remaining 4 can be placed on the other side in “C,ways. 
Number of selections = 9C,.C,.4C,. 
We have 4 persons on the side A and 4 persons on the side B. 
Now, number of arrangements of 4 persons in the side A = 4! 
Number of arrangements of 4 persons in the side B = 4! 
Required number of arrangements 
= 5C, - °C, = 4! 4] = 25920 
A table has 7 seats, 4 being on one side facing the window and 3 being on opposite 


side. In how many ways can7 people be seated on table, if3 people X,Y, Z must sit on 
the side facing the window? 


Since the three people X,Y, Z must sit on the side facing the window (4 seats) so that 
we have to select 1 people for the side facing the window but of 7-3 =4in 4C, ways. 


Now, 3 people remain and we have to'select all the remaining 3 people for other side in 
3C, ways 
3 ; 


Number of selections = 4C, - °C, 


Now, we have 4 persons (including X,Y,2Z) on. the side facing the window and 3 
persons on other side. 


Now, number of arrangements of 4 people in the side facing the window =4! and 
number of arrangements of 3 people in the other side is 3!. 


Number of ways in which 7 people can be seated is 
“C,-3C,- 4! 3!1=576 
How many words can be formed out of 10 consonants and 4 vowels such that each 
contains 3 consonants and 2 vowels ? 
We have to select 3 consonants out of 10 in '°C, ways. 
2 vowels out of 4 in 4C, ways. 
In this we have 5 letters (3 + 2) 
which can be arranged in 5! ways. Required number of words 


= °C, x {Cy 51 =720 x 120 
= 86400 
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Example 10 Four visitor A, B, C, D arrised at a town which has 5 hotels. In how many ways can they 
disperse themselves among hotels ? 
(i) If4 hotels are used to accommodate them 
(ii) If3 hotels are used to accommodate them in such a way that A and B stay at 
the same hotel. 
Solution (i) Now, 4 hotels out of 5 can be selected in °C,ways. 
Now, 4 visitor can stay in one set of 4 hotels (i.e, one visitor in one hotel) is 4P, =4! 
Hence, total number of way of accommodating the visitor is °C, 4! =120 
(ii) When A and B stay at the same hotel, then we require 3 hotels, one for (A, B), one 
for C and one for D. In this case, number of ways of accommodating the visitor is 
5C, x 3!=60 
3 : 


Example 11 10 persons amongst whom A,B,C are to speak at function. Find the number of ways in 
which it can the done, if A wants to speak before B and B wants the speak before C. 
Solution Here, places for A,B and Ccan be chosen in '°C, ways. Now, 7 persons remain to 


speak and these 7 persons can speak in 7! ways. Hence, number of way in which 
they can speak is '°C, x7!. 


Example 12 How many different word of 6 letter can be formed from the letters of the word 
‘ALLAHABAD’? 


Solution Words having 6 letters from the letters of the word ALLAHABAD can be made in the 
following case : 


(i) 2 alike, 4 distinct (it) 2 alike, 2 alike, 2 distinct 
(iii) 3 alike, 2 alike, 1 other (iv) 3 alike, 3 distinct 
(v) 4 alike, 2 distinct (vi) 4 alike, 2 alike. 


In the word ALLAHABAD, the letters are AAAA, LL,H,B,D. 

(i) Now, two alike can be chosen from (AAAA) (LL) in 2C, = 2 ways. After this one pair 
and 3 (H, B, D) i.e., 4 different letters from these 4 letters we have to choose 4 
distinct which is selected in *C, =1. 

Hence, number of selection of 2 alike and 4 distinct is 2x1=2 - 
Now, number of word of these 6 letters consisting of 2 alike and 4 distinct is 
=2~x 6! 
2! 
=2 x 360 =720 
(ii) Two alike and two alike can be chosen from (AAAA), (LL) in ®C, =1way. After this 
H,B,D remain, from these 3 we have to select 2 different which we can select in 
3C, = 3 ways. 
Hence, number of selection in this case =1 x 3 = 3 
Now, number of words of 6 letters consisting of 2 alike, 2 alike and 2 different 


(iii) 3 alike i.@., 3A from 4 A's can be chosen in 'C, =1 way, 2 alike i.e., 2 L's from (LL) 
can be chosen in 'C, =1 way. Now 1 distinct from the remaining 3 can be selected 
in 3C, = 3 ways. 

Hence, number of selection in this case =1x1x3=3 
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Now, number of words of these 6 letters consisting of 3 alike and 1 other is 
=3~x 6! =3x 60 =180 
3! 2! 


(iv) Now, 3 alike from (AAAA) can be chosen in 'C, =1 way. Also 3 distinct from 
4(L1 + BD) can be chosen in 4C, = 4 ways. 
Hence, number of selections in this case 


=1x4=4 
Now, number of words of these 6 letters 
6! 
=4x 3 = 480 


(v 


~~ 


4 alike can be chosen from (AAAA) in 'C, =1 way. ses 
Now, 2 distinct can be chosen from the remaining 4(L,H,B,D) in “Cz = 6 ways. 
Hence, number of selection in this case 


=1x6=6 
Now, number of words of this 6 


! 
=6x 2 =6 x 30=180 


(vi) 4 alike and 2 alike can be chosen from (A, A, A, A), (L,L) in ae =1 way. 


Now, number of words of these 6 =1 x ry ry =15 
Now, total number of words of 6 letters formed with the letters of the word 
ALLAHABAD 


=720+ 540+ 180+ 480+180 +15=2115 


Example 13 How many quadrilateral can be formed by joining the vertices of a polygon of n sides ? 


Solution —_Foursides are to be selected for a quadrilateral. Also, there are n vertices of a polygon 
of n sides and any 4 points out of n can be selected in °C, ways. 
Hence, required number of quadrilateral = "C,. 


Example 14 Find the number of diagonals that can be formed ina polygon of n sides. 
Solution We know there are n vertices in a polygon of sides, we also know joining any two 
vertices of a polygon we have either a side or a diagonal of the polygon. 
Now, number of ways in which any 2 points out of n points can be selected is “Cp. 
Hence, number of sides + number of diagonals = "Co. 
But number of sides is equal to n and hence number of diagonals 


————=nNn 


Example 15 /f m parallel lines are intersected by 1 other parallel lines, find the number of 
parallelogram then formed. : 

Solution Now, forming a parallelogram, is actually selecting of 2 lines from the set of m parallel 

lines and 2 lines from the set of n parallel lines. 
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But number of selections of 4 lines and 2 lines from the set of m parallel lines and 2 
lines from the set of n parallel lines is 

=C2-"Cp 
Hence, number of parallelogram thus, formed is "C,-"C, =mn(m -1)(n -1) 


Example 16 There are 15 points in a plane, no two of them are collinear with the exception of 6, 
which are all the same straight line. Find the number of 


(i) straight lines formed (ii) number of triangles 
Solution Supposing number three points of the 15 points are collinear. 

Now, number of straight lines formed by the 15 points = °C). 

Also number of straight lines formed by the 6 points is = &C.. 


But as 6 points are collinear and hence 8c, straight lines reduce to a single straight 
lines. Hence, number of straight lines formed by the 15 points such that 6 points are 
collinear = °C, — °C, +1 

=105-15+1 

='91 
Also, number of triangles, formed by 15 points = '°C, if the 15 points be such that no 
three of the 15 points are collinear. But it is given that 6 points are collinear and no 
triangle is formed by taking any point out of these 6 points. 


Hence, required number of triangles 


= *C, ze °C, 
8. 6. 
~ 3112! 313! 


15-14-13:12! 6-5-4 
~ gatal | a2 
= 455 - 20 
Concept Total number of combination or selections of different things taken some or all at a time 
="G +", +"G+"G, =2"-1 
In the problem of this type, all the things are different and also things to be selected are not fixed in 
number. 

Example 1 Given5 different green dyes, 4 different blue dyes and3 different red dyes. How many 
combination of dyes can be chosen taking at least one green and one blue dyes? 
Here, it is given that at least one green dyes must be selected. Hence one or more 

all the 5 green dyes can be selected in 
5C, + 5Co + 5Cq + °C, + 5C, = 25 -1= 31 ways. 
Similarly, one or more or all the 4 different blue dyes can be selected in 
*C, + {Co + 1Cy 4 “Cy 
= 24-1=15 ways 
But it is not given that at least one red dye must be selected so that case of selection of 
zero (0) dye is also to be included. 
And number of ways of selection of 0, 1, 2, 3, red dyes is 
= °Cy + °C, + °C, + °Cy= 2° =8 


Solution 
or 
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Hence, total number of combination of taking at least one green and at least one blue 
dye out of 5 green, 4 blue and 3 red dyes 


= 31x15 x 8=3720 


Example 2 A student is allowed to select at most n books from a collection of(2n +1) books. If the 
total number of ways in which he can select at least one book is 63. Find the value of n. 
Solution Since the students is allowed to select at most n books out of (2n + 1)books so that 
number of selections 
= MIC 4 MIG, y BHC +4 'C, =63 (i) 
Now, 2 *1C, 4 2410, 4 2410, + 1G, + Cyt 7" "Cree 


isis ssid, OT sala 


or 14 (2410, + AC, + 1G) + (74 Cone rene to” Cone t—on42) 
+ ik ae ee re. wea 
or 24 2? "16,4 16,4. +") 
or 24+2-63=2""! 
or 24+126=2"*' 
or g2+1_498 
27 =64=2% or 2n=6 
n=3 


Example 3 We like to form a bouquet from 11 different flowers so that it should contain not less 
than 3 flowers. Find the number of different ways of forming such a bouquet. 


Solution Since the bouquet should not contain less than 3 flowers so that to form a bouquet we 
are to select at least 3 flowers and at most 11 flowers out of 11 and hence, required 
number of ways 


NO. + NG, & "tnt “Gy 

=("Cy -f: Ls 4: "C,)+ iO. + NG, +... "Ci bw ‘S po "Gh ~ a 
=2"-("C ‘$: ne, 4: “MG 

= 2" (1411+ 55)=1981 


Distribution of Things into Persons 

or Groups, Sets, Lots, Packet, Parcels 
Let total number of things be n. Now regarding distribution of these n things into groups or persons, We 
discuss some cases and each case discusses a type of problems. 
Case | Number of ways of dividing the given different things into these groups containing 
respectively p, q, r things, is given by 


nC .n-PC .n-P-4 - n! 
ie. © p!qir! 


Here, the things p, q, rare distinct and 
p+q+re=n 
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Casell Ifn=m+m+m=3m. Then number of ways of dividing n =3m things into three persons, each 


containing m things or number of ways of dividing n=3m_ things equally among three persons or 
distributing n = 3m things into 3 equal sets with permutation of sets is given by 


3m 7 2mm 'Bm)! 
Cn Cn Gn = (mip 
Case Ill Ifn=m+m+m-=3m, then number of ways of spliting or dividing n=3m things into three 
groups (equally) each containing m things is given by 
iG, 2 EG, MG, 
3! 
___3m! 
3! only 
Case lV The number of ways of distributing n different things into r different groups or lots is = r” 
Here, blank lots have been taken into account. 


Case V The number of ways of distributing n different things into r different parcels no lots being 
blankis © 


rr -'"G(-1"' +'Q-2y4+...+ Clr 'C_, 


Case VI The number of ways of distributing n things all alike into r different groups is"*"~'C, _, lots 
may be blank. No lots being blank and is 
"-1C _, or coefficient of x" in (1+ x +x? +... 0 


Case Vil Number of ways of arranging n different things into r different groups is 
r(r+1)(@ + 2)...¢+n-1) 
ri+1)@+ 2)... @+n-1) 


according groups may or may not be blank. 


orn!-""'c | 


Example 1 /n how many ways can 52 cards be distributed equally among four players ? 
Solution If we distribute 52 cards equally among 4 players, then (13 x 4 = 52) each player will 
receive 13 cards. 
N=134+13+13+13=52 
Hence, number of ways of distribution 
=... 82-136, , : 62-13-13¢, , . §2-13-13-13¢, | 


52 39 
=Ci3- ™Ci3- ®C,3- °Cj5 


Example 2 /n how many ways can a pack of 52 playing cards be divided in 4 groups, three of 
them having 17 cards each and the fourth first one card ? 


Solution If we divide 52 cards in 4 groups such that first three groups contain 17 card each and 
fourth first contains one card i.¢., 17+17+17+1 = 52 


Then, the number of ways of required distribution = 


392 


Indian National Mathematics Olympiad 


Example 3) in how many ways 12 different books can be distributed equally among 4 persons ? 

Solution If we distribute 12 different books equally among 4 persons then each person will get 
3 books. Hence, required number of distribution is 

12! 

="¢,. a Oe 4 om °C, “(3 

Example 4 In how many ways 12 things be divided equally among four groups? 


Solution If we divide 12 different things equally among 4 groups then each groups contains 3 
things. Hence required number of ways of distribution of 12 different things equally 
among 4 groups is given by 

__°C3- °Cy-°C3-°C3 _ 12! 
4! 41(3!)* 


Example 5 = in how many ways can 10 balls be divided between two boys, one receiving two and 
other eight balls ? 


Solution Let B, and B, be two boys. Then the number of ways of distributing 10 balls such that 


one boy, say B, receives two balls and other boy B, receives eight balls or one boy B, 
receives 2 balls and other boy B, receives 8 balls is 


= C,. 10-26, 4 196, , 10-80, 
= "°C, -°Cy+ "Cy - °C, 
=", + C, =2-, =90 
Example 6 = in how many ways 10 mangoes can be distributed among 4 persons if any person can 
get number of mangoes ? 
Solution A person can get 0,1, 2, 3,... mangoes and there are four persons. 


Here, r=4 


Hence, number of distribution of 10 mangoes among 4 persons if any person can get 
any number of mangoes [including zero mangoes] is 


= coefficient of x’ in (1+ x +x? + x34...)4 


= coefficient of x’? in fe = Coefficient of x'° in(1- x) 


Ee Qa xy? 14 "Cpe + 9* Cox? +t Oyx? +... ] 
= coefficient of x'° in (1+ 4Cyx + 8Cax? +...) 
= "Cro = "Ci3-10 °C, 
Example 7 in how many ways can r flags be displaced on n poles in a row, disregarding the 
limitation on the number of flags on a pole ? 


Solution Number of ways in which rflags be displaced on n poles (such that a pole may have 
0,1,2,3 and so on flags) 


= coefficient of x’ in(1+x+x? +..." 
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n 
= coefficient of x’ in (+) 
1-x 
= coefficient of x’ in(1- x)” 
=14 Cx +t Cox? + OS ail 


Example 8 (i) in how many ways can five different books be distributed among three student if 
each student is to have at least one book? 
(ii) In how many ways can five different books be tied up in three bundles? 
Solution (i) We know that number of ways in which n different things can be distributed into r 
different parcels, no lots being blank is 
r —"C(r-1f + Ca(r-1Y' -... 
Here, n=5 and r=3, since 5 different books are to be distributed among 3 
Students. Hence, number of ways of distributing 5 books among 3 students so 
that each student receives at least one book is ‘ 
=3° - 3¢(3 -1)° + 9°C,(3 - 2)° 
=3°-3x2°+3-1=150 
(ii) Since books are to be tied up in a bundle so that books are to be kept in a group 
or set and hence required number of ways 
1 


a [38 - 9¢, (3-1) + 90,3 - 2)5] 


= 2 (9° -3x25 +3.) 


150 
=——=25 
6 


Example 9 /n how many ways can 15 identical Mathematics books be distributed among six 
students ? 


Solution We know that number of ways in which n things all alike can be distributed into r 
different parcels is "*’-'C,_, when lots may be blank. . 
Hence, number of ways in which 15 identical books be distributed among six 
students is . 
15+6-1 20 20! 
= CG = = 
Sa ee BS 
_ 20x19 x18 x17 x16 x15! 
so AIO XVEXIOX 15! 
5x4x3x2x1x15! 


=15504 


Concepts 


) If p, + p2 + p; things are such that p, things are alike, p, things are alike and p; things all different 
then number of selections of any r things out of p, + P2 + p, things 


= coefficient of x” in (x° + x + x? 4.0.4 x71) 


0 2 Po 0 
KOO HX ANE ++ x72)K% + x1) PS = Coefficient of x" in 


MH XH XK EM ext x2 et xP) + x) PB 
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(ii) 
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If p, + P2 + p; things are such that p, things are alike of 1st kind, p, things alike of 2nd kind and p, 
things alike of 3rd kind, then we have 


(a) Number of selection of any r things out of PD, + 2 + P, things containing at least one thing from 
Pp, alike things 
= coefficient of x” in «+x? 42x39 +...4 x71) 
OK EXE EPA KOE KE? + +P) 
= coefficient of x" in (+ x2 4.0.4 X7)Q4xX 4X2 +...4X72) 
(+ x+x? +...4x?3) 
(b) Number of selection of any r things containing at least one thing from p, alike and one things 
from p, alike things is given by 
= coefficient of x” in « + x2 +...4+x?!) 


2 + xP3) 


3 


(KH x2 4+ xP2)R94 KX 4X 
= coefficient of x” in +x24+x°+4...4+Xx?t) 
KH x2 He x20 Ex H x2 + x73) 


(c) Number of selection of any r things containing at least one things from p, alike and two things 
from p, alike things is given by 
= coefficient of x” in K + x? +...4+x?!) 
2 4x8 + ct x72) 4X4 x2 + KPI) 
and so on. 


Example 1 Prove that the number of ways in which we can select four letters out of the word 
EXAMINATION is 136. 


Solution Letters of the word EXAMINATION are A,A, /,/,N,N,E,X,M, T,O. i.e., 2 (A's) are alike, 2 
(I's) are alike and 2 (N s) are alike and other 5 are all different. 


Now, number of selections of any four letters out of the letters of the word 
EXAMINATION i.e., out of the letters (A, A),(/,/),(N,N),E,X,M,T,O. 


= coefficient of x* in (x° + x! + x?)(x° + x! + x2)(x + x1 + x?) (1+ x) 
= coefficient of x4in (1+ x'+ x2)? (1+ x)® 


ay 
= coefficient of x4 in (4 x ) (1+ x) 


=coefficient of x* in (1- x3)? (14+ x)(1- x)? 
= coefficient of x* in (1 - 9C,x? + 9Cax® — x9) (1+ SCyx + 5Cx? 

+ 5Cyx® + SCyx4 + x8)(1-x) 
= coefficient of x* in(1- 3x? + 3x® - x9) 

(1+ 5x +10x? +10x9 +5 x44 x5)(1- xy? 
= coefficient of x4in (1- 3x? + 5x + 10x? + 10x? + 5x4 
~15 x4 +...)(1- x) 

= coefficient of x4 (1+ 5x + 10x? + 7x9 -10x4)(14+ 9C,x +...) 
= §C, +5 °C; +10‘4C, +7 °C, -10 
=15+ 50+ 60+ 21-10 
=146 -10 
= 136 
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Example 2 -A box contains two white, three black and four red balls. Find the number of ways in 


Solution 


which we can select three balls from the box, if at least one black ball is to be included 
in the selection. 


Considering balls of the same colour alike we have 2 (white) alike balls of one kind, 3 
(black) alike balls of 2nd kind and 4 (red) alike balls of 3rd kind. Hence, number of 
selections of any 3 balls containing at least one black balls is 


= coefficient of x3 in(x° + x + x?)(x + x? + x9) 
white black 
(x9 + x + x2 4x9 4+ x4) 
= coefficient of x? in (1+ x + x?) x (1+ x + x?) 
(1+ x4 x2 4+ x94 x4) 


35 
= coefficient of x9 in x(1+ x + x)? [==] 


1-x 
3\? (4_ 5 
= coefficient of x2 in | 1=* Ud 
1-x 1-x 


= coefficient of x? in (1 -— 2x3 + x®)(1- x5) (1- x3 

= coefficient of x? in(1— 2x3 + x® — x5 + 2x8 — x")(1- xy3 

= coefficient of x? in (1 — 2x9 — x + x® +...) (1+ 39Cyx + “Cox? +...) 
4 

= Cz = 6 


Example 3 /n how many ways can an examiner assign 30 marks to 8 questions giving not less 


Solution 


than 2 marks to any question ? 
Since number of question =8 


No question has mark less than 2 and no question has marks greater than 16 i.e., 
minimum marks = 2 and maximum marks for a question is 16. 


Hence, number of ways in which 30 marks can be assigned to 8 questions 
= coefficient of x® in (x? + x9 + x4 +... 4+ x16)8 
= coefficient of x in x'© (1+ x + x? +... + x'4)8 


_ 15 
= coefficient of x" in (4 = 
=X. 


= coefficient of x"4 in (1 — x"5)® (4 - xy® 

= coefficient of x"4 in(1- x)y® 

=coefficient of x'* in (1+ ®8C,x + 9Cpx? +...) 
= "C14 


_ 2 

~ 4417! 

_ 21-20-19-18-17-16-15 
~ 65452 


= 116280 


396 


Indian National Mathematics Olympiad 


Example 4 Show that the number of ways of selecting n things out of 3n things of which n are of 


Solution 


one kind and alike and n are of 2nd kind and rest are unike is(n + 2)2” ot; 


Here, nthings are alike, out of which 0,1, 2, 3,....7 may be selected. 
Also, n other things are alike out of which 0, 1, 2, 3, ....-.. 7 may be selected and rest n 
things are all different. 
Now , the number of selection of n things = coefficient of x” in 
(x9 + x + x2 + x7)(x9 + x + x? + x”) 
(1+ x)(1+ X)...(14 x) 


ntimes 
= coefficient of x” in(1+ x +x2 4 x9..4 x)? (14+ xf 
qi xt 2 
= coefficient of x” in )] (d+xy 
=% 


= coefficient of x” in(1— x) ?(1+ xf? 
= coefficient of x” in(1- x)? [2-(1- x)]” 
= coefficient of x” in(1- x)? [27 -n2"-! 


(1-x)+ Mee AIX] 


= coefficient of x” in 2°(1- x)% —n-27-' (1- xy! 
= 2941C, — 7-291 = 2"(n+1)—-n-2"' 
=[2(n+1)-n]2"~'=(n+ 2)-2"-' 


Example 5 Suppose that there are pile of red , blue and green balls and that each pile contains at 


Solution 


least eight balls . 
(i) In how many ways can eight ball be selected ? 


(ii) In how many ways can eight balls be selected if at least one ball of each colour 
is to be selected ? 


There are at least 8 (red) alike balls, 8 (blue) alike balls and 8 (green) alike balls. Balls 
of each colour may be unlimited in numbers. 

To select 8 balls in all we select 

0,1, 2,... balls from each colours of balls. Hence, number of selection of any eight 
balls 

(x° + x + x? 


red 


= coefficient of x® in +...) 


QO + x4 P+) (Pex E) 
blue green 
= coefficient of x8 in(1+ x + x? + x3 4...)8 


2 
= coefficient of x® in | —— =(1- xy? 
1-x ) 


= coefficient of x® in (1+ 9C,x + 4C,x? +...) 
_10¢. - 10! 
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Solution 


Example 7 


Solution 


Example 8 


Solution 
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Show that the number of different selection of 5 letters from 5 a's, 4 b’s, 3c’s, 2d's and 
one e is71. 
Here, 5 letters (a's) are alike, 4 letters (b's) are alike, 3 letters (c's) are alike and 2 
letters (d's) are alike and one other letters is e. 
Hence, number of different selections of 5 letters 

= coefficient of x9 in(x? + x + x2 +... 4 x9)(x0 + x + x7 +... 4 x4) 

(x? + x + x2 + x3)(x + x + x7) (x? + x) 
= coefficient of x5 in (14 x + x2 4+...4 x°)(14 x4 x7 +...4 x4) 
(14 x + x2 + x9)(1+ x + x7) (14 x) 
= coefficient of x° in —— -—— . —— . ——-(1+ x) 
1-x 1-x 1-x 1-x 

= coefficient of x° in (1 — x®) (1 — x5) (1- x4) (1- x9) (14+ x) (1- x4 

= coefficient of x> in (1+ x — x9 - 2x4 — 2x5...) (1+ 4C,x + 5Cpx?....) 

=*C, + "C, - °C, -2°C, -2 

=56+ 35-10-8-2 

=91-20=71 


If n objects are arranged in a row, then find the number of ways of selecting three of 
them objects so that no two of them are next to each other. 
Let the three persons FP, F,, and P, selected n, Pn Po ng P30, 
Let n, and ng be the number of persons to the left of P, and to the right of P;. Letn, and 
Ng be respectively the number of persons between P,, P,; P>, P; 
The n, + Ng + Ng + M4 =N - 3( Bare F, Py, P;) where n,n, 20 and nz, n3 21 
Hence, required number of selections 
= coefficient of x”~9 in(x® + x + x? +...) 
(x1 + x? + x9) (x + x2 + x9 + )(x9 4 x + x34...) 
= coefficient of x"~F in (14 x + x2 + x3 4..)2(x 4x2 4x3 4 me 
= coefficient of x°~Sin x?(14 x + x24 x34... )2 4x4 x24 es 
= coefficient of x” ~Fin(1+ x + x? + x34... )4 


4 
= coefficient of x” ~5 in (4) = Coefficient of x*-* in(1- x)4 
=(1+ “Cyx + Cox? +...)="-2G,_ 5 ="-2C, 


A box contains 2 white balls, 3 black balls and 4 red balls. In how man ly ways can three 
balls be drawn from the box if at least one black ball is to be included in the draw? 
(i) If balls of the same colour are considered to be identical. 
(ii) All balls are considered to be different. 
(i) In this case, there are 2 (white) alike balls, 3 (black) alike balls and 4 (red) alike 
balls, we have to select 3 balls including at least one black balls i.e., we may 
select, 0 or lor 2 balls from white balls, 1or 2 or 3 from 3 black balls and 0 or lor2 


or 3 or 4 from 4 red balls. Hence, number of selection of any 3 balls containing at 
least one black balls 
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= coefficient of x? in(x° + x + x?) 


(x + x2 + x9)(x0 + x + x? + x9 + x4) 


= coefficient of x9 in (14 x + x2)(14 x + x2) (1+ x + x? + x3 + x4) 
= coefficient of x2 in (1+ x + x2)? (1+ x + x? + x? + x4) 


v8 \" (4-45 
= coefficient of x? in ( s ) ( x ) 


= coefficient of x? in 


1-x 1-x 
(1-3x? + 3x® - x°)(1-x°) 


(1-x)° 


= coefficient of x? in(1-— 3x2 +...)(1- x)? 
= coefficient of x? in (1 - x)? 
=1+ 59C,x + “Cox? +... 


=‘C, 
=6 


(ii) In this case, all the balls are different and total number of balls = 2 (white) + 3 
(black) + 4 (red) = 9 Hence, number of selections of any 3 balls from 9 = °C, = 84 
Also, number of selection of 3 balls containing no black balls = °C, = 20 
Hence, number of selection of 3 balls containing at least one black balls = 84 — 20 


= 64 


If there are three different kinds of mangoes for sale in a market. In how many ways 
can you purchase 25 mangoes? ~ 


Here, we have unlimited number of 3 kinds of mangoes and we can select 25 
mangoes in all. Hence; we can select 0 orlor 2 or 3... mangoes from each kind of 


mangoes. 


Hence, number of selection of 25 mangoes 
= coefficient of x2 in(x° + x + x? + x?...)8 


3 
coefficient of x in (<4) 


=X 


coefficient of x?° in (1 - x)? 


a4 Oe "Cx*.... 


=7C,,=7C,= 


27-26 


351 


Example 10 /f n(23) is a +ve integer, then find the number of positive integral solution of 


Solution 


xX+yt+Ze=n. 


The maximum value of x, y, Z satisfying x + y+ Z=nisn—-2, 


Hence, the number of positive integral solution of x + y + z =nis given by the 


= coefficient of x” in (x + x2 +.x94...4 x77 2)9 
= coefficient of x” in x? (14 x + x? +...4 x77 598 


n-2 3 
= coefficient of x” ~3 in (5) 


1-x 
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= coefficient of x”~ 9 in (1- x°~?)3 (1 - x) 
= coefficient of x"~9 in (1 - x)? 

t+ O47 +... 

aS. _s =f, 


Example 11 Find the number of integral solution of x, + Xp + X3 =O withx, 2-5. 


Solution Here, we have to choose any three integers out of -5, - 4, - 3, - 2, -1,0, 1, 2...such that 
sum of the three chosen integral is 0. Hence, number of integral solutions of 
X, + Xp + X3=0 ..(i) 
is given by 
= coefficient of x° in(x~> + x4 + x73 +...) 


3 
= coefficient of x° in( + an + lt aes } 
~ ARS xt 


5 


3 
14 xt x24 x34... 
x 


= coefficient x° in 


(1+ x+x? +...) 


x's 


= coefficient of x° in 
= coefficient of x'> in(1+ x + x? +...) 


; 3 
= coefficient of x" in (4) 
-x 


= coefficient of x" in (1- x) =1+ 9C\x + 4Cpx +... 


TB. < 17! _ 17-16-15! 
S215! 2-15! 
=17 x 8=136 


Hence, number of integral solutions of x, + x» + X3 =Owith x, 2>-Sis 136. 


Example 12 Find the number of integral solutions of 2x + y + z = 20 with x, y,z20. 


Solution Here setting y = z = 0, we have 2x =20 or x =10. 

Hence, maximum value of x =10 

i.e., x may be taken from 0, 1, 2, 3, ... to 10 

such that 2x + y + z=20 

For x =0, y + Z = 20. But integral solutions of y + z = 20 
= coefficient of x™ in (1+ x + x2 + x3 4...)? 
= coefficient of x” in (4) 

1-x 

= coefficient of x” in (1 - x)? 
= coefficient of x” in (1 - x)-? 
= coefficient of x” in (1+ 2C,x + 9C,x? +... 
= "Cx = 21 


Example 13 


Solution 
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For x =1, y + z =18 and number of integral solutions of y + Z =18is given by the 
coefficient of x'® in (1+ x + x2 +...)°(1- x)? 

=1+ 2Cx +... = Cig =19 
For x = 2, y + z =16 and number of integral solution of y+ z=16is "Cy=17 


For x=3 

y + z=14 and number of integral solutions of this equation is 18C,, =15 and so on. 
For x=9 

y + 2 =2and number of integral solutions of this equation is °C = 3. 

For ; x =10 

y + z=Oand number of integral solution of this equation is =1 

For y=0,z=0 


In this way, the number of integral solution of 2x + y + Z = 20with x, y,Z 20is 
= 214194+174+154+139+114+9+74+5+3+1 
11 


ot (2.21 + (11-1) (-2)] 


=121 
We know from the greatest coefficient in the binomial theorem that for nis even, "C. 
is greatest, if 


r= 


2 
for nis odd, "C, is greatest, if 
n+1_n-1 
r=— or ——_- 
2 2 
Out of 15 balls, of which some are white and rest are black. How many should be white 
so that the number of ways in which the balls can be arranged in a row may be the 
greatest possible? It is given that the balls of the same colour are alike. 


Let number of white balls be n. Then number of black balls is 15 — n. Now number of 
arrangements of these 15 balls consisting of n white (alike) and15 — n black (alike) 
balls 
ee 
15!-nni” 
It is given that number of arrangement is greatest i.e., ‘°C, is greatest. But '°C, is 
greatest, if 


15-1 és 15+1 
2 2 

ie., n=7or8 

Hence, number of white balls = 7 or 8 
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Example 14 A person wishes to make up as many different parties as he can out of 20 friends. Each 
Party consists of the same number. How many should be invited at a time? In how 
many of these parties would the same be found? 


Solution Let the number of friends be invited be n, then number of parties = °°C,,. 
But it is given that °C, is maximum and hence 
20 


n=—=10. 
2 


Let a particular friend attends Pparties. Then, number of combination of 20 taken 10 at 
a time such that the particular friend must be included = P. 


But number of combination of 20 taken 10 at a time such that the particular member is 
included is 


=" 'Ci9_1 = "Cg 
Hence, P= "oc, 
Combinatorial Identities and Binomial Coefficients 


In the counting process, the counting of things in two different ways gives equal number of ways of 
counting and this leads to an equality called identity. for example, if we choose r objects out of a 


collection of n distinct objects, this can be done in (") ways. But to choose r objects is equivalent to 


reject the remaining n — r objects. Hence, we have an identity (") -( 2 ,) : 
n- 


Such identities are called combinatorial identities and the process which leads to the formulation of 
combinatorial identities is called combinatorial argument. 


The number of the type (") which we are using are called Binomial coefficients because they appear in 


the Binomial expansion (x + y)'; where nis a positive integer. The proof of Binomial theorem by using 
the principle of inductions is already known. to the students. Below we present the combinatorial proof 


of Binomial theorem. 
Combinatorial Proof of Binomial Theorem 
Consider the expansion of (x + y)’ , where nis a positive integer. 
K+ =K+ K+) & Fy)... (K 4 y) 
This expansion consists of three steps. 
Step 1. Select one term from each of n factors. 
Step 2. Multiply the selections together. 


Step 3. Sum the products. 
For example 


w+yPaR+y)R+y)&+y) = XXX + XXY + XK + XYY + YRX + XY + YYK + yyy 
axl + x’y + xly + xy? + x*y 4 xy? + yx + yh x3 + Bx2y + Bay? + ys 
The term of the type x’y" ~" arises by selecting x's from r factors and y's from n - r factors. But this can 


be done in el ways. Hence, the coefficient of x"y"~" is ("): 
r r 
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Therefore, &+y)" = (3) x + (7) xlyaohy (:) ss le ore (r) x"y?, 


It is the same things as 


«+yy -(6) xny? + (7) “y+ (:) x" ~2y? + + (neo 


This is Binomial theorem. 
If we put x = y =1 in the Binomial theorem, 


we get ; 
—{7) yn 40, (™)yn-141,(") n-2 72 Mm) jo 4n 
a+ar=(Gh 1 +(T) 1 +(} 1 ot (f) 


2" -(o)+(t}++(%) 


We now give combinatorial argument to prove this identity. 
Consider the set S with n elements 


S =X X2,--- Xb 
In the right hand side of the identity, the general term (") counts the number of relements subset of S. 


Hence, the right hand side counts the number of subsets of the set S. Now if A is any subset of S, then 
x, € A orx, €A. Similarly x, € A orx, €A,...and finally x, ¢ A orx, ¢A . Thus the subset A is formed in 2" 
different ways. This is equivalent to saying that there are 2” different subsets of the set S. 


27 = (<)* (7) (?)+ sect (") 
“ F n n-1 n= 
Example 1 Give combinatorial argument to prove iat(] -( ; } ss (; ) 
Solution Suppose Sis a set withn —1elements. Choosing an element ‘a’ not belonging to S, 
n 
consider the set T = S U {a} of nelements. Now ( 4 denotes the number of k element 


subsets of the set 7. This is left hand side of the identity. 
We partition the k element subsets of T in two classes : 
(i) The k element subsets of Tnot containing element ‘a’. Here we have to choose all 
k elements from the set S. These subset are . a in number. 


T 


(ii) The k element subsets of Tcontaining element'a'. Here element ‘ais already with 
us. Hence to form k element subsets are ; . in number. 
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n-1 n-1 
Hence, the total number of k element subsets of raro( k + (’ a if 
n) (n-1 n-1 
= + 
(Oe) 
bt bes an n) > 
Example 2 Give combinatorial proof of at ie 2 9) * 


Solution Let X = (xj, X9,...,X,} ANAY = {¥y, Yo, ---, Yn} has 2n elements. The two element 
subsets of X U Y are e in number. This is left hand side of the identity, we partition 


the 2 element subsets of X UY into 3 classes. 
1. Both the elements are from the set X. This gives 2 elements subsets of X. These 


are again (2) in number. 


2. Both the elements are from the set Y. This gives 2 elements subsets of Y. These 


n 
are again f in number. 
3. One element is from X and one element is from Y. In this case the two elements 
n\(n 
can be chosen in ( } (; Jenn =n? ways. 


So these subsets are n? in number. Hence, the total number of 2 elements 
subsets of X UY are 


n).(n)\_,(n). » (an » AY: 

(2) +(2)=2(2}+*. (2) =2(2)+* 
Example 3 Give combinatorial argument to prove that 

(") +(°) +(2) n\? (2n 

3) t(; | +{5 te? “ = 


Solution Consider two disjoint sets X = {x,, Xp,...,X,} aNdY = {y3, Yo, .... Yn} Of Melements 


each. 
Then, X UY ={Xq, Xg1..-1 Xa Ys Youssss Vn} iS a set with 2n elements. Then element 


Nn). 
subsets of X U Y are( i in number. This is right hand side of the identity. Now anyn 


element subset of X U Y is formed by choosing k elements from X andn—k elements 
form Y :k =0,1,2,3,...,n this can be done in (2) - i ways. 
n -_ 


But know | 7] = e 
ut we hs 


(024) -(0)(0)=(0): 


k=0,1,2....,n 


Example 4 


Solution 


Example 5 


Solution 


Indian National Mathematics Olympiad 


Therefore, the total number of n element subsets of X U Y in 


1 sane 


Give combinatorial argument to prove that 


Consider a set of n person. There are (”) different ways of forming a committee of k 


person k =1, 2,3,...,0 
After the committee is formed, those k members decide to have a dinner party at each 


member's house. Thus, there will be Kr} parties of k member's each. Putting 


k =1,2,3,...,n, the total number of parties will be 


(i) +2(3}+3()+-+9() = EH(() 


This is left hand side of the identity. Now consider the first person P, and the number of 
parties at his house. For each of remaining n —1 persons, there are two possibilities, 
being or not being included in the party at P's house. So there are gt parties at P's 
house. Similarly there are 2”~" parties at P,'s house, ... p,'s house, Hence, the total 
number of parties is n- 2”~". This is the right hand side of the identity 


1(7}+2(3}+9(]+.+n(=n-2- 


Give combinatorial proof of the identity 
n 
zs (?) =3 
k=0 \k 


Consider three letters A,B,C. We form different strings of length n formed by these 3 
letters with repetition. 


Since each of n position can be filled in 3 ways, there are 3” strings. 


This is right hand side of the identity. Now, we divide the strings of length n into disjoint 
classes depending upon how many times the letters A appears in the string. 


Suppose A appears k times. Then, letter A can choose k positions in (?) ways. The 


remaining n —k places are to be filled by using two letters Band C. This can be done 


in 2” * different ways. Thus, there are 2”-* (?) Strings of length ncontaining k A's. Put 


k =0,1,2,...9 and add, the total number of strings is 
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2(t)+2-(f)+ am sal a(n) 
sd be Ol Ro 


This is the left hand side of the identity 
n n 
=3° 
E2() 
() ( + ‘ ( + ‘| (") (i + 
+ + Hises = . 
r r r r r+ 
Use this result to find the sum 
1+ 24+3+...4+7n. 


m - m)_(m+1 
r r+) \r+1 
m)_ m+i1 m 
r) \r4+ r+ 
Put m=r,r+17+2...,n9 and add 
£ r+1 n r+1 r r+3 r+2 
+ Hit = - + ~ 
lg if r r+i r+i r+ r+i 
r+2 r+ r+4 r+3 n+1 n 
+ - + - +o. - 
r+1 r+ r+1 r+ r+i1 he 
On the right side, the terms cancel diagonally and also 
T0025) 
+ + ats = 
r r r r r+ 
Deduction: Putr=1 in the above result 


We) -G)+-+()-(3} 


n(n+1) 


Prove that 


We have 


14 24+3+...4n= 


Give combinatorial argument and prove that 
n " n+1 r n+2 gk Ne n+r)_(n+r+1 
0) 1 2 rj)\or 
Consider the equation x, + x2 +...+ xX, + XnaitX%na2=0 


n+2+r-1 n+r+1 F ; 
It has : = . solutions in non-negative integers. This gives right 


hand side of the identity. 
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Now, depending upon the value of x, + 2, we divide these solution into various 
disjoints classes as below. 
Put x, + 2=0. Then, equation is 

Xt Xo to + Xpg =F 


n+14+r-1-1) (n+r-1 
The number of solution s( 1 )-( aut ) 


Put x, , 2 =2. Then, equation is 
Xyt Xp tet Xqg gel -2 


1+r-2-1 n+r-2 
The number. of solution is (’ eee ) -( ) 
r-2 r-2 


Put x,42=r-—1. Then, equation is 
Xy + Xp $24 Xp yy =1 


n+1+1-1)_(n+1 
1 At 
Finally put x, , 2 =r. Then, equation is x, + xp +...+ X,41,=0 


The number of solution is . 
n+1+0-1 _(n 
1) “\o 


Addition of these gives the total number of solutions 


CSC) 
ge ee ee le 


: This is left hand side of the identity 
ee | 
r r 


(e337) 
0 1 2 
The Pigeonhole Principle 
Introduction The truth of the following statement is obvious : 
If 4 pigeons fly into 3 pigeonholes, some pigeonhole must receive at least two Pigeons. 
This statement is a sample example of a very basic combinatorial principle, called the pigeonhole 
principle. The simplest form of this principle is as follows: 


The number of solution is 


Pigeonhole Principle (PP1) If more than n objects are distributed into n boxes, then at least one box 
‘must receive at least two objects. 

This follows by noting that, if each of the n boxes contained at most 1 object only, then the n boxes 
together would contain at most n objects contrary to the assumption that more than n objects were put 
in the boxes. 


This principle was first stated formally by Dirichlet and is therefore also called Dirichlet's box princip! 
ee pie 
or Dirichiet's drawer principle. Let us apply it to some simple problems. . 
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Example 5 
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A box contains three pair of socks; coloured red, blue and white. Suppose | take out 
the socks without looking at them. How many socks must | take out in order to be sure 
that they will include a matching pair ? 

If | take only 2 or 3 socks, it is possible that they are all different. 

For example, they may be one red and one blue or one red, one blue and one white. 
But if | takes 4 socks, these must include a matching pair. Here the 4 chosen socks 
are the “objects” and the 3 colour are the “boxes” and by PP'1, it follows that at least 
two of the 4 chosen socks must have the same colour and hence must for a matching 
pair. Thus the minimum number of socks to be taken is 4. 


Show that in a group of 8 people, at least two will have their birthday on the same day 
of the week. 

Here the 8 people are the “objects” and the 7 days namely, 

Monday, Tuesday, ....... , Sunday are the “boxes”. Hence, by PP1 at least two of the 
people must belong to the same day. Similarly, it is clear that in a group of 13 people, 
at least two will have their birthday in the same month. 


How many student do you need in a school to guarantee that there are at least 2 
students, who have the same first two initials ? 
There are 26 x 26 = 676 different possible sets of two initials that can be obtained 


using the 26 letters A, B, ..., Z. So by PP1, the number of students should be greater 
than 676. ' 


A professor tells 3 jokes in his ethics class each year. How large a set of jokes does the 
professor need in order never to,repeat the exact same triple of jokes over a period of 
12 years ? 


Let nbe the number of jokes needed. Now for a period of 12 years 12 triples are 
= n 
needed. Also these are to be all distinct. These are (3) different triples that can be 


chosen from the n jokes. Hence n must be chosen, so that (3) 212 


212 or n2=6 


be n(n - me - 2) 


Hence by PP1, the smallest value of nis 6. 


In a round-robin tournament, show that there must be two players with the same 
number of wins, if no player loses all matches. 


In around-robin tournament of n players, each player plays every other player once 
and each game results in a win for one of the players. Let a;, denote the number of 
games won by player /. Then, by assumption, every player wins at least one game, so 
that a; 21 for all /, Also, a player can win at most n -1 games. 
Hence, 1<$a, <n -1for/ =1,...,n. Thus, the n ‘objects’ i.e., the number a,...,4, are 
put in the (n — 1) ‘boxes’ 

{1}, {2}, (3),..., {a - 1} 


Hence, by PP1, two of the numbers, say.’a, and a,, must be the same box i.e., they 
must be equal. 
1 
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Example 6 Show that a party of 20 people, there are two people who have the same number of 
friends. 7 .f 


Solution Here it is assumed that, if Ais a friend of B, then Bis also a friend of A. Also, we will 
show that the result is true not only for 20 people but for any number nofthem(n 2 2). 


LetP,,...,P, denote the n people and let a; be the number of friends of person FP. Then 
since a person has either no friends or at most n — 1 friends, we have 0 < a; $ (n —1), for 
isin. 


First suppose that everyone at the party has at leastone friend. Then, a; 2 1for all 

i =1,...,2 and so the nnumber a,, a> ... 4, come from then(n —1) numbers], ...,9 -1. 
Hence, by.PP1, at least two of the a’s must be equal, say a, = a,. That is the persons F, 
and F, have the same number of friends. 


Secondly, suppose that one of the persons, say P,, has no friends. Then, each of the 
remaining n —1 persons has at most n — 2, friends so that now the nnumbers a,,..., 4, 
come from the n —1 numbers 0,1, ..., 7 — 2. Hence, as before, two of the n persons 
must have the same number of friends. 


Remark 


Note that in applying the Pigeonhole.Principle, the crucial step is always to decide, what are the ‘objects’ 
and what are the ‘boxes’. This choice is not always easy to make. Also, PP1 does not tell us how to make 


this choice, but a clue is provided by the fact that the arithmetic of the numbers involved in the problem is 
to be exploited. 


Further note that PP1 claims only the existence of at least one box containing two or more objects; it 
does not tell us, how to locate this box. 


Second Form of the Pigeonhole Principle (PP2) 


For any positive integers n, t, if + 1 or more objects are placed in n boxes, then at least one box will 
contain more than ¢ objects. 


Proof If each of the n boxes contained at most ¢ objects, then the n boxes together would contain at 
most tn objects. This contradict the fact that, tm + 1 or more objects were placed in the boxes. Hence at 
least one box must contain the more than ¢ objects. 

As an illustration of PP2, assume that no human has more than 300000 hairs on his/her head. A city has 
a population over 300000. Here the residents are the ‘objects’ and there are n= 300000 ‘boxes’ 
corresponding to the different possible number of hairs. Thus, by PP1, at least 2 residents of the city 
must be in the same box i.e., must have the same number of hair on their heads. But if the city has more 
than 15 million residents, then at least 50 of them must have the same number of hairs on their heads. 


This follows by PP2, since in this case the number of residents is more than 15000000 = SO x 300000 
and so some box must contain more than t = 50 objects. 


Third Form of the Pigeonhole Principle (PP3) 


If the average of n positive number is f, then at least one of the numbers is greater than or equal to t. 
Further, at least one of the numbers is less than or equal to t. 


Proof Let a,,q,,...,a, be the numbers. Then by data, 
a +...+ A, 
n 


at+...+a,=tm .(i) 


Hence, if each of the n numbers 4y,...,4, is less than ¢, then the sum of these numbers would be less 
than nt, contradicting (i). 


\ similar argument shows that at least one of the numbers is less than or equal to ¢. 


=t 
So that 
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Remark 


If the number a,, a, ...,a, are integers, then PP3 says that at least one of them is 2 fg, where fo is the 
smallest integer not less than ft; and at least one is <[t], where [t] is the integral part of t. 


Fourth Form of the Pigeonhole Principle (PP4) 
Let 4, 92,---, 4, be positive integers. If q, + q2 +... + 9x —+ l)objects are put into n boxes, then either 
the first box contains at least objects or the second box contains at least q, objects, ... or the nth box 
contains at least q,, objects. 
Proof Suppose we distribute 
@, + 42+ ...+ J, —n+ l)objects in n boxes and if for each i = 1, 2,..., 7, the ith box contains less than q, 
object, then the total number of objects in the n boxes is 

S$ @, - 1+ G2 -V)+0.0+ Gr, —D=G + Gate +4, -1 
But this number is less than the number of object placed in the n boxes. Hence, for at least one i, ith box 
must contain at least q, objects. 


Recurrence Relations 
A recurrence relation is a way of defining a sequence inductively. 
We may define the sequence ap, a, 4, ... (or {a,})inductively in 2 steps as follows. 
(i) For a fixed integer m > 0, give the terms 
Qo, «+11 Am explicitly and 

(ii) States an equation that relates a,, where n> m, to certain of its predecessors ag, @,,..., Qn —1 
The values of the terms dp, ...,@,, in (i) are called initial conditions for {a,,} and equation in (ii) is called 
recurrence relation for {a,,}. 
We give 2 examples for recurrence relations. 
1. The sequence of Fibonacci Numbers F, is defined by 

(a) Fy = 1,5 =land 

(b) F, = F,-1 + Fy-2,forn22 

This sequence is 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, ... 

2. Derangements 

(a) D, =0,D, =1 

(b) D, = 1-1)D, -1 + D,_ 2), forn23. 

A counting problem can sometime be modeled with recurrence relation follows : 

Suppose that the number of ways of performing an action using n object is a, . Then it may be possible to 
divide these an ways into mutually exclusive cases, such that these cases involve n — 1 or fewer objects. 
This allows us to relate a, witha, _,,@, _2,-.. and the result is a recurrence relation satisfied by a,. The 
corresponding initial conditions have to be obtained by direct calculation. Then, solving the recurrence 
relation we get @,- 
So, in the following we first illustrate by examples the process of obtaining a recurrence relation. 


Example 1 /f there are 48 different pairs of people, who know each other at a party of 20 people, 
then show that some person has 4 or fewer acquaintances. 


Solution Let a, denotes the number of acquaintances of person A. Now, if P, and P; know each 


other, then the pair (A, P,) contributes 1 to the count a, and 1 to the count €>. Thus, 
each pair of acquaintances contributes 2 to the total count of acquaintances. But there 
are 48 pairs of acquaintances. 
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Hence, the total count of acquaintances is 48 x 2 = 96. Hence, the average number of 
acquaintance per person is 
a; + ... + Ago _% _4g 
20 . 
Therefore, by PP3, at least one person has 4 or fewer acquaintances. 


A computer is used for 99 hours over a period of 12 days, an integral number of hours 
each day. Show that on some pair of consecutive days, the computer was used at 
least 17 hours. 


Leta, denote the number of hours the computer is used on the ith day. Consider the 6 
pairs of consecutive numbers : 
(a, Az), (Ag, 4), «++ (Ay Ay2) 
The average of the'corresponding 6 sums is 
(a; + Aa) + (ag + 2g) + ...+ (244 + Ay2) _ 99 =165 
6 6 


Hence, by PP3, at least one of the sum is > 16.5 and hence, that sum is 217, since it 
is an integer. 


Given 10 French books, 20 Spanish books, 8 German books, 15 Russian books and 
25 Italian books, how many books must be chosen to guarantee that there are 12 
books of the same language ? 

Note first that there are less than 12 books in French and in German and so the 12 
required books in the same language must come from one of the other languages. 
therefore, we must allow the possibility that the chosen books include all of the 10. 
French and 8 German books. Thus by PP4, it is enough to chose 
(10+11+8+11+11)+1=52 books. 


Find a recurrence relation for the number a,, of pairs of rabbits after n months, if 

(i) initially there is a new born pair (ii) a new born pair will produce their first pair of 
offspring (a male and a female) after 2 months and (iii) every pair older than 2 months 
will produce a pair every month. Assume that no deaths occur. 

Let Adenote anew born pair Baone month old pair Ca pair 2 or more months old. 
Then, starting with A the pairs grow as follows. 


(0) Initially A 
(1) After one month B (2) After 2 month C, A 
(3) After 3 month C, B, A (4) After 4 month C, C, B, A, Aand soon 


Thus, a = 1,4; =1, 22 = 2,43 = 3,a, = 5. To see how the number a,arises, note that at 
the end of the fourth month, the ag pairs in (3) are still there and they have become C, 
C, B. Further the a, pairs in (2) have become C, Cand they produce a pair each A, A. 
Hence, we see that 
A, =a, + a, 

Similarly for n 2 2, we have the following situation 

(n — 2) After n - 2 months a, _» pairs 

(n —1) After n -1 months a,, _, pairs 

(n) After n months a, pairs 
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The number a, arises thus : in (n), there are a, _, pairs, which were present in(n -1) 
and each of these a, _» pairs in (n — 2) produces a pair (since each of them has 
become a C pair.) Hence, we obtain 

An =A -1 + 4y_2 
with initial conditions a) =1, a, =1 


Aman has a staircase of 1 stairs to climb. Each step he takes, can cover either 1 stair 
or 2 stairs. Find a recurrence relation for a,, the number of different ways for the man to 
ascend the n stair staircase. 


Let the steps covering first stair and second stairs be denoted respectively by a and 
b. Then, ascending an n staircase corresponds to a sequence of a's and D's . 
Clearly if n =1, then there is only one stair and so the only possibility is a. 
Hence, a, =1. Ifn = 2, then there are 2 stairs and so the only possibilities are aa or b. 
Hence, a, = 2, ifn = 3, then there are 3 stairs and so the only possibilities are aaa or ab 
or ba. Hence, a; = 3. 
Now, suppose that there are n > 4 stairs. Then. there are exactly 2 mutually exclusive 
possibilities for the first step : aor b. If the first step is a, then there remain n —1stairs 
to be covered and this can be done ina, _ , ways. If the first step is b, then there remain 
n — 2stairs to be covered and this can be done in a, _ > ways. 
Hence, by AP, we get the required recurrence relations as. 

An = 4-1 + 4,~2 
with initial conditions a, =1, ay = 2. 


Find a recurrence relation for the number a, of binary sequences of length n that do 
not contain the pattern 11. 


Consider the set S,, of all binary sequences of length n that do not contain the pattern 11. 
Clearly S, = {0,1}, so that a, = 2 
S2 = {00, 01,10}, so that a, =3 

Now, let n > 3. The every sequence in the set S, either starts with a zero or with a1. All 
such sequence Starting with a zero are obtained by appending a zero at the beginning 
of every binary sequence of length n —1 and not containing 11. Hence, there are Qn -1 
such sequences, Next if a sequence x in S, starts with a1, then second digit must be 
zero. Hence, all the sequences starting with a 1 are obtained by appending the 
pattern 01 at the beginning of every binary sequence of length n-2 and not 


containing 11. Hence, there are a, _ 2 Such sequences. Required recurrence relation is 
@p = Ap —1 + Ay - 2 With initial conditions a, = 2, a, = 3. 


Find a recurrence relation for the number a,, of ternary sequences of length n that 
contain 2 consecutive digits that are the same. What are the initial conditions ? find ag. 


Clearly, no ternary sequence of length 1 can contain 2 consecutive identical digits 


and so a, = 0. Next the only ternary 2-sequences of the required type are 00, 11, 22 
and so a, = 3. 


Letn 2 3. Every n sequence of the required form satisfies exactly one of the following 
conditions : 


(i) Its first 2 digits are unequal. 
(ii) Its first 2 digits are identical, 


412 


Example 8 


Solution 


Example 9 


Solution 


Indian National Mathematics Olympiad 


Let (i) hold. Then, the sequence starts with one of 01, 02, 12, 20, 21. 

First suppose that it starts with 01. Now the condition that the sequence contains “2 
consecutive identical digits” is symmetric w.r.t. all 3 digits 0, 1, 2. Hence, there area, 
equal number, namely, m = 5 a, _ 1, of sequences of length n —1and starting with 0,1 


or 2. So by appending 0 as first digit to each(n - 1)sequence starting with 1, we get m 
sequences of length nwhich start with 01. Similarly, there are m sequences of length n 
starting with 02, 10,12, 20 or 21. Thus there are 6m = 2a, _, Sequences In this case, 

Let (ii) hold, then the sequences starts with 00 or 11 or 22 and its remaining n — 2 digits 


can form any (n — 2) ternary sequence. 
Hence, there are 3”~2n sequences starting with 00; and the same holds for 11 and 22. 
Thus, there are 3 x 3”? = 3”~' sequences in this case. 
Required recurrence relation is 
a, =24,_-;+3"' 
With initial conditions a, =0,4, =3 
Hence, a3 =15,a, = 57 
as =195, ag = 633 


Find a recurrence relation for the numbera, of ways to distribute n distinct objects into 


5 boxes. 

Hence, a box can hold any number of objects. Clearly the first object can be put in any 
one of the 5 boxes. 

So a,=5,Letn22 


Then, again the first object can be placed in 5 ways. Then, the remaining n —1objects 
can be placed in 5 boxes ina, _, ways. Hence, the n objects can be placed in 5a, _, 
ways. This gives the recurrence relation a, = 5a, _, with initial condition a, = 5. 


Aman has a staircase of n stairs to climb. Find a recurrence relation for the number a, 
of different ways for the man to ascend the n staircase if each step covers either 1 or2 
or 3 stairs. 


Let the steps covering 1 stair, 2 stairs and 3 stairs be denoted by respectively a, b, c. 
Then, ascending an nstair staircase corresponds to a sequence of a’ sb’ s,c’S. 
Clearly a, =1and a = 2. Ifn = 3. Then, the only possibilities are aaa or ab or baor c. 


Hence, a3 = 4. 
Now suppose that there are n 2 4 stairs. Then, there are exactly 3 mutually exclusive 
possibilities for first step : aor bor c. 
If first step is a, then there are a, _, ways. 
If first step is b, then there are a, _ > ways. 
If first step is c, then there are a, _ 3 ways. 
Hence, by AP, we get required recurrence relation as 
Ay =4n-1+ Apo t+ Ang 
with initial conditions a, =1, a, = 2,a, =4 


Example 10 A child has % 7. Each day he buys either milk for 21 or orange juice for % 2 or 


pineapple juice for® 2./fS, denotes the number of ways of spending all the money. 
Find the recurrence relation for this sequence. In how many ways can he spend %7? 
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Solution If he buys milk on first day, then remaining % (n —1) can be spent in S, _, ways. If he 
buys orange juice on the first day, then remaining %(n — 2) can be spent in S, _ > ways 
If he buys pineapple juice on the first day, then remaining %(n — 2) can be spent in 
S, 2 Ways. 


The above cases are disjoint 
A S, =S,-1+S,-2+Sp-2 
2 Sn =Sp-1+ 25,2 
This is recurrence relation. 
In the other part, a child can spend? 7 in S; ways. 
S7 =S_ + 2S, 
=S5 + 2S, + AS, + 253) 
=S, + 4S, + 4S, 
=S, + 2S3 + 4(S3 + 2S.) + 4S, + 2S,) 
=S, + 6S, + 12S, + 8S, 
=S3 + 2S, + &(S, + 2S,) + (2S, + 8S,) 
= Sz + 2S, + 2S, + 6S, + 12S, + 12S, + 8S, 
= 21S, + 22S, 
But S, =1. Also % 2 can be spent in 2 ways as 1,1 or 2 
S7=21(2) + 22(1)=64 


Additional Solved Examples 


Additional Solved Examples 


Example 1. Find the number of ordered pairs (x, y) of +ve integers such thatx + ys 4. 


Solution We have to find the number of elements in the set 
z= {, y)|x, y + ve integers, x + y $ 4} 
# x21l;y2l 
We have 3 mutually exclusive cases 


xX+y=2 
- x+y=3 or x+y=4 
for i =2,3,4 
Let Z = {&,y)|x,y + ve integers, x + y = i} 
Then Z = {(1,))} 


23 = {(1,2), (2, 1)} 

Zq ={(1,3), (2,2), (3, L)} 
These sets are pairwise disjoint sets. 
:. By Addition principle, we get 

|zj=1+2+3=6 


Example 2. Eight cards bearing number 1, 2, 3, 4, 5, 6, 7, 8 are well shuffled. Find in how many cases the 
top 2 cards will form a pair of twin prime? 
Solution Out of 8 integers 1...., 8 the pairs of twin primes are @G, 5), (5, 3), 6, 7)and (7, 5). We consider the 
following 3 cases 
Casel Top card bears number 3. Then second by multiplication rule, the number of arrangements of 
8 cards is 
1x1x6x5x4x3x2x1 =720 
Case II Top card bears number 5. Then second card has 2 choices 3 and 7. 
By Multiplication rule, the number of arrangements of 8 cards is 
1x2x6x5x4x3x2x1 =1440 
Case Ill Top card bears number 7. Then second card has only one choice i.e.,5 
By Multiplication rule, the number of arrangements of 8 cards is 
lx1x6x5x4x3x2x1 =720 
Now, by rule of addition, the required number of arrangements is 
720 + 1440 + 720 = 2880 


Example 3. How many 8 bit strings can formed by using 0 and 1? How many of them begin with 110 or have 
the 4th bit 1? 
Solution For each of the 8 places, there are 2 choices viz., 0 and 1. Hence, the number of 8 bit Strings is 
2x2x...x2=28 =256 

For the 2nd part, we consider three cases. 

Case! String starts with 110 and 4th bit is 1. 

Here, first four places are fixed. 

For next four places, there are 2 choices each, Thus in this case, the number of String is 

@x2x2x2=16 
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Case Il String starts with 110 but 4th bit is not 1. In fact, 4th bit is zero. Here, first four places are 
fixed. Next four places have 2 choices each. Thus in this case, the number of strings is 


2x2x2x2=16 
Case lll String does not start with 110 and 4th bit is 1. If the group of first three bits is not 110; then it 
is one of the following 7 groups 
111, 100, 010, 000, 011, 101, 001 
The group of first three bits has 7 choices 
4th bit is 1. 
Remaining of strings in this case is 
7x1x2x2x2x2 =112 
By Addition rule, the total number of required strings is 
16+ 16+112=144 


Example 4. Find, how many different + ve integers can be obtained by finding the sum of two or more 
from the list 2, 5, 15, 30, 55? 
Solution In the given list 2, 5, 15, 30, 55, we see that any member of this list cannot be expressed as the 
sum of two or more of its predecessors. 

This fact suggests that all the sums of two or more will give us different + ve integers. 

There are 5 elements in the given list 

Sum of two elements : Out of 5 elements, we can choose 3 elements for addition in 10 ways. 

Sum of three elements : Out of 5 elements, we can choose 3 elements for addition in 10 ways. 

Sum of four elements : Out of 5 elements, we can choose 4 elements for addition in 5 ways. 

Sum of five elements : 5 out of 5 elements can be choose for addition in only one way. 

By the rule of addition, the number of different sums are 

10+ 10+5+1=26 


Example 5. In how many ways can the letters of the word JUPITER be arranged in a row so that the vowels 
will appear in alphabetic order? 
Solution JUPITER has 7 letters having 3 vowels U, J, E and 4 consonants J, P, T, R. 
Alphabetic order of vowels is E, J, U. 
The condition alphabetic order to vowels implies that E can appear in Ist, 2nd, 3rd or 5th place. 
In every arrangement of 3 vowels, the 4 consonants can be placed in the remaining 4 places in 
4x3x2x1=24 ways 


, 


We consider following 5 cases. 
Case! If Eappears in Ist place, then / and U will appear in following 15 ways. 


(2, 3), (2, 4), (2, 5), (2, 6), (2, 7), (3, 4), (3, 5), (3, 6), (3, 7), 
(4, 5), (4, 6), (4, 7), (5, 6), (5, 7) and (6, 7) 
Total number of arrangements is 
15 x 24 =360 
Case Il If E appears in 2nd place, then J and U will appear in following 10 ways. 


(3, 4), (3, 5), (3, 6), (3, 7), (4, 5), (4, 6), (4, 7), 
(5, 6), (5, 7), (6, 7) 


Total number of arrangements is 
10 x 24 = 240 
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Case Ill If Eappears in 3rd place, then J and U will appear in following 6 ways. 
(4,5), (4, 6), (4, 7), 6, 6), 6,7), (6, 7) 
Total number of arrangements is 
6x 24=144 
Case IV If Eappears in 4th place, then J and U will appear in following 3 ways. 
6, 6), G, 7) and (6,7) 
Total number of arrangements is 
3x24=72 
Case V If Eappears in Sth place, then J and U will appear in 1 way. 
(6, 7) 
Total number of arrangements is 
1x24=24 


By Addition rule, total number of arrangements is 
360 + 240 + 144+ 72+ 24 = 840 


Example 6. 4A binary word or a binary sequence is a sequence of length n such that each of its term is0 or 1. 
(i) How many binary words of length n are there? 
(ii) How many binary words of length 10 begin with three 0's ? How many ends with two 1’s? 
Solution (i) Each of the n terms in the word can be chosen in 2 ways 0 or 1. 
By Multiplication principle 
There are 2” binary words of length n. 
(ii) Let P = set of binary words of length 10 which begins with three 0's. 
Q= set of binary words of length 10 which end with two 1's. 


A word in Pis of the form 0 0 0 - - ------ whether each of the 7 dashes is either 0 or 1. 
Hence, | P| = 2’ 
Likewise, a word in Qis of the form. 
see 11 
where each of the 8 dashes is either 0 or 1. 
Hence, 1Q\=28 


Example 7. Show that the number of ways of making a non-empty collection by choosing some or all of 
n, +... +, objects, where n, are alike of one kind, n, alike of second kind... ,n,, alike of kth kind is 


(m+ 1)0) +1)... 41-1. 
Solution To make a collection, we have to select a certain number of objects of each kind. 
Now, for each value of r, 1 < rs k, from n, like objects we can choose 0, 1,...., or n, objects i.e., there are 


n, + 1 choices. 
Hence, by Multiplication principle, there are in all (n, + 1) (n. + 1).... (my + 1) collections. 


So, the number of non-empty collections is (nm, + 1) (n, + 1)... (m+ 1)- 1. 


Example 8. Show that the total number of subsets of a set Z with n elements is 2”. 
Solution Let Z ={@,,a2,...,Q,} 


Note that we form a subset y of Z in n stages as follows. 
We have two choices for a,, either a, is included in y or a, is not included in y. 
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Similarly, we have two choices for a», either @, is included in y or a, is not included in y etc., finally, we 
have 2 choices for a, either a, is included in y or a,, is not included in y. 

For example 

If n= 4, then subset {a,,a,} corresponds to the sequence of choices no, yes, no, yes. 

Hence, by Multiplication principle the total number of subsets is 


2x2x...x2(n factors) i.e. ,2” 


Example 9. How many times is digit 0 written when listing all numbers from 1 to 3333? 
Solution We have to consider integers t such that 
1sts3333 
There largest number t having 0 in the units place is 3330. 


There are 333 numbers ¢ having 0 in the units place they are 10, 20,..., 3330. 
We can describe these numbers as t = x 0 
where x is anyone of 1, 2,..., 333. 


Similarly, number t =xOy ie., number having 0 in the ten’s place are in all 33 x 10 because x can be 
anyone of 1, 2,..., 33 


y can be anyone of 0, 1, 2, ..., 9 
There are 33 x 10 = 330 number like x0yz 
In the same way there are 3 x 10* = 300 number with 0 in the hundreds place ie., 
xOyz wherel <x <3 
O<sy, z<10 
Hence, the total number of times 0 is written is 333 + 330 + 300 = 963 


Example 10. Find the number of ways in which 20 passengers can be put in3 rooms, such that no room is 
vacant. Assume that there is no restriction on the capacity of accommodation in any room. 
Solution The total number of ways of accommodating 20 passengers in 3 rooms is 32°. 

Let A, be the event that the ith room is vacant. 

In this case, the 20 passengers are accommodated in 2 rooms in 27° ways. 


|A\I ik 220 
| Apl = 27° 
| Asi = 2° 


If 2 rooms i and j are vacant, then 20 passengers are accommodated in the remaining one room in only 
one way. 


| A, NA, =1 
| Ay 0 A3| =1 
| A, A;|=1 


It is impossible that all the rooms remain vacant 
i |A; NA, U A3|=0 
3 
Now |A,; U Az UA; |= = |A,| = | A, NAI+1A, NAN A; 
. f=)“ isisy3 


a | Ay 0 Ay 0 Ag | =3- 27-340 
If no room is vacant, this happens in 
370 _ 3.2794 3 ways 
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Example 11. Find the number of +ve integers less than 30 which are relatively prime with 30. 
Solution Prime divisor of 30 are 2, 3, 5. 
A multiple of any of these 3 numbers is not relatively prime with 30. 
We have 
- Az={multiples of 2} = {2,4,6,...,30} 
|A|=15 
B= {multiples of 3} = 3, 6, 9,...,30} 
| B|=10 
C = {multiples of 5} = {5,10,... , 30} 
2 |C|=6 
Ao Bis the set of multiples of 2 and 3. 
Hence, Ao B= {multiples of 6} 
‘ AQNB= {6,12,...,30} 
|AQB|=5 
AQ cC is set of multiples of 2 and 5 
A C= {multiples of 10} 
A a C={10, 20, 30} 
ae |A aCl=3 
BoC is the set of multiples of 3 and 5. 
. B AC = {multiples of 15} 
B nCe= {15, 30} 
un IBnC|=2 
AQBQC is the set of multiples of 2, 3. and 5. 
“ AABoC= {multiples of 30} 


ANBanC= {30} 
= |ANB nCl=1 
Now, [A UB U Cl=|lAl+/1Bl+I1Cl-ILAN BI-IAQC| -|IBnC| 


+|ANBaCl 
=15+10+6-5-3-24+1 =22 é 
«. There are 30 - 22 = 8 integers < 30 which are relatively prime with 30. 


Example 12. 60 persons form a syndicate and purchase | lottery ticket each. The syndicate includes 
4 member from the family of Mr. X. If 3 winning tickets are drawn without replacement, find in how many 
cases the family of Mr. X will be happy? 


Solution Let A, be the event that the number i of the family of Mr. X wins the lottery; 
i=1,2,3,4 


The family will be happy in 
| A, U Az U A; U Ag | cases. 


If member i of family X wins, then remaining 2 tickets are drawn from 59 tickets. 


This happens in (3) = 1711 ways. 


Here, 1=1,2,3,4 
If 2 members i and / of family X win, then remaining 1 ticket is drawn in (7) ways i.e., 58 ways. 
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The 2 members out of 4 are chosen in (:) = 6 ways. 


If 3 members i, j, k of family X win, then this happen in only one way and 3 members can be chosen in 


(ser 


It cannot happen that all 4 members win as only 3 tickets are drawn. 
4 
Now, |A, UA,UA, UAy|= E|Al-  E 1A,A Ay! 
f=1 Isis js4 


A, AA, | =| A, Ag A AYNAS | 
¥ ickeneyt OO eo cl-1A, 2 4 4 


|A, VA, UA, UA, | 

= 4(1711)- 6 G8)+ 40)-0 
' = 6844 - 348+ 4 

= 6848 - 348 = 6500 


The family X is happy in 6500 cases. 


Example 13. How many +ve integers n are there such that n is a divisor of one of the numbers 10*°, 20°° ? 


Solution We first note that the number of +ve divisors of a +ve integer n is 
(@, +1) @,+D)...@ +1) 


If n=p," po? ... pyrk 

where py, ..., P, are integers. 

Now, a=10* =240 540 
b=20” =2% 5% 


GCD of a, bis c =2* 5° 

Let A, B denote the sets of divisor of a, b respectively. 
Then A - Bis set of divisors of c. 
|Al=41? 

| Bl|=61 x31 
|ANB|=41x31 


Hence, | A U B|=1681 + 1891 - 1271 = 2301 

Example 14. Suppose ina poll from 150 péople following information obtained. 70 of them read ‘The 
Hindustan Times’, 80 read ‘The Times of India’, 50 read ‘Indian Express’, 30 read both ‘The Hindustan Times’ 
and the ‘Times of India’. 20 read both ‘The Hindustan Times’ and the ‘Indian Express’. 25 read both ‘The 
Times of India’ and the ‘Indian Express’. Find at most, how many of them read all the three? 


Solution Let H, J, Drespectively the set of those who read ‘The Hindustan Times’, The Times of India and 
the ‘Indian Express’. 


Then 
|H SIU D|s 150 
| H|=70 
|T|=80 


| Dl =50 


—y 
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|H aI|=30 
|H a D|=20 
[Iq D|=25 


We need to find the maximum possible value of H A InD| 

1502 1H U IUD =|H|+/N+IDI-|Hol|-loDI-|HoDI+|Hatnp| 
150 - 70 - 80 - 50 + 30+ 20+ 25> |HaIanD\| 

a5 |IHaAInD|s25 

At most 25 of them read all the three. 


=> 


Example 15. Let Z be the set of pensioners. E is the set of those that lost an eye. H those that lost an ear. A 


those that lost an arm. L those that lost a leg. Given that n(E) = 70% , n(H) = 75%, n(A) = 80%, n(L) = 85%, find, 
what percentage at least must have lost all the four? 


Solution Let n(Z) be 100, 


nZ@)2n(EU H)=n(E)+n(H)-n(EnH) 
1002 70+ 75-n(EnH) 


n(EmH)2 45 
Similarly, 
1002n (LU A)=n(L)+n(A)-n (Ln A)= 80+ 85-—n(LO A) 
n(LaA)265 
Now, nZ)=1002n[(EN H)U (LN A) =n(EV H)+ n(LA A)-n(EQHOLOA)I 
=> 1002 45 + 65-n(EN HALO A) 
= n(EQ HALA A)2110-100=10 


At least 10% of the people must have lost all the four. 


Example 16. a, b, c, d be integers2 0,d<a,d<banda+b=c + d. Prove that there exists sets A and B 
satisfying n(A)= a and n(B)=b.n(A U B)=c,n(AnB)=d 


Solution (ANB)CA 
=~ n(AnB)sn(A) or dsa 
(ANB)cB 
=> n(A B) <n(B) 
dsa 
n(A UB)=n(A)+n(B)-n(AnB) 
ss n(A uU B)+n(AnB)=n(A)+n (B) 
c+d=a+b 


Example 17. Find the number of numbers <.10° which are neither perfect squares, nor perfect cubes, nor 
perfect fifth powers. 
Solution Let([z] denotes greatest integer < z 

Then number of integers from 1 to 10° 


which are perfect squares = [vi0"] =104 


which are perfect cube = [¥i0*] = 464 
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which are perfect fifth power = [¥i0"] =39 
which are both squares and cubes = [%20"] =21 


which are both cubes and fifth power = ('¥ 10°] =3 
which are both squares and fifth power =|! 10°] =6 


which are squares, cubes and fifth powers = [*10* | =1 


By principle of exclusion and inclusion 
10° - (104 + 464+ 39-21-3-6+1] 
is the required number. 


Example 18. Consider the following picture 


How many ways are there to colour each of the squares Z,,Z2,Z3,Z4 with n different colours provided 
that no two adjacent squares can receive the same colour? 


‘Solution Let U = set of all possible ways to colour the squares. 


A = set of ways in which Z,, Z, receive the same colour. 
C = set of ways in which Z,,Z, receive the same colour. 
Now, we can colour the squares using any of the n colours with repetition allowed. 
So, |U|=n' 
|Al=r’ =|B|=|C| 
JANBl=n2=|BOCl=|ICNA| 
|ANBaCl=n 
Hence, |A'AB'OC |= nt -3-n4+3-n?-n 


Example 19. Find the number of ways to choose an ordered pair \a, b) of numbers from the set 
{1, 2,...;10}, such that|a-b|s5. 
Solution Let A, =[@,b)| a,be {1,2,3,...,10} 
| la-bl|={i},i= 0,1,2,3,4,5 
Ao = {(i, i)| 1 = 1,2,...,10} and | Agl = 10 
Ay = (Ci, + 1)]i=1,2,3,...,9} (i, i-1) |i= 2,3,,-+y 10} 


and | A, |= 94 9=18 

Ag = ((i,i+ 2) 1 =1,2,3,...,8 U{(i,i — 2) f= 3, 4)...410} 
eet | A) |=8+ 8=16 ~ 

A; = {(i,i + 3)|i=1,2,...,7} U {(i,i- 3) |i=4,5,...,10} 
and |A3]=7+7=14 

Ag = {(i,i+ 4) i =1,2,...,6) U (ii - 4) Li =5,6,...,10} 
and | A, |=6+ 6=12 


As = {(i,i + 5)li=1,2,...,5} Ui, 1-5) |= 6,7,...,10} 
and |A;|=5+5=10 
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.. The required set of pairs (@,b) = ¥ A, 


The number of such pairs, (which are disjoint) 
5 5 
=] UA l=, % 1A 1=10+ 18+ 16+ 14+ 12 + 10= 80 
= ie 


Example 20. How many numbers from 1 to 1000 are not divisible by 2, 3 and S? 
Solution Let a, being the property of being divisible by 2, a, the property of being divisible by 3, a, the 
property of being divisible by 5. 
Then 
a, a, denote the property of being divisible by 6 
a, a, denote the property of being divisible by 10 
a, a; denote the property of being divisible by 15 
a, Az a, denote the property of being divisible by 30 
We have to find n (a; a, a;)=n- n(@,)-n@)-n@)+n@ a.)+ N@ a)+ N@, a)-N a, Q;)...(i) 
We are given that n= 1000 


3 
1 (@,a>)=| 100 | = 166 :n @,a,) =| 200 | = 100 
2: 2:5 
n (a,a;)= 1000 =66;n (a,a2a3) = | =33 
5 30 
Substitute these values in Eq. (i), we get 
nla a; a3) 
= 1000 - 500 - 333 - 200 + 166 + 100 + 66 - 33 
= 266 


Example 21. A man has 6 friends. At dinner in a certain restaurant, he has met each of them 12 times, 
every 2 of them6 times, every 3 of them 4 times, every 4 of them 3 times, every S twice and all 6 only once. He 
has dined out 8 times without meeting any of them. How many times has he dined out altogether? 
Solution Let Ube the set of all days on which the man has dined out. 
Let @,,@,..., a be the 6 friends. 
Let us say that a day in Uhas property p,, if the man meets a, on that day 
Let Nbe the number of days with at least one of the properties p,, ..., pg 
Then we are given that 
N (p,)=N (p,)=...=12 
N (p,p2)= N (p,p3)=...= 6 
N (P,P2P3)= N (P,P2P4)=...= 4 
N (pj---P4)=3 
N (p.--Ps)=2 
N (Pj+--Pg)=1 
JU|-N=8 
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N= 28 
So, JU|-N=8 
|JU|=N + 8=36 


Example 22. Let A, B be finite sets with| A| =r and| B| =n. Find the number of functions from A onto B. 
Solution Let A ={aj,..., A} 


B={b,,..., Dy} 
Let A, be the set of functions from A into B - {b,} 
A; be the set of functions from A into B- {b,}, ... A, be the set of functions from A into B - {b,}. 
Let Ube the set of functions from A into B. 
Let fe U ie,letf:AoB 
Then f is onto Bif and only if the range of fis the whole of B. i. e., if and only if fis not in any of the sets 
ee 
For example, if fe A, then b, is not in the range of f. 
Hence, the number of functions from A onto B is 


|A, 9... A, | 
We have |U|=n" 
Similarly, |A,;|=(-1Y forlsisn 
a |B-{b}l=n-1 
Hence, S,= LIA l=nm-1Y 
fe A, A Az if and only if fis from A into B — {b, ,b,}. 
Hence, | A, MN Agl= (1 - 2F 
Similarly, JA, NA, |=(- 27 


for each of the >] pairs 4, ,A, with l<i< j<n 
Hence, S.=E1A Ay! =(3)m-27 


8,=(f]- BF, for3sksn—1 


So, by principle of inclusion-exclusion, we have 
: [A NA2 9... Aly [=U |-S, + Sp - + (-1""'S, | 


=n -n(n-1y +(:)a-2r ~ it (-1P'n 


e 


Example 23. Let 9 (n) denote Euler's totient function prove that if pi! p’? .....P,* is the factorization of the 
+ve integers n into distinct primes p, and e, are +ve integers, then 9 (n) is given by 


sama )e 3) 
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Solution 9 (1)is the number of integers < n and relatively prime to n. 
Let -U={1,2,..., nm} 
Let A, be the set of those integers in U which are divisible by the prime 7. 
Then |A, |= 
D 
| A; © A,| = numbers in U divisible by p, and P; 


| A, 0A) 0 Ayl=—"— and so on. 
Di P iPr 
Hence, principle of inclusion-exclusion gives the number of numbers in U not divisible by any of the 
primes p; i.e., > (n) 


behmnve ©” ap 9 8+. eT 
DB BP; Pi Pj Pr Py P2 --- Px 


en(t-eh eet pte (Io ) 
yh OP) OPS Py Py Do. Px 


=n ( = alt < 2 \.(1 = 3) 
Py P2 Py 
Example 24. A, B and C are the sets of all +ve divisors of 10, 20°° and 30* respectively. 
Findn(A U BUC) 
Solution Let n(A)= number of positive divisors of 10° 
= 2% x 5 is 612 
n(B)= number of +ve divisors of 20° 
= 210 x 559 is 101 x 51 
n(C)= number of +ve divisors of 30 
= 24 x 340 x 540 = 413 
The set of common factors of A and B will be of the form 2” 5", where 0< m< 60, 0< n<50 
So, n(A q B)=61 x51 
Similarly, the common factors of B and C, A and C are also of the form 2™ x 5" 


and in the former case 0< m< 40, Os ns 40 
and in the lattercase O< ms 40,0sns 40 
x n(B  C)= 41? also, n(A 4 C) = 41? 
and nA NBAC)=41? 
n(A U BUC)=n (A) + n(B)+n(C) —n (An B)-n(BAC) 
—n (AnQC+n(AnBacd) 
=61? + 101 x51+ 413 - 61 x51 - 412 — 4124 412 
= 61 (61 -51)+ 41? (41-1)+101x51 
=610 + 1681 x 40+ 101 x51 
= 73001 
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Example 25. I have 6 friends and during a certain vacation, I met them during several dinners. I found 
that I dined with all the 6 exactly on 1 day, with every 5 of them on 2 days, with every 4 of them on 3 days, 
with every 3 of them on 4 days and with every 2 of them on 5 days. Further every friends was present at 7 
dinners and every friend was absent at 7 dinners. How many dinners did I have alone? 


Solution For i=1, 2,3,...,6. Let A, be the set of days on which ith friend is present at dinner then given 
n(A,)or| A; |= 7 and| A’,|=7 
So, |A, NA, |=5S,1A, NA; OA, = 4 
| A; NA; NA, OA, | =3, 
| A; NAY NAY OA, Ap |= 2 
and a3 | A, NA, NAZN A, NAS AGI =1 
where i, j, k, , m vary between 1 to 6 and are distinct. 
| Ay UA, UA; U...U Ag | 


6 
= ZA I-Z1A, OV Ajl+ 21 A, 0 A; OAgI-21 A, VA, OAL OA, | 


+ 1A; NA; OAR OA, O An |-1Ay AZ 0 A3 OV Ag OAs NAG! 


\ 
-(7] @)- (2) 6)+ (3) 4)- (;) G)+ (5) @)- (5) a) 
= 42-75 + 80-45+12-1=13 
Total number of dinners 
=|A,;|+|A,|=7+7=14 
The number of dinners in which at least one friend was present. 
=| A, UA, UA3 UA, VAs U Ag | =13 
Number of dinner i dine alone = 14 - 13 =1 


Example 26. A student on vacation for d days observed that 
(i) it rained 7 times morning or afternoon 
(ii) when it rained in the afternoon it was clear in the morning 
(iii) there were 5 clear afternoons, and 
(iv) there were 6 clear mornings. 
Find d. 
Solution Let the set of days it rained in the morning be M2. 
Let A, be the set of days it rained in afternoon. 
M’be the set of days, when there were clear morning. 
A, be the set of days when there were clear afternoon. 


By condition (ii), we get M, NA, = 

By (iv), we get M, = 

By (iii), we get A, = 

By (i), we get M, UA, =7 

M,and A, are disjoint sets 
n(M,)=d -6 
n(A,)=d -5 


Applying the principle of inclusion-exclusion 
n(M, U A,)=n(M,)+ n(A,)-n(M, 0 A,) 
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=> 7=d-6)+@-5)-0 
= 2d =18 
=> dad=9 


Example 27. Find, how many number of 4 different digits out of the digits 1, 2, 3, 4,5, 6, 7 can be made? 
Also find, how many of them are greater than 3400? 


Solution Number of digits, n = 7 for the numbers of 4 digit number of places to be filled up r = 4 
Hence, number of numbers of 4 different digits out of the digits 1, 2, 3, 4, 5, 6, 7 = "P, 
= 2) Bap 
7 - 4)! 


Now, numbers in which thousands place is filled with 3 and hundred with 4 and remaining 2 places with 
any must be greater than 3400. 


Now, for the number of numbers of 4 digits in which thousands i.e., (Ist from left) places is filled with 3 


and hundred (2nd from left) with 4 then for the remaining 2 places there are (1, 2, 5, 6, 7,) 5 digits ie, 
n=Sandr=2 


| 
Number of 4 digits such that 3 is at thousands place and 4 at hundreds place °P, = x =20 


Similarly, number of numbers of 4 digits such that 3 comes at thousands and 5 at hundred place is 
>P, =20 
Number of numbers of 4 digits such that 3 comes at thousand and 6 at hundreds place is 
5P,=20 
Number of numbers of 4 digits such that 3 comes at thousand and 7 at hundred places 
= °P, =20 
Number of numbers of 4 digits beginning with 3 (and in which 4, 5, 6 or 7 come at 100 place) and greater 
than 3400 
= 20+ 20+ 20+ 20= 80 
Also, number of 4 digits beginning with 4,5, 6 or 7 are all greater than 3400. 
Number of numbers of 4 digits beginning with 4 
Number of places remain to be filled up is r =3 
Number of digits remain to be utilised is n = 6 
Number of numbers of 4 digits beginning with 4 is 
= §R = . = 120 
Also, number of numbers of 4 digits beginning with 5 = °P, = 120 
Number of numbers of 4 digits beginning with 
6=120 
Number of numbers of 4 digits beginning with 
7=120 
Number of numbers of 4 digits and greater than 3400 = 80 + 480 = 560 
Example 28. How many +ve numbers can be formed by using any number of the digit 0, 1, 2, 3, and 4 no 
digit being repeated? 
Solution Number of digits, n=5 
Number of numbers of 1 digit = 4 li) 
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To find the number of numbers of 2 digits number of places to be filled up r = 2 
Number of digits, n =5 

Number of numbers of 2 digits 

ao!e 


= 5P, 20 


But out of these 20 numbers of 2 digits, some numbers begins with 0 which are not of our purpose. 


To find the number of such numbers of digits beginning with 0, number of places and number of digits 
remains to be utilised = n= 4 


Hence, number of numbers of 2 digits which begin with 0 = 4B =4 
Number of numbers of 2 digits 
-20 -4=16 .--(ii) 
For the number of numbers of 3 digits, number of places to be filled up = r =3 
Number of objects, n =5 
Number of numbers of 3 digits 


= Sp =>'= 60 
2! 


But of these 60 numbers, the number which begin with 0 cannot be regarded as the number of 3 digits. 
Now, to find the number of such number of 3 digits which' begin with 0. 
Number of places = r = 2 
Number of things remains to be utilised n = 4 
Number of numbers of 3 digits beginning with 0 is 4 P, ie., 

2 «12 
Number of numbers of 3 digits = 60 - 12 = 48 
Also, for the number of numbers of 4 digits number of places to be filled up = r = 4. Number of digits to 
be utilised, n =5 


! 
Number of numbers of 4 digits = >P, 2s =120 


But out of these 120 numbers, there are some numbers which begin with zero. 
For the numbers of 4 digits beginning with 0. 

Number of places remain to be filled up, r =3 

Number of digits remain to be utilised n = 4 

Number of numbers of 4 digits beginning with 0 


Number of numbers of 4 digits = 120 —- 24 = 96 
For the number of numbers of 5 digits, number of places to be filled up, r =5 
Number of digits, n =5 
Number of numbers of 5 digits 
= Sp_o!_ 
= “R« or 120 
But out of these 120 numbers, there are some numbers which begin with zero. 


Number of places to be filled up r = 4 
Number of digits remain to be utilised, n = 4 


Number of numbers of 5 digits which begin with 0 = 4 P, = ; lo4 
! 
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Number of numbers of 5 digits = 120 - 24 = 96 
Number of +ve numbers formed 0, 1, 2, 3, 4, is 
4+ 16+ 48 + 96 + 96 = 260 


Example 29. How many numbers can be formed with the digits 1, 3, 7, 9, when taken all at a time? Find 
their sum. 


Solution Number of given digits n =5 
Number of places to be filled = r =5 
Numbers are to be formed taken all at a time 5! 
Number of different numbers of 5 digits formed with the digits 1, 3, 5, 7, 9 is a a 120 


Also, keeping 1 at unit place, number of numbers of 5 digits in which 1 comes at unit place 
4p = 4! 04 
0! 


Number of places remain to be filled up = r = 4 
Number of digits remain to be utilised = n= 4 
ie, in the number of numbers of 5 digits 1 may come at unit place in 24 number of times. 


Similarly, 3, 5, 7, 9, each may come at (unit, tens, hundreds, thousands and ten thousands) each place in 
24 number of times. 


Sum of the digits at unit place 

=(0+3+5+7+9)x24x1 
Sum of the digits at tens place 

=(1+3+5+7+9)x24x10 
Sum of the digits at 100 place 

=(1+3+5+7+9)x24x 100 
Sum of the digits at 1000 place 

=(0+3+5+7+ 9)x24x 1000 
Sum of the digits at 10000 place 

=(1+3+5+7+9)x 24x 10000 
Sum of all the number of 5 digits 

=(1+3+5+7+9)x24 

(1 + 10 + 100 + 1000 + 10000) 
= 25 x 24 x 11111 = 600 x 11111 = 6666600 


Example 30. Find the sum of all the four digits number that formed with the digits 3, 2, 3, 4. 
Solution We first keep one ‘3’ at unit place, then number of places to be filled up, r =3 

Number of digits remain to be utilised, m = 3 (3,2, 4) 

Number of numbers of 4 digits formed with (3,2,3, 4)in which 3 comes at unit place 

3 3! 
=3R= / =6 

Hence, 3 may come at unit place in 6 ways. 

Similarly, 3 may come at (tens, hundreds and thousands) each place in 6 number of times. 

But keeping 2 at unit place, number of places be filled up, r = 3 

Number of digits*remain to be utilised = n = 3 (3,3, 4) 
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3 
Number of numbers of 4 digits in which 2 occurs at unit place = 3 = $ 
Similarly, 2 may come at (10's, 100's, 1000's) each place 3 number of times. 
Similarly, 4 may come at (unit, 10’s, 100’s, 1000’s) each place 3 number of times. 
Sum of digits at unit place 


=(2+ 4)x3+3x6)x1 ol) 
Sum of digits at 10’s place 

=[2+ 4)x34+3x6]x10 ..- (ii) 
Sum of digits at 100's place 

=[2+ 4)x3+3x6)x 100 ~~ iti) 
Sum of digits at 1000's place 

=(2+ 4)x3+3 x6] x 1000 -iv) 


Adding (1), (2), (3), (4), altogether we get 39996 
Sum of all four digits number formed with the digits 3, 2, 3, 4 is 39996. 


Example 31. Find the sum of all the 4 digit numbers, that can be formed with the digits 1, 2, 2 and 3. 


Solution Keeping 1 or 3 at unit place 

Number of places remain to be filled = r =3 

Number, of digits remain to be utilised 2,2,3)=n=3 
3 
Hence, number of numbers of 4 digits in which 1 or 3 comes at unit place = oa = =3 
Similarly, 1 or 3 may come at (10's, 100's, 1000's) each place in 3 number of times. 
ie., 1 or 3 may come at (unit or 10’s or 100’s or 1000's) place 3 number of times. 
Also, keeping 2 at unit place 
Number of places remain, to be filled up = r =3 
Number of digits remain to be utilised = 1 = 3 (1, 2, 3) 
3! 


Number of numbers of 4 digits such that 2 comes at unit place = 3B, = a 


ie., 2 may come at unit (or 10’s or 100’s or 1000's) place 6 number of times. 


Sum of digits at unit place =(0+3)x3+2x6]x1 
Sum of digits at 10's place =([0 + 3)x3+2x6]x10 
Sum of digits at100’s place =[(1+3)x3+2x6]x100 
Sum of at 1000's place =(@ + 3)x3+ 2x 6]x 1000 


Sum of all the 4 digit numbers =[(1 + 3)x 3 +2 x 6][1 + 10 + 100 + 1000] 
= 24x 1111= 26664 


Example 32. How many odd numbers greater than 600000 can be formed from the digits 5, 6, 7, 8, 9, 0 if 
repetition of digits is allowed? 
Solution Numbers greater than 600000 and formed with the digits 5, 6, 7, 8, 9, 0 are of 6 digits but begin 
with 6, 7, 8 or 9. 
Also, the numbers which end with 5, 7, 9 are odd. 
Hence, first place can be filled by 4 ways (out of 6, 7, 8 or 9). Last place can be filled by 3 ways. 
Hence, first and last places can be filled by 4 x 3 ways. 
Also, 2nd place can be filled by 6 ways, 
3rd place can be filled by 6 ways. 
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4th place can be filled by 6 ways. 
5th place can be filled by 6 ways. 
Hence, all the 6 places can be filled by 
4x3x 6x 6x 6x 6=15552 ways. 


Example 33. In a car plate number containing only 3 or 4 digits not containing the digit 0. What is the 
maximum number of cars that can be numbered? 
Solution Here, repetition of digits is allowed. 

Also, numbers are formed with the digits 1, ..., 9. 

Case! When car plate numbers contain 3 digits number of places to be filled up r = 3 

Out of the 9 digits first place can be filled by 9 ways. 

Similarly, 2nd and 3rd place can be filled in 9 ways respectively. 

So, when car plate number contains 3 digit, maximum number of cars = 9 


Case Il_ When car plate number contains 4 digit in this case number of cars to be filled up =r = 4 
Ist place can be filled by 9 ways, 

2nd place can be filled by 9 ways and so on. 

Maximum number of cars that can be numbered = 9° + 94 = 7290 


Example 34. m men and n women are to be seated in a row so that no two women sit together, ifm >n. 
Show that the number of ways in which they can be seated is 


m!(m + 1)! 
(m - n+l)! 
Solution Number of arrangements of m men in a line 
(n= number of thing (men)” ) 
(r= number of place) 
m! 
is sp a m! 
Since, no 2 women are to be seated together so that number of women may be m+ 1. 
Hence, number of arrangements of n women in the (m+ 1) place is "*!p, . 
Required number of arrangements 
=m!x™t+tp — m\(m + 1)! 
" (m+1-n)! 
__m\(m + 1)! 
(n-n+ 1)! 


Example 35. Show that number of ways in which p +ve and n -ve signs may be placed in a row so that no 
two -ve signs shall be together is’*'C, . 


Solution Number of arrangements of all the p +ve signs in a row. 


Pp 
= —2 (since n= p,r =p) 


Since, two -ve signs come together so that number of places for the —ve Signs isp+1. 
Number of arrangements of the n -ve signs according to the condition 
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pr 
is fa ( since n= p + 1;r =p + 1) (all the n are identical ) 
___ (p+ 0! 
n!(p+1-n)! 


Finally, required number of arrangements of p +ve and n-ve signs in a row so that no two -ve signs are 
together 


a Pl, pen _ 

p! (p+1-n)!n! 

(p+! _ pst Ga 
“ni(p+l—n)! G 7 (-nir! 


Example 36. /f the letters of the word ‘LATE’ to be permutated and the words so formed be arranged as in 
a dictionary what with be the rank of the word LATE. 


Solution Arrange alphabetically LATE, we have AELT. Now, for the words beginning with A, number of 
places to be filled up = r =3. 


Number of letters to be utilised, n = 3. 
Number of words beginning with A = 3P, = 3! number of words beginning with E = 3!. 


Also, for the words beginning with LA, number of places to be filled up =r =2. 
Number of letters remain to be utilised, n = 2. Hence, number of word LATE. 
Rank of the word LATE in the dictionary = 3! + 3!+ 2!=14 


Example 37. On a new year day, every students of a class sends a card to every other student. The 
postman delivers 600 cards. How many students are there in the class? 
Solution Total number of students =n 
Number of pair of students = "C, 

Two students out of ncan be selected in " C, ways. Here, for each pair of students, number of cards sent 

is 2. 

If nce card to Q, then Qalso sends a card to P. Number of cards sent = 2 - "C,. 

According to the problem 2 - "C, = 600 


ee 2. 2@—) - 600 
or n? —n-600=0 
(n - 25) (n + 24)=0 
n=25 [- n#- 24] 


Example 38. You are given n23 circles. Find the number of radical axis and radical centres of these 
circles. Find the value of n to which number of radical axis is equal to number of radical centres. 


Solution Radical axis is the locus of the intersection of the two tangents equal in length to the 2 circles. 
Hence, radical axis associates with 2 circles. Number of radical axis of n circles is "C,. Also, number of 


radical centres of n circles is "CG, . 
We are given "G.="G="G="C__; 
or n-3=2 
or n=5 
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Example 39. In how many ways the letters of the word PERSON can be placed in the squares of the given 
figure shown so that no row remain empty? 


Ry 
R2 
R3 


Solution There are 6 different letters in the word PERSON. 

There are 3 rows, we have to select 6 squares taking at least one from each row. 
Selection of 6 squars 1 from Ist row, 1 from 2nd row and 4 from 3rd row can be made in 

2c, -2G,- 4c, = 4 ways. 
Selection of 6 squares, 1 from 1st row, 2 from 2nd row and 2 from the 3rd row can be made in 
2G, -*C,- 4G =8 ways. 
Selection of 6 squares 2 from lst row, 1 from 2nd row and 3 from 3rd row can be made in 
2C,-*G - 4G = Bways. 
Selection of 6 squares, 2 from lst row, 2 from 2nd row and 2 from the 3rd row can be made in 
2C, - °C, - 4G, = 6 ways. 
Total number of selection of 6 squares 

=4+ 8+ 8+6 

= 26 
Now, for each selection of 6 squares, the number of arrangements of 6 letters 

= 6!=720 
Required number of ways = 26 x 720 

= 18720 


Example 40. (i) In how many ways can 16 constables be divided into 8 batches of 2 each? 
(ii) In how many ways 16 constables can be assigned to petrol 8 villages 2 for each? 


Solution (i) In case of dividing 16 constables into 8 batches of 2 each, order of formation of groups does 
not matter. Hence, 16 constables can be divided into 8 batches of 2 each in 


8! 


ee 
812i? 
(ii) When 16 constables are to be ——_ to petrolling 8 villages 2 for each. Then we first divide 
16 constables into 8 batches as in (i) in _6t ways. 
8121) 
But in this case, a question that which batch petrols the first village and which the 2nd and so on, arises 


automatically i.e., order of formation of batches must be taken into account. Hence, number of ways of 
assigning 8 batches to petrolling 8 villages 


__16 
8! 21° 

= AG. 
ays 


8! 
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Example 41. Find the number of ways of dividing 2n people into n couples. 
Solution Here, we have to make a group of 2 people out of 2n people. The number of ways in which we 
can divide 2n people into n group of 2. 


anc, m-2¢, m4, “CG 


Ww! 

_ dn! 2n!-2 2n!-4 4! 2! 
~ 212n!—2 2!2n!—4 2!2n!-6 212! 210! 
_ nl! 

~ 2" Oni? 


Example 42. Find the number of ways in which we can distribute mn students equally among m sections. 


Solution When we distribute mn students equally among m sections, then each section has n students. 
Hence, number of ways of distribution 


= OG GG Gm 
m! 


= mn! __—_smn!-n 2n! in! 
nimn!—n nimn!-2n° n!n! n!0! 
mn! 

(n!y” 


Example 43. From a given number of 4n books, there are three sets of n identical books each on Physics, 
Chemistry and Mathematics. The remaining n books are distincts books of other subjects. Find the number of 
ways of choosing n books out of the 4n books. 
Solution There are n identical books of one kind, n identical books of 2nd, n identical books of 3rd kind 
and rest n books are all different. 
Hence, number of selections of any n books out of these 4n books 
= coefficient of x” in (x°+x+x2 4x3 4...4x") 


(OFX EXE EXE XE XZ ETE LEK") 4 XY! 


= coefficient of x” in(1+x+x?4+x34..4x"P 4 xy 


y—-x"1 3 
= coefficient of x” in ; ] -d+xy' 
= coefficient of x" inl -x"*'¥ d-xy3 a+xy" 
= coefficient of x” in @Q -x)?(2-@-x)f 
= coefficient of x” in (1 - xy? [2" - "G2"-1q _ x) 
+ "Cn"? d—xP - "G 2°31 xP + CI xy] 
= coefficient of x” in2” Q -xy3 - 8G 2d =xy? +*°C, 2"? Q—x) 
= coefficient of x” in [2"0. + °Gx + 4G, x? +...)-n- 2" + 2G, x4 30x24...) 
+ AD 084 Get Cx? 


=2" netic —n.2n-! abe oo + mee 1) on-2 


=2" n2c,-n-gn-l atte 4+ 2n-3 (n? ~n) 


434 Indian National Mathematics Olympiad 


aon (N+ 2)(n+1)_ 
2 
=2"-l (2 + 3n + 2)- 2771 (n? + n) +2" 3(n? - n) 


= 2"-3(22 (0? + 3n4 2) — 22 (2? + n)+ n? -n]=2"-3(n? + 7n + 8) 


n-2"-l(n4.1) +2" -3(n? - n) 


Example 44. In an examination of the maximum marks for each of the three papers are 50 each and 
maximum marks for the fourth paper is 100. Find the number of ways in which a candidate secure 60% 
marks in aggregate. 
Solution Here, aggregate of marks 
=50+ 50+ 50+ 100=250 
and 60% of aggregate 250 


= 60 , 250=150 
100 


Now, number of ways in which we can get 150 marks in the examination of 4 papers such that first three 
have maximum marks 50 and 4th has maximum marks 100 is 
= coefficient of x!5° in (x9 + x +. x2 +..4XO PR KOE KE XZ +... +X 


2S cit WOOP) 


100) 
= coefficient of x! in +x+x?4...4 OR 1 +x4+x 


3 
51 101 
= coefficient of x!*° in ( 1-x ) f -X ] 


1-x 
= coefficient of x150 jy 0 — 3x8? + 3xt? — x59) 1 - x01) 
a-x)* 
= coefficient of x!5° in (1 — 3x5! - x20! + 3x! 4...) -x)4 
= coefficient of x!°° in @ - 3x°! — x10! + 3x! +...) 
+ 4G x +O) x? +...) 
= 158C, 5-3 2 Cuq —S2C yy +3 Nyy 
_153-152:151_ 102-101-100 _ 52-51-50, , 51-50-49 
= $$$ $q—“ + 3 - 
6 6 6 
=76-51-151-100-101-51 -50-26-17+51- 49-25 
= 51(76x 151-100 x 101 ) +17 (75 x 49-50 x 26) 
=51 (11476 — 10100) +17 (3675 - 1300) 
= 51 x 1376+ 17 x 2375 
= 70176 + 40375 
= 110551 


Example 45. In how many ways can 16 apples be distributed among 4 persons, each receiving not less 
than 3 apples? 


Solution The apples are considered to be alike. 
Since, a person will not receive less than 3 apples so that one person can get 3, 4, ... apples. 


Hence, number of ways of distributing 16 apples among 4 persons. 
= coefficient of x! in w+ x4 4x54...) 


= coefficient of x! inx!? d+x+x?+...)4 
= coefficient of xt in (@+x+x*+...)4 
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4 
= coefficient of x4 in (4) 


= coefficient of x* in (1-x)* 
= coefficient of x* in (1 + 4G, x + °C, x? +...)= "Cy 


4!3! 4!x3x2 


Example 46. There are 12 intermediate stations between two places A and B. In how many ways can @ 
train be made to stop at 4 of these 12 intermediate stations, no two of which are consecutive? 


Solution Let S,, S,, S,, S, be the 4 stopping stations. 


Let weeSiesSgareSyess Squck 
m Mm Mm Mm MS 

Let n, and n, be the number of stations respectively before S, and after S, and let n,,n, and n, be the 

number of stations between S, and S, S, and S,, S, and S, respectively. Then 
n+m+m+ng+n,=12-4=8 

where nn, >0;m,n,21 

Now, the number of ways in which a train stops at 4 of these 12 stations such that no two of four are 

consecutive is 

Bg) 


CO, x+ x72 +...) 


= coefficient of x® in &° + x +x7 4+...) 4x7 4x 
4x2 4x34 KE XA EXP +d 

= coefficient of x8 inl +x+x724+...% &+x27 4X24... 8 

= coefficient of x° inx? @+x+4+x?4...% d+x4+x74...7 


= coefficient of x> in 0 + x + x74...P 


5 

= coefficient of x> in (4) 
1-x 

= coefficient of x° in Q -xy5 


= coefficient of x° in (1 + °Gx + ®Cx? +...) 


_9-8-7- 6-5! 

43-2-5! 
=9x2x7 
=126 


Example 47. How many integral Solutions are there tox +y+z+t=29, whenx> 0,y>1,z>2 and 
t20?7 
Solution We have to select four integral for x, t, z and ¢. For x we may choose (> 0)1, 2, 3, 4... 

For y we may choose (> 1 ) 2, 3, 4, ... 

For z we may choose (> 2) 3, 4, 5, ... 


For t we may choose @ 0) 0, 1, 2, ... 
Such that sum of the four chosen integers for x, y, Zand tis =29ie, x+y+z+t=29 
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Hence, number of ways of choosing four integers for x, y, zand t= number of integral solutions of 
a5 ak — 29 for ehh he z>2,t20 is given by the coefficient of x 29 in &K& +x? +2x94..,) 


2 
Wt xP ext Oe xt td 4 OE EZ +...) 


= coefficient of x27 inx +x +x2 +...) x70 +xX4X? +...) 


exe x2 ext.) Ex 4x24.) 


= coefficient of x29 inx® (1 +x+x?+...)4 


4 
= coefficient of x7? in (4) 
-x 


= coefficient of x22 in Q-xy* 
= coefficient of x?3 in 1. + 4C, x + °C, x? + Gx? +...) 
26! 
2313! 
_ 26.25.24 
3-2-1 
=26 x 100 
= 2600 


= 6C,,= 


Example 48. How many integral solutions are there to the system of equations 
Xy + Xz + Xz + Xq + X;5 =20 
and x, + Xz + X; =5, whenx,20? 


Solution Here, X + Xp + X3 + Xq + Xz =20 li) 

X) + Xp +Xz=5 ... (ii) 

so that X%3 4X4 =15 .. (iii) 
with x,20 


Now, obviously Eas. (i) and (ii) hold if Eqs. (ii) and (iii) hold. Hence, we find the integral solutions of 
X, + X2.+ X3 =5 


— X3 +X, =15 (iv) 
with x,20 
Now, number of integral solutions of Eq. (i) is given by the coefficient of x5 in (x° + x + x2 + ...... 4 

= coefficient of x5 inl +x+x?24...... py 


3 
coefficient of x° in (4) 
-x 


coefficient of x> in Q —xy3 
mb AG 44 8? tex 


7 
='G=——=21 
2-1 


Also, number of integral solutions, if Eq. (ii) is given by the coefficient of x! in (° + x + x2 te.0 
coefficient of x'® in + x +x? 4...)¢ 


" 


coefficient of x!® in(, . 
-x 
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coefficient of x!5 in (1 - xy? 
1 + G + * + ioc iG. 


Hence, number of solutions = °C, x 16 =336 


Example 49. Find the number of non-negative integral solutions of 
X, + Xp + Xz + 4X4 =20 
Solution We have to find the number of non-negative integral solutions of 
X, + X2 + Xz + 4x, =20 fi) 
Hence, we have to take x,,x2,X3,X, from 0, 1, 2, 3, ..., so that Eq. (i) holds 
Now, putting x, = x, = x; = 0, we have 4x, =20 
os X4 =5 
Hence, maximum value of x, =5 
ie., we may take x, =0 orl or3 or4or5 
For x4 = 0, X, + Xz + X; = 20 has number of integral solutions 
= coefficient of x?° in 1 + x +x? +x? +...P 
3 
= coefficient of x?° in (4) 
1-x 
= coefficient of x° in @ - xy? 
= coefficient of x?° 0 + 3G, x + 4C,x? +...) 


2c = 22! 22x21 
20 ~ 
20!2! 2 


=231 
For x, =1, number of integral solutions of x, + x, + x; =16 is given by the coefficient of x!® in 


3 
-(4) = a -xy3 


Q+x¢x24+...P 


1-x 
=1+4 3Qx+ 4x? +... = 8G, 
For x, = 2, number of integral solutions of x, + x2 + x3 = 12 is So e4G. 
For x, = 3, number of integral solutions of x, + x, + X3 = 8is !°C,. 
For x, = 4, number of integral solutions of x, + x, + x3 = 4is 6c, 
For x, = 5, number of integral solutions of 
X, + X2 + Xz = Ois 1 (for x, 2 0, x, 20, x32 0) 


Hence, total number of integral solutions of 
X, + Xp + Xz + 4X, = 20 with x, 20 


is 260+ Get “Go + C+ 6C, +1 

_ 22-31, 18-17, 14-13 10-9, 65, 
2 2 2 2 2 
= 231+ 153+91+45+154+1 


= 536 


ae Indian National Mathematics Olympiad 


Example 50. How many integers between 1 and 1000000 have the sum of their digits equal to 18? 
Solution Integers between 1 and 1000000 may be of 1 digits or of 2 digits or of 3 digits or of 4 digits or of 
5 digits or of 6 digits and 
Let the digits be x,,x2,X3,X4,X%5.X¢ 
Then 
with 0<x,<9 for i= 1, 2, 3, 4, 5,6 
Hence, we have to find the number of integral solutions of Eq. (i) with the digits 0, 1, 2, ..., 9. 


= coefficient of x!® inl +x+x?2+ ...+x°) 


Xp + Xp +Xz+Xqt Xs + Xe =18 (i) 


10 
= coefficient of x!8 in Ge * 
-X 


= coefficient of x!8 in @ — x!°)® a -xy® 
= coefficient of x!8 in @ — ©Gx! + 8C,x?04...)0 + °Gx + 7Gx? +...) 


23 6 13 23! 13! 
= iC. Be Be 5 Sk oe oe 
18 8 TBS! 815! 
_ 23-22-21-20-19-18! _¢ 13-12-11-10-9-8! 
5-4-3-2-1-18! 2-3-4-5-8! 


=23x11x7,x19-6x13x11x9 
= 33649 - 6 x 1287 

= 33649 - 7722 

= 25927 


lixample 51. There are m seats in the first row of a theature, of which n are to be occupied. Find the 
number of ways of arranging n persons so that 


(i) no two person sit side by side (ii) each person has exactly one neighbour. 
Solution (i) Let BR, PB, ..., B, be the n persons and S,,52,5,, be the m seats. 


Let the n persons PF, P,,...,B, be seated as 


sl ics Bi TB se Bus 
nm 7) n,; My n, +1 
Let n, be the number of empty seats to the left of R and n,,,, be the number of seats to the right of P,, let 
n, be the number of seats between A and P,, n, between P,, B...n, between P, and P, ,,, then 
.N,,,2 Oand ny,Mm, ..., m, 20 
Then nN +n, +...4m, =mM-n 
Now, solution if (i), given by coefficient of 
RM DE KEK HEX EE ae EXE.) 
= coefficient of x™~" in +.x +x? 4...% & 4x2 4x3 4..,)"7 
= coefficient of x"-" in x""+x4x24.. 7% @exexe4..)"o 
= coefficient of x”~7"*! inl +x+x24...)"t! 
= coefficient of x™-2"*! in 1+ x4 x24...)"*1 


n+l 
= coefficient of x~2"*! in (4) 
1-x 


= coefficient of x"-2"*! in @ -- xy"+) 
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= coefficient of x™-*! in @ + a"tcx + n=2Cx? +...) 


+1 +1 
=m" Cig C 
Now, since n persons can be permuted in " P, = n! ways, Hence, required number of ways in the case 
-ns mit-n+1 
=™-" ‘Cc: =P. BS n! 
n!m!-2n+1 


= m-n+lp 
= n 


(ii) It is important to notice that no such arrangement exist when n is odd. Hence, we suppose that nis 
even. Let n = 2k, k being a +ve integer. Let x, denote the number of empty seats to the left of first pair 


and x, (1 <i<k—1) the number of empty seats to the right of mth pair. Here, x. > 0,x, 20; x,20, X>21 
Q<isk-1) and ng +n, +n, +...4n,=m-—2k... 


Now, as in part (i) number of integers solution of (ii) is m — 2k + 1. 
Also, n person can be permuted in " P, = n! ways. Hence, in the case required number of ways are 


mathe 2kp = m!-2k+1 2k 


~ kl@n!—3k+1) 
_ 2k!@n!-2k+D) 
kign!—3k+1) 


_ 2k p. nthe Pe "Pp. ymantlp. 


Example 52. ‘A’isaset consisting of nelements A subset ‘P’ of ‘A’ is chosen. The set A is reconstructed by 


replacing the elements of P. A subset Q of A is chosen. Find the number of ways of choosing P and Q solution 
so that P ~Q contains exactly one element. 


Solution We choose one element out of nelements of Ais "C, = nways. Then (1- 1)element remains and 
these (n — 1) elements should not be in Pq Q in 3 ways. 

()a,eP,a,€Q (ia, ¢P,a,e Q (iii)a, €P, a, e Q 

Hence, remaining (n- 1) elements are not in P 4 Q in 3" ways. 

Hence, number of ways of choosing the subset P and Q. 

So that P 4 Q contains exactly one element is n-3"~' ways. 


Example 53. A is aset containing n elements. A subset P of A is chosen. Then the set A is reconstructed by 
replacing the elements of R.. Then a subset P, of A is chosen and again tite set A is reconstructed by the 


elements of P,. In this way m ( >1) subsets P,, P,,P,, of A are chosen. Find the number of ways of choosing 
FP, P,,..., Pp, so that 


() RAP, A...A Pn =% ()R UR UBRY...UP, =A. 
Solution Let A> {a,,@>,@,..-.d,}. In course of choosing R,, P,,..., P, for any element a, of A’, we have two 
cases either a, « PB or a, €P sism) 
Hence, total number of ways in which a, may be in R’ are 2”. Also, out these 2” ways there is only one 
ways in which a, € P for i = 1,2,...,m which does not just the condition R AP, P, = 
Thus, for any element a,¢ A a, €7. 0 P,O...0 Py in 2" -1 ways. Hence, total number of sane te 
e” -1y'. 
Also, there is only one way i.e.,a, ¢ F which does not suit FU P,u...0P, = A.Hence, a@ RU P,u..UP,, 
in 2" - 1 ways. Also, since these n elements in the set A and hence the number of ways in which m 
RUP, vu... Py = Ais(2™ - 1)", 
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Example 54. if a city has m parallel roads running East-West and n parallel roads running North-South. 
How many rectangles are formed with sides along these roads? If the distance between every consecutive 
pair of parallel roads is the same, how many shortest possible routes are there to go from one corner of the 
city to its diagonally opposite corner? 

Solution A rectangle is formed by two lines from E - W and two lines from N — S but two lines out of m 
lines running E - W canbe selected in™ C, ways and 2 lines out of nrunning N - W can be selected in "C, 
ways. Hence, number of rectangles thus formed =" G:"G 


_ mn (m - 1)n- 1) 
4 
1 2 93 4% n-1 n 

1 
2 
3 
4 
m—-1 
m 


Now, if distance between two consecutive parallel roads is = 1 unit). Now, total distance a man has to 
travel to go from one corner to a diagonally opposite corner is (m+n - 2) units. Of these (m + n-2) 
units, he has travel (m — 1) units in one direction and (n - 1) units in the other direction. 


Hence, the number of ways of arranging the steps 
es nae 5 


Example 55. The sides AB, BC,CA of a A ABC have 3, 4, 5 interior points respectively on them. Find the 
number of triangle formed by any three of the 12 points as vertices. 
Solution Here, total number of points =3 + 4+ 5 = 12. If no any three out of 12 points are collinear thus, 
total number of triangles formed by taking any 3 points out of 12 points vertices = ae Thus, !2G, include 
the case of selection of 3 points from the 3 points on a side say AB. 

A 


B Cc 
But no triangle is formed by taking 3 points lying on the side AB. 
Hence, we subtract *C, from '*C,. Similarly, no triangle is formed with the 4 points lying on the other 
side BC and no triangle is formed with 5 points lying on the side AC. Hence, we also subtract 4G, and 
12 
G. 
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Finally required number of triangles 
= '2¢, - PC, +4, +5C,)= "CG, - 0+ 4410) 


= 12! 5212-11-10 _ 15 195 


3!9! 3:2 


Example 56. [fn points in a plane be joined in all possible ways by indefinite straight lines and if no two of 
straight lines be coincident or parallel and no three pass through the same point with the exception of the n 
points. Find the number of distinct point of intersection. 
Solution Out of n points, number of different straight lines formed = x (say) 
Now. since no three straight lines pass through the same point and no two straight lines are parallel We 
see that each pair of lines from the "C, lines intersect at one point. 
Hence, number of points of intersection = *C,. Now, let A, P,,..-,P, be the n given points. It is here 


important to notice that through the point PR (1 - 1)lines by joining A to other (1 - 1) points, pass. But 
any two of these (n - 1) lines give P, as point of intersection. 


Hence, we see the point P, occurs "-!C, times. Similarly, each point P,, 2, ,...,B, occurs n-”~*C, times 
Le., n given points occur n- dae times as point of intersection. 

Now, number of points of intersection except n given points 

*G -n-" IC, 

x-& -y-n. Bia) 


2 2 


2 
n-(i- De —n-2)- A= M-2) 
2 


nn -1) [pA eaP-1]-2 Da» 


ZS wole NIK Nl 


eee [n? —-n-2-4(-2)] 


= 1 =) x? ~5n+ 6) 


Hence, total number of points of intersection including the n given points 
2 
a rae —5n+ 6) 


= in 6n? + 11n+2) 


Example 57. Find the number of rectangles that you can have on a chess-board. 

Solution We observe that there are 9 horizontal and 9 vertical lines on a chess-board such that each 

horizontal line intersect each vertical line. A rectangle is formed by two horizontal and two vertical lines. 
But if we select 2 horizontal lines out of 9 horizontal lines in a ways and we can select 2 vertical lines 
out of 9 vertical lines in °C, ways. 
Hence, total number of rectangles on a chess-board = a x ss oe = 36x 36=1296 


Example 58. The straight lines!,,1, andl, are parallel and lie on the same plane. A total number m points 
are taken onl,;n points on 1, k points onl,. Find the maximum number of triangles formed with the vertices 
at these points. 
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Solution Total number of points = m+n+k 
Now, number of triangles formed by the points m+ n+k=™'"' *C, 
But as m points be on the same straight line " C, give no triangle, n points be on the same straight line so 
that "C, give no triangle and k points lie on the same straight line so that a also give no triangle. 


Hence, required number of triangles =" '" * KC, - "CG, - "C, - *C,. 
Example 59. In how many ways 4 square are can be chosen ona chess-board, such that all the squares lie 
in a diagonal line. 


Solution Let us consider the AABC. Number of ways in which 4 selected squares are along the lines 
AyCy, AyC,, AxC,, A,;C,and AC are 


FA 
Vd 
La 
S| 
a 
a 
Z 
ea 


a ae 


NNAAS 
CINNAAN 
CEINNAAS 
LTT NNAAN 


C4 C3 Co Cy C 
40,,5C,, °C,,’C, and °C, respectively. 


Z| 
oe 
4 
TA, 
fy 
ds? 
ase 
SE! 


Similarly, in AACB, number of ways in which 4 selected squares are along the diagonal line parallel to 

AC are *C,5C,, °C,, ’C, and °C,. 

But °C, triangles occur only once. 

Hence, the total number of ways in which the 4 selected squares are in a diagonal line parallel to AC are 
206, «°C, + « 6.) 46, 


Also, same is the case of selecting 4 squares in a diagonal line parallel to BD. 
Hence, the number of ways of selecting 4 squares on a chess-board. Such that the 4 squares are ina 
diagonal line 

=2(2 (1C, + °C, + 9C, + 7C,)+ 8C,] 


Example 60. Find the number of positive divisor of n = pi ‘ pr - ...: pk, where Pie PoreeesBy are distinct 
prime numbers and k,,k,,...,k, are positive integers. 
Solution A divisor d of nis of the form d = ph pl ‘tpt 

where OsIsk fori=1,2,...,1r. 


Associate each divisor of n with an r tuple (),/,,...,/,), such that Os |, < k. Therefore, the numbers of 
divisors is the same as the number of r tuples (),/,,...,/,),0S Is k, 1=1,2,...,r. 


Since, |, can have k, + 1 possible values 0, 1,2,...,k, and/, can havek , + L values 0,1,2,....k and/, can 
have k, + 1 values. The number of r triples (,1,,...,/, is 


tk, + 1)x (ky + 1) ky + 1)x...% Kk, + 1) 
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or nis k,+) 


That is total number of divisors of 
n= pi pe nie 


= + Dk +D...& +) or TK + ” 


Example 61. Prove that, there are 22""! - 1) ways of dealing n cards to two persons. (The players may 
receive unequal number of cards). 
Solution Let us number of the cards, for the moment. Let us accept the case, where all the cards, go to 
one of the two players, also. 

With just two cards we have the possibilities. 

AA, AB, BA, BB 

Here, AA means A gets 1 card and also card 2, 

AB means A gets card 1 and B gets card 2, 

BA means B gets card 1 and A gets card 2, 

BB means B gets card 1 and also card 2. 

Thus, for two cards we have 4 possibilities. Here, for three cards 

AAA, ABA, BAA, AAB, ABB, BAB, BBB ...(ii) 
ie., for three cards there are 2? = 8possibilities. Here, if the third card goes to A, then in Eq. (i) annex A at 
the end, thus getting AAA, ABA, BAA, BBA,. If it goes to B then in Eq. (i) annex A at the end, which gives 


AAB, ABB, BAB, BBB. 
Thus, the possibilities doubled, when a new card (third card) is included. 


In fact just with one card it may either go to A or B, giving AB. 
By annexing the second card, it may give 
AA, BA, giving Eq. (i) 
AB, BB 
Thus, every new card doubles the existing number of possibilities of distributing the cards. 
Hence, the number of possibilities with n cards is 2”. But this include the distribution where one of 
them gets all the cards and the other none. ) 
So, total number of possibilities is 2” -2 =2 @" emf 


- i) 


Example 62. Ina plane, a set of 8 parallel lines intersects a set of n other parallel lines, giving rise to 420 
parallelograms (many of them over lap with one another). find the value of n. 
Solution If two lines which are parallel to one another (in one direction) intersect another two lines, 
which are parallel, we get one parallelograms. Thus, we can choose C (8, 2) pair of parallel line in one 
direction and the number of parallel lines intersecting there will be C (n, 2) pair. 
So, the number of parallelograms thus obtained is C(n, 2)x C (8, 2)= 420 
[With three sets of parallel lines, we have 9 parallelograms (verify) i.e., 3C, x °C, =9] 


nn-1). 8x7 
Xs = 
2x1 1x2 sais 
n(n-1)=30 
or sth 
on n=- 5 (which is not admissible). 


Thus, n=6is the solution. 
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Example 63. Let A be an 2n element set, where n> 1. Find the number of pairing of A. 
Solution A pair is set of 2 elements. These are thus finally n pairs. 
Now, the first pair can be selected in a ways 


Le, Qn)! 


—_ ‘ways. 
Qn — 2)!21 


-2 
The second pair can be selected from the remaining 2n-2) elements in e ) wavs Le., 


2! 


Qn - 2)! 2) at. 
and so on up to{ > Orx2! 


Qn - 4)! x 2! 
Number of pairing of A is, therefore, 
_2nx @n-1), @n-2)@n-3), @n-4)2n-5), 2x1 


2 2 2 

n! 

_ 2nx 2(n- 1)x 2(n —2)x...x @n—-1) @n-3)x @n—-5)x...x1 
2" xn! 

aay x n(n —1)x (1 -2)x...x 1x @n-1)@n-3)@n-5)x...x1 
2" xn! 

ee xn! x @n—-1)@n -3)@n-5)x...x1 

2 xnto 


= @n - 1)2n -3)@n-5)x...x 1 ways 


Example 64. Find the number of 6 digits natural numbers, where each digit appears at least twice. 
Solution We consider number like 222222 or 233200 but not 212222, since the digit 1 occurs only once. 
The set of all such 6 digits can be divided into the following classes 
S, = the set of all 6 digit numbers where a single digit is repeated 6 times. 
n(S,)= 9, since ‘0’ cannot be significant number when all its digits are zero 
Let S, be the set of all 6 numbers, made up of three distinct digits. 
Here, we should have two cases S,(a) one with the exclusion of zero as a digit and other S,(b) with the 
inclusion of zero as a digit. 
S, (a) the number of ways, three digits could be chosen from 1,2,...,9is °C. Each of these three digits 
occur twice. So, the number of 6 digit numbers in the case is 


=%, 6! = 9x 8x7, 720 


SC 
2!x2!x2! 1x2x3 8 
=9x8x7x15=7560 


S, (b), the three digits used include one zero, implying, we have to choose the other two digits from the 
non-zero digits. 


This could be done in °C, = 


9x8 
1x2 


digit (non-zero) in the extreme left . Then the other five digits are made up of 2 zeroes, 2 fixed non- zero 
number and the another non-zero number, one of which is put in the extreme left. In this case the 


number of six digit numbers that could be formed is at x 2 (Since, from either of the pairs of 


fixed non-zero numbers, one can occupy the extreme digits = 60 


= 36. Since, zero cannot be in the leading digit. So, let us fix one of the 
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So, the total numbers in this case = 36 x 60=2160 
“ n(S,)=n(S, a)+ n(S, b) = 7560 + 2160 = 9720. 
Now, let S, be the set of 6 digit numbers, whose digits are made up of two distinct digit, each of which 
occurs thrice. Here again, there are two cases : S, (a) excluding the digit S, (b) including the digit zero. 
rhe is the set of six digit numbers whose digits are made up of two non-zero digits, each occurring 
thrice. 

nIS,(a)] = °C, x a = 36 x 20 = 720 
S, &) consist of 6 digits numbers whose digits are made up of three zeroes and one of non-zero digit, 
occurring thrice. If you fix one of the nine non-zero digit, use that digit in the extreme left. This digit 
should be used thrice. So, in the remaining 5 digits, this fixed non-zero digit is use twice and the digit 
zero occurs thrice. 


So, the number of 6 digit mumbers formed in this case is 9 x wi = 90 


es n (S;) =n (S,@))+ n(S,))=720+ 90= 810 

Now, let us take S,, the case where the six digit number consist of exactly two digits, one of which 
occurs twice and the other four times. . 

Here again, there are two cases : S, (a) excluding zero and S, (b) including zero. 


If aand bare the two non-zero numbers ‘a’ used twice and ‘b’ four times, then we get 
6! 
2!x 4! 


So, when 2 of the nine non-zero digits are used to form the six digit number in this case, the total 
number got is 


and when 


6! 
2!x 4! 


‘a’ used four times;-¥ twice, we again get 


6! 
4!x2! 
Thus, n[S, (a)]= 1080 
for counting the numbers in S, ) 

In this case we use 4-zeros and a non-zero number twice 2-zeros and a non-zero number four times. In 
the former case, assuming the one of the fixed non-zero digit occupying extremely left, we get the other 
five digits consisting of 4-zeroes and one non-zero number. 


This result in & 7 = 45 six digit number. 
Le 


When we use the fixed non-zero digit 4 times and use zero twice, then we get 


"CO. Mzm = 36x 5 x 6 = 1080 


9x5! 
3!x 2! 
numbers, as the fixed number occupies the extreme left and for the remaining 3 times it occupies 3 of 
the remaining digits, other digits being occupied by the two zeroes. 
So, n(S,)=n[S,@)]+ n[S, &)]=1080+ 45+ 90=1215 
Hence, the total number of six digit number satisfying the given condition 

= n(S,)+ n(S2)+ n(S3)+ n(S,)= 9+ 720+ 810+ 1215 = 2754. 


= 90 six digit 


Example 65. Let S={1, 2, 3,...d1+ 1)}, where ns2 and letT ={\x,y, 2): x,y, 2€S,X< 2,¥< Z}. BY counting 


a p2_ (n+l n+l 
the members of T in two different ways, prove that ey K*= - +2 3 ) 


- 


Solution T can be written as T=T UT),T, =1&,X,2):x,z2eS,x<z} and T,= (Wy, 2): N,¥.ZES\N + < Zh. 
The number of elements in 7,is the same as choosing two elements from the sets where n(S)= (n+ 1) 
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ie., nT )= (" i. ‘! (as every subset of two elements, the large element will be x and the smaller will be x 


and y). 
n+1 : h aller el 
In T,, we have 2 3 elements, after choosing 3 elements from the set S, two of the smaller elements 


will be x and y and they may be either taken as (x, y, z) or as (y, x, Z) or in other words, every three 
elements subset of S, say {a, b, c}, the greatest is z, and the other two can be placed in two different ways 


in the first two positions. 
nr) oraim)=(") ‘+ ie ‘} 


1 = 7 er 
Tcan also be considered as ‘U # S,, where S, = {,y,i):x,y< i, x,ye S}. All these sets are pairwise disjoint 


as for different i, we get different ordered triplets (x,y, i). 


Now, in S;, the first two components of (x,y,i), namely (x,y) can be any element from the set 
1,2,3,«<,8-1. 


x and y can be any member from 1,2,3,...,@-1) equal or distinct. 
:. The number of ways of selecting (x, y),x, ye {1,2,3,...,@-1} is @- L*. 
Thus, n(S,) for each iis ( — 1)*,i22. For example n(S,)=1,n(S,)=2? = 4 and so on. 


n+1 n+l 
Now, nt)=n{"o s\}- z n(S;) 


l n+1 n 
and hence, ie )+2( j-2 kK? 


Example 66. Among the integers 1, 2,...., 200 if any 101 integers are chosen, then-show that there are 2 
among the chosen integers, such that one is divisible by other. 
Solution Let each of 101 integers chosen from 1, 2, ..., 200 be factorized in the form m, = 2"). a, for 


1 =1,2, ..., 101, where a; is an odd number and k (i) is a non-negative integers. Each a; is one of the 100 odd 
numbers integers only. Hence by PP1, among the chosen 101 numbers m, at least 2 have equal odd parts. 


Thus, let m, = 2“. a, and m, = 2“). a, with a, =a,. Then if k(t)< k(s) then m, divides m,. 


Example 67. Show that every sequence @,, @,...Ann , Of mn + 1 distinct real numbers contains either an 
increasing subsequence of length m + 1 or decreasing subsequence of lengthn + 1. 


Solution Let x, denote the length of the longest increasing subsequence beginning at a, and let y, be the 


length of longest decreasing subsequence beginning at a;. Consider the mn +1 ordered pairs (\;.¥%} 
1<i<mmn + 1. We will prove that all these mn + 1 ordered pairs are distinct. 
For any distinct integers i, j such that 1</, js mn + 1 we are given that a, #a Since the terms of the 
sequence are distinct. So first let a,<a,. Then it follows that x, >x , Since we can append q, at the 
beginning of every increasing subsequence beginning with a, and obtain a longer subsequence of the 
same type. Similarly, if a, >a, then y, > y, . Hence, if / # j, then (,, y,) and (x yo ¥,)are distinct ordered 
pairs. 
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Now, suppose that stated result is not true. Then for each i, we must have | s x, $ mand 1s y, $n, thus, 
there are only m possible different values of x, and only n possible different value of y,, Hence, by the 
multiplication principle only mn of the mn + | ordered pair (,, y,)can be distinct. Hence, by PP1 at least 
2 of the mn + 1 ordered pairs must be equal, a contradiction. Hence, result is true. 


Example 68. Suppose the numbers 1 to 10 are randomly positioned around a circle. Show that m, of some 
set of 3 consecutive numbers be at least 17. 
Solution Let the number be q,,..., aj. Note that these are the numbers, 2, ..., 10 in some order. Now, 
there are 10 triples consisting of 3 consecutive numbers namely. : 

(a, 1A, a), (a, a,,a, iets ayo. ay ay) 

Note that each a, occurs in exactly 3 triples. Hence, average sum per triple is 
3@ +... + Ao) _ 30+... + 10) 
10 10 


_300)01)/2 _ 165 
10 


Hence, by PP3, the sum of the numbers in at least one triple must be 2 16.5. Hence, that sum must be 
217 since it is an integer. 


Example 69. 13 persons have first names, Bapu, Chandru, Damu and last names Kale, Late, Mate and 
Natu. Show that at least 2 persons have the same first and last names. 

Solution By the multiplication principle, these are 4 x 3 = 12 possible names. Now, regard the 13 persons 
as 13 objects and 12 names as 12 boxes. Then by PP1, it follows that at least 2 objects are in the same box 
ie., at least 2 persons have the same name. 


Example 70. 18 persons have first name Ekta, Ganesh and Hari and last names Patil and Rathi. Show that 
at least 3 persons have the same first and last names. 

Solution By multiplication principle, there are 3 x 2 = 6 names, such as Ekta, Ganesh etc. Now, since 
there are 18 persons and 18= 3 x 6, it follows by PP2 that at least 3 persons have the same first and last 
names. 

Example 71. The members of a class of 27 pupils each go swimming on some of the days from Mon-Fri ina 
certain week. If each pupil goes at least twice, show that there must be 2 pupils, who go swimming on exactly 
the same days. 

Solution The set {Mon, ..., Fri} of 5 days has 


(5) (2}*(3)*(@)-2+ 5 +10+10=26 


subsets each containing 2 or more days. Regard the 27 pupils as objects and these 26 subsets as ‘boxes’. 
Then by PP1, there must be at least one box containing at least 2 pupils i.e., at least 2 pupils must go 


swimming on the same days. 
Example 72. Let A be any set of 20 distinct integers chosen from AP 1, 4, 7, ..., 100. Prove that there must 


be 2 distinct integers in A, whose sum is 104. 
Solution The given AP 1,4...» 100 has nth term 3n - 2 and hence contains 34 terms. Arrange these terms 


in 18 boxes as follows. 
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Note that the sum of the numbers in each of the last 16 boxes is 104. Then by PPI, if 20 numbers are 
taken from these 18 boxes, then at least 2 of the numbers must come from the same box (and that box 
must be one of the last 16 boxes since the first 2 contain only 1 number each) and this sum is 104 as 
required. 


Example 73. Lets = {3,7,11,...,103}. How many elements must we select from S to ensure that there will 
be at least 2 distinct integers among them whose sum is 110. 

Solution The set S contains 26 elements which form an AP. These numbers can be put in following 14 
[3] [55) [7 103] [11 99]--..-.-. {51_59] boxes where the sum of the numbers in each of the last 12 poxes 


is 110. Hence, by PP1 is enough to select 15 elements from S. 


Example 74. if 11 integers are selected from{l, 2, ..., 100}, prove that there are at least 2 say x, y such that 
0<|Vx - Jyl<1. 


Solution Consider the integral part [¢] of the real number ¢. Then t - [t] =f is the fractional part of t and 


0<f <1.Now, since 1 < x < 100, we have 1 < Jx < 10, and so 1<[vx]< 10, thus for elements 1, 2,...,10. Hence, 
if 11 numbers are taken from S, then by PP] at least 2 of them say x, ymust be such that Vx and ,/y have the 
same integral part say i. 


So, if vx =i+ fi and Jy =i+ fy, 
O<f,, f<1, then 0<| x - yyl 
=If -fl<1 


Example 75. Let n be an odd +ve integer. If i, iz, ..., i, is a permutation of 1, 2, ... , n. Prove that 
Q -i,)2 - ip)... (1—-i,) is an even integer. 
Solution Since, n is odd, let n=2m +1, where m is a non-negative integer. Then set S = {1,2,...,n} 


contains m + 1 odd numbers namely 1, 3,...,271 + 1 but only meven numbers, namely 2, 4,..., 2mm. The same 
is true of the permutation i,, iz,...,4, of S. Consider the m + 1 numbers 1 - i, ,3 - i;,...,n- i, which are of the 
form r - i,, where ris odd. Since, i, is even for only mvalues of S, by PP1, one of the m + 1 numbers i, i2, .--» in 
say i, is odd, where tis also odd. Hence, t - i; is even and so the product 


(i -i,): @-i,)... M-i,)is even. 


Example 76. Letn> 3 be arvodd number. Show that there is a number in the set{2' - 1,2? -1,...,2"~! - 1, 
which is divisible by n. 
Solution Consider the n numbers 2°,2’, ...,2"~' since n is odd, none of these numbers is divisible by ” 


and so modulo n, they can leave only n - 1 different remainders 1, 2, ...,m — 1. Hence, by PP1, 2 of them say 
2’ and25,0< s<rsn-1must leave the remainder modulo n, so that n divider 2" — 25 = 25@" ~* — 1) Hence, 


ndivides 2" ~‘ — 1, since nis odd and so nand 2° are coprime. So, the result follows sincel <r —-s<n-]. 


Example 77. Given m integers a, , @3, ..-, Am, Show that there exist integers k, s withO< k< s< m such thal 
Ay.) + Ay, 2 + +--+ Gs is divisible by m. 

Solution Consider the sequence @,, @, + Q», ...,@, + @, + ... + Ay. If anyone of these m sums is divisible 
by m, then we are through. Otherwise suppose that none of them is divisible by mso each leaves a non-zero 


remainder 1, 2,...,0m - 1) Since, there are m sums and (m - 1) possible values of the remainders by the 
pigeonhole principle 2 of the sums leave the same remainder after division by m. So, let 


a, + Ay +...+ ay = by, +r 
and A +A, +...+ A =Cy +7 
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This gives (if k< s) Wey + Aggy tet A,=m (C-b) 
Thus, m divides Bye + Ay z tent Ay 


Example 78. Suppose numbers 1 to 20 are placed in any order around a circle. Show that the sum of some 
3 consecutive numbers must be at least 32. 


Solution Let a,, ..., aj) be the numbers placed around the circle. Since, the mean of the 20 sums of 
3 consecutive numbers namely 


A, + Ay + Gy, A, + A + Ay,..-, jg + Aggy + A, 


Arg + A, + Qa, 
i 1 
1s 39 + Az +... + Agg)] 
_ 320/21) _ 316 
220) 


We see by the alternate form of PP that at least one of the sums must be > 32. 


Example 79. A storekeeper’s list consist of 115 items each marked “available” or “unavailable”. There are 
60 available items. Show that there are at least 2 available items in the list exactly 4 items apart. 


Solution Let the position of the available items be a, , a>,..., Ago. SiNCe Agq < 115, we see that 120 numbers 


@ <2 <...< Ag anda, + 4< a, + 4<... <agq + 4 lie between 1 and 119. Hence, by PP1, 2 of these numbers 
must be equal. But the numbers in the first are all distinct. Similarly, the numbers in the second row are all 
distinct. Hence, the some number in the first row must be equal to a number in the second row Le., for 
some i, j we must have a, =a, + 4, so that a, - a, = 4 as required. 


Example 80. Prove that, ifin.a group of 6 persons, each pair is either of mutual friends or mutual enemies, 
then there are either three mutual friends or 3 mutual enemies. Also, show that the result is not true in case of 
a group of 5 persons. 
Solution Consider a fixed person A of the other five. By PP, there are either 3 who are friends of A or 3 
who are not. In the first case, the 3 friends of A are either mutual enemies or 2 of them are friends and form 
a triplet of friends with A. The other case is similar. 
Now, consider a group of 5 persons and suppose that exactly the following are pairs of friends AB, BC, 
CD, DE, EA. Then it is easy to see that no three are mutual friends or mutual enemies. 


Example 81. Let ;,¥,),1sis5 be set of 5 distinct points with integer coordinates in x-y plane. Show that 
the mid-point of the line joining at least one pair of these points has integer coordinates. 

Solution Since an integer must be either even or odd. Every point (a, b) with integer coordinates must be 
put in one of the 4 pigeonholes (even, even), (even, odd), (odd, even) and (odd, odd). Hence, 2 of the given 5 
points [say A (x,, ¥,)and B(x,, ¥2)] must lie in the same pigeon hole, so that their x coordinate must have 
same parity (i.e., they are either both even or both odd) and their y coordinates must have same Parity. 
Hence, x, + x and y, + ¥2 are even. Thus, (x, + X,)/ 2 and (, + ¥2)/ 2 are both integers coordinates. 


Example 82. Prove that when a rational numbera / b in lowest term is expressed as a decimal, the decimal 
must either terminates or recur. 

Solution Divide 10a by b to get, 10a=x,b + r, O< 7, <b. Next divide 10r by b to get, 107, = x,b+ r, 
Os r, <b. Divide 10r, by b to get 10r, = x3b + 05 7, <b and so on. Then we get a/b =0, x,X;X3... . 
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Now, if the decimal does not terminate, then we must obtain non-zero remainder at each stage. Since, 
there are only b - 1 possible different non-zero remainders. By PP1 some remainder must be repeated 
after at most b steps. Hence, the expansion will recur from this point onwards. 


Example 83. Prove that, if given a set of any 7 distinct integers, there must exist 2 integers in this set, 
whose sum or difference is a multiple of 10. 


Solution Consider the 6 boxes labelled as (0, 0), (1, 9), (2, 8), (3, 7), (4, 6), (5, 5). Let A be the set of 7 
distinct integers. 


We know that every integer is congruent to 0 or 1 or 2 or...or 9 module 10. If integer from A is 
congruent to k or 10 - k module 10, then we shall put that integers in the box lablled (k, 10 — k). Since, 
there are 7 integers and only 6 boxes. By the Pigeonhole principle, at least one box say (k, 10 -k) 
contains 2 integers say x and y. If xand yboth are congruent to kmodulo 10, thenx - y = 0(mod 10). 

f 10 divides x - y 

If x and y both are congruent to 10 - k mod 10 then again x - y = 0 (mod 10) 

“ 10 divides x - y 

If one of x and y is congruent to k and the other is congruent to 10 - k mod 10, then 

x+y=10 (mod 10) 

x+y =0 (mod 10) 

& 10 divides x + y 

Thus, in any case either x — y or x + y is divisible by 10. 


Lé, 


Example 84. Show that any subset of 8 distinct integers between 1 and 14 contains a pair of integers k 
and l, such that either k divides I or | divides k. 


Solution 8 integers are chosen from | to 14. By taking the factor 2 as many times as possible from each 
of these 8 integers, we can write them in the form 2%q; ‘a’ is an odd integer. Possible values of ‘a’ are 1, 3, 5, 
7, 9, 11, 13 which are 7 in numbers. 


Since, there are 8 integers and only 7 values of ‘a’ by Pigeonhole principle, there must be 2 integers k 
and / having same value ‘a’. 


Suppose k = 2a and | = 2°a, ifa<, then k divides l. If B <a, then I divides k. 


Example 85. Given m consecutive integers. Prove that there is one which is divisible by m. 


Solution Consider m consecutive integers k+ 1, k+ 2, k +3, ...., k+ m. Assume that none of these is 
divisible by m. Therefore, after dividing each of them by m, we shall get non-zero remainders 1, 2, 3,..., m- 1 
(not necessary in this order). 


Since, there are m integers and only m - 1 remainders. By Pigeonhole principle, at least 2 integers will 
leave the same remainder. 


Suppose, k + iandk+ j leave the same remainder r. when divided by m, where i < Jj 
’ k+i=xm+r and k+j=ym+r 
subtraction gives j -i=(vy—x)n 

This shows that m divides +ve integer j — i which is itself less than m. 


But this is impossible. Therefore, our assumption must be wrong. Hence, one of k + 1,k + 2,....k+m 
must be divide by m. 


Example 86, The circumference of a wheel is divided into 36 sectors and the numbers 1, 2,... 36 are 


assigned to them in arbitrary manner. Show that there are 3 consecutive sectors such that sum of their 
assigned number is at least 56. 
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Solution Let @, >, ..., As, be arbitrary assignment of numbers 1, 2, 3, ..., 36 to the 36 sectors. 
We group them into the collection of 3 consecutive and find 36 sums as below. 


S, =@, + @_ + @, Sp =, +A +Qy, 


S3 = Gy + Ay + Os... S3q = Ag + A + Ay 
The sum of these 36 numbers is 3 times the sum 1+ 2+ 3+ 4 +...+ 36 because each a; is counted 
3 times. 
; S, + Sz + ...+ Syg =30 + 2+... + 36)= 3(666)= 1998 
Sum of 36 +ve integers is 1998 and = = 55.5 This implies that at least one S; 2 56. Hence, there are 3 


consecutive sectors, the sum of whose assigned numbers is at least 56. 


Example 87. 8 composite integers are chosen from 1 to 360. Prove that the selection includes 2 integers 
which are not relatively prime. 
Solution Consider the first 7 prime numbers 2, 3, 5, 7, 11, 13, 17. The next prime number is 19 
19 x 19 = 361 > 360 from this, we conclude that any composite number from 1- 360 must have one of the 
above 7 prime number as a factor. 
We write 8 composite numbers in the form xp, where p is smallest prime factor of that composite 
number. 


Now, p can take 7 values and there are 8 composite numbers. By Pigeonhole principle, there exist 2 
composite numbers in the selection such that they have p as smallest prime factor. 


GCD of these 2 integers is > p> 2. 
So, they are not relatively prime. 


Example 88. /f 11 distinct integers are chosen from among 1, 2, 3, ..., 20. Show that selection includes at 

least one pair of integers which are relatively prime. 

Solution The selection of 11 distinct integers from 1-20 must contain at least one odd integer. If the 

selection includes 1, 3, 5, 7, 11, 13, 17, 19 then clearly the conclusion holds because these are prime 

numbers. 
So, we assume that above primes are absent in the selection. Hence, the selection must contain either 9 
or 15 or both 9 and 15. If the selection includes 9 but not 15, then remaining 10 integers in the selection 
are all even and 4 is one of them. Now, 4 and 9 are relatively prime and the conclusion holds. Suppose 
the selection includes 15 but not 9. Then as before remaining 10 integers in the selection are all even 
and 4 is one of them. Now, 4 and 15 are relatively prime and conclusion holds. Finally, suppose 
selection includes 9 and 15 both. The remaining 8 integers in selection are all even. The set {2, 4, 6, 8, 
10, 12, 14, 16, 18, 20} contains 5 integers which are multiples of 3 or 5 (factors of 9 and 15). 


-nl2 4 0 4 


They are 6, 12, 18, 10, 20. Hence, 8 even integers required for our selection must contain at least 
3 integers from 2, 4, 8, 14, 16. Each of them is relatively prime with 9 and 15 and the conclusion holds. 


In any case, we see that there is a pair of integers which are relatively prime. 
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Example 89. Given any 5 distinct real numbers. Prove that there are two of them say x and y such that 

O0<&-y)/ (1 +xy). 

Solution Here, we are using the property of tangent functions of trigonometry. 
Given areal number a, we can find a unique real number A lying between ~* /2andn/2ie., lying in the 
real interval (-1 / 2, x / 2)such that tan A = @as the tangent function in the open interval (-n/ 2, n/ 2) 
is continuous and strictly increasing and covers R completely. Therefore, corresponding to the five 
given real numbers q,(i = 1,2,...,5), we can find 5 distinct real numbers a,@=1,2,.- 5), lying between 
-nx/2and x/2 such that tan A; = qj. 
Divide the open interval (x / 2, x/ 2)into 4 equal intervals, each of length x / 4. Now, by Pigeonhole 
principle, at least 2 of the A,'s must lie in one of the 4 intervals. Suppose A, and A, with A, > A, lie in the 
same interval, then 


0<A,-A,<%/4 
so tan 0< tan (A, - A;)< tan n/ 4 
[It is so because tan functions increases in the interval (-x / 2, / 2)) 
tan A,-tan A; _) 


ie., 0< ——_*—_——- 
1+ tan Ax tan A; 


Q< 24 <1 
1+ a,a, 
There are 2 real numbers x = a,, Y = @, such that 


o< Xz 
1+xy 


Example 90. Show that given 12 integers, there exists two of them whose difference is divisible by 11. 


Solution Possible remainders, when any integer is divided by 11 are 0, 1, 2, ..., 10. Treat these 
remainders as ‘holes’ and the 12 integers as pigeons. By PHP, two of them should lie in the same hole, i.e., 
should leave the same remainder, when divided by 11. Hence, their difference is divisible by 11. 


Example 91. Five points are marked at random in a square plate of length 2 units. Show that a pair of 
them are apart by not more than V2 units. 


Solution By taking the mid-points of the edges and joining the points on opposite edge, we get a grid of 
4 units squares. By PHP two of the points lie in one of these grids and the maximum distance between these 
points is /2 units (the length of the diagonal of the unit square). 


Example 92. Prove that any set of 55 integers {x,,..., X55} such that 1< x, <x, <.... <Xs5 = 100, there will 
be some two that differ by 9, some two that differ by 10, a pair that differ by 12 and a pair that differ by 13. 
Solution Consider the sets 
A, = {1,10}, A> = {2, 11},..., Ag = {9, 18 

Ajo = {19, 28, Ay, = {20, 29}, ..., Aig = (27, 36}, 

Ajg = 37, 46}, Azo = 38, 47}, ..., 

Ay = {45,54} Agg = {55, 64}, Ang = (56, 65}, ..., Age = {63, 72}, 

Ag37 = {73, 82}, A3g = {74, 83}, ..., Ags = {81, 90}, 

Agg = (91, 100} 

Agz = {92}, Agg = {93}, Agg = {94} 

Aso = {95}, As; = {96}, As2 = {97} 

As3 = {98, Aq = {99} 
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When 55 numbers are chosen from {1, 2,..-, 100} some two of them come from the same set. Two such 
numbers differ by 9. Thus, any set of 55 numbers will have a pair differing by 9. Proof is similar for 10, 
12 and 13. 


Example 93. A chess player plays at least one game of chess a day, but in order to avoid overstrain he 
plays no more than 12 games a week. Prove that, in period of 77 days, there must be a period of several 
consecutive days during which he plays exactly 20 games. 

Solution Let us suppose that the chess player plays a,, games on Monday, a, game during Monday and 
Tuesday, a, games during the first three days etc...., and finally a,, games during 77 days. 


Consider a), a, ... a7, a, + 20, a, + 20, ..., @z + 20. This is a sequence of 154 numbers, each of which 
does not exceed 11 x 12+ 20=152 (the 77 days, period has 11 weeks and in each week at most 12 
games are played). Consequently, at least two of these numbers are equal to each other. Since a; # a, for 
i, j, we must have k, | such that a, = a, + 20. Thus, a, — a, = 20 and it follows that during k — / days from 
(+ 1th day to the kth day inclusive, the player plays exactly 20 games. 


Example 94. Show that there exist two powers of 1999 whose difference is divisible by 1998. 


Solution Any number, when divided by 1998 leaves one of 0, 1, ... 1997 as remainder. If we consider 
1999", ..., 1999'®® the first 1999 powers of 1999, they all cannot leave distinct remainders when divided by 


1998. Two of them must thus leave the same remainder and their difference is a multiple of 1998. 


Example 95. Let ‘a’ be any irrational number. Show that there exist infinitely many rational numbers 
r=p/q much that ja=ri<,. 
q 


' 

Solution We can assume that a > Olet Qbe a positive integer and consider fractional parts of 0, a, 2a,...Qa 

of the first (Q+ 1) multiples of a. By PHP, two of these must fall into one of Q interval [. I [5 I hes 
Qj12 2 

[25 1 I whereas usual [A, B]= {x : A <x < B}. In other words, there exist integers q, and q, such that 


(where {x} denotes the fractional part of x) 


S S+1 
a), { ae 5. Ja 
{q 92 Q' Q h #92 

since {9,4} = 4,4 - [4,4], {q,a} = q,a -(q,al, 
we get, Naa - bl=1{a), a} ~ tap. ail< = 
where 9 = 4 -42.P =(q,a]-[q, - a] 
: p 1 1 
since 0<|q|< Q, this gives i “Gala 


We have to show that the number of such pair (p, q) is infinite. Assume on the contrary that only for a 


finite number of 7; = a 1=1,2,..., Nwe have|q - |< - - Since, none of the differences a - r, exactly 0, 
i i 


there exist an integer Qsuch that|a — 7|> 7 for alli =1,2,...,N apply our starting arguments to this Q 

and produce r = p/ q, such that|a-r|< a s a Hence, r cannot be one of 7,, i = 1,2,..., N on other 
1 : 

hand|a-rl< za contradicting this assumption that the fractions y,i=1,2,...,.N where all the fraction 


with this property. 
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Example 96. Each of the given 9 lines cuts a given square into two quadrilaterals, whose areas are in the 
ratio 2 : 3. Prove that at least there of these lines pass through the same point. 


Solution Ifa line cuts a square AB(1) into two parts, it must intersect two of its sides (internally); the two 
parts are quadrilaterals only if it intersect a pair of opposite sides. At least five of the nine lines must meet 
the pair AB, CD or else, the pair AD, BC. Suppose that five meet AB, CD, and let PQbe one of them, let E, Fbe 


the mid-points of AD, BC and PQ meets EF at G. The quadrilaterals APQD, PBCQ formed by PQ are 
trapeziums. So, 


D Yc 
E F 
aly B 
1 
pADWAP+ DQ) _» <3 
(ela Maes 
5 BC (PB + QC) 3 3 
but 5 (AP + DQ)= EG and > (PB + QC)= GF 
BG 23 
—— OF — 
Hence, GF 3 - 


If G, and G, are the points dividing EF in the ratio 2 : 3 and 3 : 2, then PQ contain G, or G, of the five lines 
meeting AB, CD, at least there must pass through the same point G or G,. 


Example 97 Given aset of 25 points in the plane such that among any there of them there exist ‘a’ pair at 
the distance less than 1. Prove that there exist a circle of radius \ that contain at least 13 of the given points. 


Solution Let A, A2,.--,A25 be the 25 points. If the circle with centre A, and radius 1 contain 12 more 


points other than Aj, we are done. So, suppose that there are 13 points A, A;,..., A,, outside the circle. 
Then A,A, > 1 and A,A,; > 1 for 3<i<14. So, the given condition, applied to the three points A,, Az--Aj 
implies that AA, <1 for 3<i<14. Hence, the circle with centre A, and the radius 1 contain 13 points 
A,,2sis14 


Example 98. Given 6 points inside a circle of radius 1, some two of the 6 units are with in 1 point of each 
other. 
Solution Let Obe the centre of the circle, Pand Qbe two of the six points inside the circle. If Por Qis the 
same as O, then PQ <1. So let O, P, Q be distinct, we can choose P, Q such that ZPOQ < 60°, let ZPOQ = & 
then by cosine formula, 
PQ? = OP* + OQ? - 20P- OQcose 
< OP? + OQ* - 20P-0Q(./ 2) 
If OQ < OP, then we get 
PQ? < OP? + OQ? - OP-OQ< OP? <1 
Similarly, we can prove OP < OQ. 
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Example 99. Given 14 or more integer from {1, 2,... , 28} there exist four of the given integers which can 
be split into two groups of two numbers each with the same sum. 


Solution Let a,,a;,...,a,,4be 14 numbers in {1,2,...,28, clearly, 1 + 2< a, + a, $27 + 28 fori # j. There 
1 ; ‘ 
are( se = 91 pairs (q@,,a;)and there are only 53 possible values for the sum a, + a;. So, there exist two pairs 


(@,,a;) and (@,,a,) such that a, + a; =a, + ay. If a, = a,, then a, =a, and the pairs are equal. So, a, # 4 
similarly, a, #a,,a, #a, anda, #a |y: The four numbers a;,a,,a,,a, have the desired property. 


Example 100. 4 person takes at least one aspirin a day for 30 days. If he takes 45 aspirin all together. Show 
that in some sequence of consecutive days he takes exactly 14 aspirins. 
Solution Let a, be the number of aspirin taken in the ith day, and let S, =a, +...+ a,, where S, =a). 


Then, 1 < S, < 45 forn = 1, 2,...,30. Consider the numbers Sn»5, + 14for1<n< 30. These 60 numbers must 
belong to {1, 2,..., 59}. So some two of them are equal. Since a, 2 1 for alli, we see that S, #5S,, forn#m. It 
follows that S,, = S,, + 14 for some n> m. Hence, 


An 41 +++ A, =S, — Sy =14 
Example 101. Prove that we can choose a subset of a set of ten given integers, such that, their sum is 
divisible by 10. 


Solution Let a,,a2,..., a9 be 10 integers. Let 5, =a, +...+a,. The 10 numbers S, ...Sjq are either in 


congruent modulo 10, or else, two of them congruent modulo 10. In the first case, some S,, is congruent to 
0, and hence a, +...+ a, is divisible by 10. In the other case, let 5; =S; (mod 10), when i< j. Then, 
G,,, +...+ a; =S; —S, is divisible by 10. 


Example 102. In a group of 7 people, the sum of the age of the members is 332 years. Prove that these 
members can be chosen, so that the sum of their ages is not less than 142 years. 
Solution Let a,,a,,...,a, be the ages. Then 
A, + ...+ A, = 332 
cows x 7 
Suppose that a, + a, + a, < 142 for distinct i, j, k there are 4 such inequalities. Add them. Each a, is 


repeated ( 2 


| times. Thus, we get 


6 7 
(2) + Ay +...+ )<(5) 142, 
that is, 15.332 < 35.142. Since, this is wrong, we must have a + @; + a, 2142 for some distinct i, j, k 


Example 103. Suppose a coin is flipped until 2 heads appear (2 heads need not be consecutive) and then the 
experiment stops. Find a recurrence relation for the number a,, of experiments that end on the nth flip or 
sooner. 


Solution Clearly, a, = 0, a, = 1. Also a, = 3. since the Possibilities are HH, THH, HTH. 


Let n22. Each of the a, experiments starts with T or H. Those which starts with T are obtained by 
adding T at the beginning of the a, _, experiments with at most n — 1 flips. 


Those which start with H are n - 1 in number as these are of the form HTT....TH, where there are r, T; 
and Osrsn-2. 


Hence, A =a,_,+n-1 
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Example 104. Find a recurrence relation for the number a,, of n digit quaternary sequences (i.e., sequence 
with terms 0, 1, 2, or 3) with at least one 1, and the first 1 occurring before the first 0 (possibly no 0's). 


Solution a, =1 since 1 is only possibility. 
Also for n = 2, the possibilities are 10, 11, 12, 13, 21, 31 so that a, = 6. 
Letn22 


Let x =x,X, ...%, be anyone of the a, sequences of required type, then x cannot start with 0 since the 
form 0...1... is not allowed while 1 must appear in x 


So, x, = 1,2 or 3. If x, = 2 or 3, then sequences x, ... x, can be anyone of the 4, _; required sequences. 


Thus, 2a, _,n sequences start with 2 or 3. If x, = 1, then each of x2,X; ... can be 0, 1, 2, 3,. Hence, 
there are 4"~!n sequences starting with 1. Thus, a, = 2a, _, + 4” se 


Example 105. Find a recurrence relation for the number a, :r of ways of selecting r integers from the 
ordered set x = {1,2,..., n}, so that consecutive integers are not selected. 
Solution Forn=r =1, the only possible selection is {1}. 

for n=2,r=1 the only possible selections are {1} and {2}. 

Hence, Q,=1;a,,)=2 

Let s = (ij, ip,.-.,i,) be a selection from x of the required form. Assume that 

1l<i,sip<...<i, sn 

Then, we have 2 mutually exclusive cases. 

ji, en (iii, =n 

In case (i), s is a selection of required form and contains r numbers from x — {n}. 

So, there are a, _,, 1 selections of this type. In case (ii) the element i, in s has already been chosen to 


be n. 
So, to obtain s, we only have to choose the selection ¢ = (i,,..., i, _;) of required type from 


x — {n-1, nh. 
Hence, there are a, _ >, % - Selections of this type. Therefore, we get. 


Gq = Aq 1 + An_pF-1 


Example 106. For every real number x, , construct the sequence x, ,X2,... by setting x, , ; = Xn (x + 1) for 
eachn2 1. Prove that there exists exactly one value of x, for which 0< x, <X, ,, <1 for every n. 


Solution Let R&«)=x 
P, « 00) = Py | Py )+ 5 |forn=1,2 i 


from this recursive definition, we see inductively that 
(i) P, is a polynomial of degree guck 
(ii) P, has positive coefficients is therefore an increasing convex function for x > 0. 
(iii) P, (0) = 0, P, @)21 
(iv) By &,) = Xn 
Since the condition x, , ; > Xn is equivalent to x, >1- x, we can reformulate the problem as follows 
show that there is unique positive real number t such that. 
1 -i< P,(t)<1 for every n. 
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pote fn is continuous and increases from 0 to a value of 1 for 0< x < 1, there is unique values a,, and b,, 
such that 


Oy < bq» Py) =1~ =, Py y)= 1 ii) 
maa note H (tbe S)} 
Py 1 @q -1)=1- —— 
We see that @& <a: 2) .--(ili) 
Also since Py i @y)= 1+ —and Py ,,®y.)=1 
Ba > Pye .--(iv) 


Since P, is convex, the graph of P, (x) lies below the chord y = - x for 0<x<h, 


n 


In particular RG jaio te 
n n 
from this and the fact that b, <1, 
we find that b, - 22 <a, 
n 


Thus, we have 2 infinite bounded sequences {a,}, {b,} the first is increasing the second decreasing; 
a, <b, and the difference between their nth members approaches 0 as n increases. We conclude that 


there is a unique common value t that they approach 
a,<t<b, Vn 
Number uniquely satisfies 
1-2<R@<1vn 


Example 107. Let PR, P,,.--.%, be distinct 2 element of the set of elements {a,,a>,...,a,} such that if 
ROP, #4, then {a;,a,} is one of the P’s. Prove that each of a’s appear in exactly two of the P’s. 


Solution Denote by m, the number of P’ s containing a yj J =1,2,...,m, since each pair consists of two 


distinct elements. 
m, +m, +...+m, =2n i) 


, 4 _ (m 
The number of pairs {f, P;} both containing a, is ( 2}: Now consider the one to one mapping: 


(B,P))o@,a ) By hypothesis (a,, a,)is a pair p,, if and only if PR ~ P,  @ Since there are only n pairs 
P,,..., P,, it follows that 


m 1 
2("ot}=$ emg -Em,)< ii) 
2 
By the Power mean or Cauch inequality. 
(im, snt m 


Using Eqs. (i) and (ii) we conclude that 
ns 5 Gmi-Zm,)sn Aili) 
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Thus, equality must hold in the power mean inequality. But this occurs if and only if all the m, are equal. 
By Eq. (i), m, =m, =...=m, =2 


Example 108. Three distinct vertices are chosen at random from the vertices of a given regular polygon 
of Qn+ 1) sides. If all such choices are equally likely. What is the probability that the center of the given 
polygon lies in the interior of the A determined by 3 chosen random points? 


Solution Let the vertices in order be Vo. Vis-+- Von» We can assume that the first vertex chosen is fixed at 


Vo. Then, the number of ways of picking 2 more vertices is (2) Now, if one of the remaining 2 random 


vertices is V,, 1 <k<n, there will k As possible that contain the centre. If say k = 3, then the only possible 
triangles with vertices ¥),\4 which. Contain the centre are YY, 1.04. 2 and YKV, , 3. Thus, the 
number of favourable cases is 

2, k=nn+1)/2 


Finally the desired probability is 


Example 109. There are n people at a party. Prove that, there are 2 people such that of the remaining n-2 
people there are at least (n/ 2)- 1 of them, each of whom knows both or else knows neither of two. Assume 
that knowing is a symmetrical relation |x] denotes the greatest integer less than or equal x. 

Solution Given 2 people at the party, we describe a third person as “mixed” w.r.t. that pair, if that person 
knows exactly one of the 2. Thus a person, who know exactly k people at the party is mixed with respect to 
k(n- 1- k)pairs. By AM-GM inequality, each person is mixed w.r.t. at most (n- 1)? / 4 pairs. Thus, there are 
at most 


nn-1) _n-1(n 
4 2 42 


person mixed pair combinations and so for at least one of the ie pairs at most [(1 - 1)/ 2]of remaining 


people are mixed. For this pair there are at least 


n-2-[Rat|_ my 
2 2 


other who knows either both or neither of two. 


Example 110. (i) Suppose that each square of a 4 x7 chessboard is coloured either black or white. Prove 
that, with any such colouring, the, board must contain a rectangle, whose 4 distinct unit corner squares are 
all of same colour. 

(ii) Exhibit a black white colouring of a4 x 6 board in which 4 corner squares of every rectangle are not all of 
same colour. 
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Solution (i) The stated result is even valid for a 3 x 7 board. We call any column (consisting of 3 unit 
squares) black, if it has more black unit squares than white ones otherwise we call it white. Since there are 7 
colours, at least 4 of theam are of the same kind, say black. We now show that there is a rectangle, whose 
vertices are these 4 black columns and whose corner squares are all black. We can even assume that each of 
these 4 black column has one white unit square, since the white square can be in one of only 3 positions it 
follows that 2 of these 4 columns are identically coloured giving desired result. 


(ii) For the 4x 6 chessboard there are (2}-° different arrangements of two B’s and two W’s in a 


column. One such coluring is given in the figure below, it contains no rectangle with identically colourd 
corner squares 


Example 111.9 mathematicians meet at an international conference and discover that among any 3 of 
them at least two speak a common language. If each of the mathematician can speak at most 3 language, 
prove that there are at least 3 of the mathematician who can speak the same language. 


Solution We assume that at most 2 mathematician speak a common language. Each mathematician can 
speak to at most 3 others, one for each language he or she knows. Suppose mathematician M, can only 
speak with M>,M, and M,. Now M, can speak with at most 3 of M,, M, and M, or at most 3 of M,, M;, Mg. 
This leaves one of the last 4 who cannot speak with M, or M, giving desired contradiction. 


Example 112. In a party with 1982 persons, among any group of 4, there is at last one person, who knows 
each of other 3. What is the minimum number of people in the party, who know everyone else? 


Solution 


Case! We assume ‘Knowing’ is not a symmetrical relation i.e., A may know Bbut B does not know A. 
For this case no one need know everyone else. Just consider all the people arranged in a circle such that 
each person knows everyone else except the person next to him clockwise. 

Case Il We assume ‘Knowing’ is a symmetrical relation. 

Let {P,, P,} be a pair who do not know each other. Then if {R,, P,} is a pair disjoint from the first pair, B, 
and P, must know each other, since one of F, P,, R,, P, knows the other 3 by hypothesis. So if there is a 
third person PB, who does not know everyone, it must be F or P, he (she) does not know. If there were a 
fourth person P, who did not know everyone, it would again be A or P, he (she) did not know, but then 
{R,, P,, R,, P,} would violate hypothesis. Thus all except at most 3 people must know everyone else. 


Example 113. Find the number of permutations (p,,..., pg) of 1, 2, 3, 4, 5, 6 such that for anyk,1<ks5, 


©), P2,...,p,) is not a permutation of (1, 2, ...,k) ie., p, #1. (,, p,)is not a permutation Of (1, 2), (@,, Po, p,) is 
not a permutation of (1, 2, 3) etc. 


Solution For each positive integer k, 1 < k< 5. Let N, denote the number of permutations (y,... pg) such 


that p, #1, (%,P2) is not a permutation (1, 2), ..., (@,...,p) is not a permutation of (1, 2, ...,5). We are 
required to find Ns. 


Since out of the 6! permutations of (1, 2,..., 6) there are 5! permutations having 1 in the first place. We 
have to find the number of permutations left after removing from the set of all permutations of 
(1, 2, ..., 6) the one that begins with 1. 
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Now N, = 6!-5! = 600. To get N, we now remove those permutations in which (), , p2)is a permutation 
of (1, 2). Since all permutations of the type (1, 2, p;,..-,P¢) have already been removed. We have to 
further remove permutations of type @, 1, p ,..., Ps} The number of such permutation being 4!. 

We get N, = 600 - 4!=576. 

To get N;, we have to subtract from N, the no. of those permutation (Y ,..-,P¢)in which (2p) is a 
permutation of (1, 2, 3) and which have not already been removed. Since all permutations of the form 
(1, P2,---, Ps) and @,1,p,,...,p_) have already been removed, we have to count the number of 
permutations of the form (2, 3, 1, py,..-, 6) (3,1, 2, Pq. Ps» Pe) and (3, 2, 1, Pq» Ps» pg) The number of all 
such permutation is 3 x G!)ie., 18 

N, =576 - 18=558 

To get Ny, we have to remove those permutations (%, , P2 ,---, Pg) in Which (), ..., P4)is a permutation of 
(1, 2, 3, 4) and which have not already been removed ie., permutations of the type (1, Pos--g)s (2, 1, 
Pyy.-Dg) 2,3, 1, Pq s-++1Pg)B, 1; 2; Pg s-++»Pg)and GB, 2, 1, Py »---)%g) This means that we have to remove all 
permutations of type (4, P2,...,Pg)s (2, 4, Pys---s Pg) (3s 4s Py v---1 Dg) (2s 3, 44 Dg 1-2-1 Pg) (3, 25 45 Pg s---1 Pg) in 
which the first 4 elements are a permutation of (1, ..., 4). There are G!+2!+2!+1+ 1) x2=24 
permutations in all to be removed. N, =558-24=534. To get N,, we have to further remove 
permutations (y, ,...,) in which (,...,p) is a permutation of (1,...,5) and which have not been 
removed. There are 24(4!) such permutations for which p, = 5, 18 with p, = 5,16 with p, =5 and 13 with 
P, =5 so that in all there are 71 such permutations. 


Thus, N, = 534 — 71 = 463, which is desired number of permutations. 


Example 114. Ina list of 200 number, everyone (except the end ones) is equal to the sum of the two adjacent 


number in the list. The sum of all the numbers is equal to the sum of the first 100 of them. Find that sum if the 
35th number in the list in 6. 


Solution -- Q,=& +0, +. Q,=a,-A 
Q3=@,+Q, -. Ay =Q,-A,=-a 
a, =@,+05 -. As =A, — A; =—A, 
a; = 43+ Ag -. Ag =a5—- a, =—- a; =A — A, 


Also, Q@, + @,+@,+Q,+a,+ag=0 
Again, since An = Any + Any) 
Qn 41 = An — Aq, = —-Aq_2 Vn>2. 
Also, Qn41 =-An-2 = C1 a,-s =a,_, Wn>5. 


This shows that @, = @, Ag = @7,4y = @3, Qj = A, 
a, = 45,@,>, =@, ie., in the list the first 6 elements are repeated so that the list is 
Qy 1A, Az — Ay Ay Az, A, — Ay, A, Ay... 
Clearly a; = a; = a2, since a; = -6. 
Therefore it follows that a, = 6. 
Also, the sum of the first hundred elements (5,99 Say) is equal to the sum of all the elements in the 
list. 
o Ayo, + Ag +..-...+Aog9 = 0. 
Since, the sum of the first 6 elements is zero. 
o Ops, + Ay, +...+4,,6 =0 k=0,1, 2,... 
This shows that Ayo3 + Aiog + -.-+ Aygg = 0. 


Also, since yor = 95, A192 = AG Figg = 41 F209 = Az 


% a +a,+a,+a,=0 
So that a, + @, + (-a,)+ (a, -a,)=0 
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ie., 2a, = 6 
which gives a, = 3. 
S200 = Siog = 4 +++» + Aoo 
= Ag7 + Agg + Agg + Ajo 
=A, +@,+Q,+a, 
=2a,-a,>9 
Sum ofall the numbers in the list is 9. 


Example 115.4 2x 2x12 hole in a wall is to be filled with twenty four 1 x 2x2 bricks. In how many 
different ways can this be done, if the bricks are in distinguishable? 


Solution Let 7,, be the number of ways of filling up a2 x 2 xn holes with 1 x 1 x 2 bricks. We obtain a 


recursion relation for T,, by expressing in terms of the numbers of ways of filling smaller holes. Assume 
that, the long axis of hole is vertical. The other two edge directions will be called to the right and forward. 


First, we count the number of ways of filling up the hole, if the bottom layer consist of two bricks lying 
on their sides. They can lie in two ways, with their long axes in the left - right or backward - forward 
position the number of these packings is 27, _,. 

Next consider the packing, in which some of the bricks of the bottom layer stick out, but the bricks in 
layer 1 and 2 fill this sub-box with nothing sticking out. There are 5 such packings; one in which all four 
bricks are vertical, one in which the two bricks in front are vertical and the two in the back are 
horizontal and the three more packings of this sort in which the two standjng bricks are on the left in 
the back, and on the right, this gives 57,,_, more packings. 

Next let K be an integer, 2< K<n. We count the number of ways to fill one hole in such a manner that 
the lowest bottom sub - hole which is completely filled with nothing sticking out has K layers. The 
bottom layer of such a packing must consist of two vertical and one horizontal bricks. There is no 
further choice until we get above the Kth-layer: the two empty spaces in each layer must be filled with 
the two, vertical bricks until we reach layer K, when the two spaces must be filled with a horizontal brick 
thus for all, the values of K in the given range, there are 4 ways of filling the K lowest layers. Since for 
every packing there is one and only one value of K which satisfies the above conditions we get 


T, = 27,1 + STy_2 + 4T_2 +... + 4T) ---(i) 
Here, we set 
Ty = 1 (Also) 
Ty = 27-2 + ST, _3 + 47,4 + ...+ 4T, ...(ii) 


Combining Eqs. (i) and (ii), we get 
T, = 37, + 3T,_» - Tacs Adi) 

The characteristic equation of the latter recurrence relation is x? — 3x2 — 3x +1=0 
its roots are -1,2+ /3,2—~3. Thus, T, has the form . 

T, =GCl1)!' + G@+ v3y' + Ge-3y. 
Since the initial values are Ty = 1, T, =2 and 

T,=9 

T, = EI, G+ V5F*! + 2-v3yt! 

3 6 ad a 


In particular, 
Ti =1/3+ 2+ V3) + Q@- yay 
the nearest integer to 2 + V3)? = 4,541,161 
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Example 116. 29th Feb of year 2000 will fall on a Tuesday show that after this date 29th Feb will fall on 
Tuesdays thrice in the whole next century. What are the 3 years when this will happen? 


Solution 365 = 1 (Mod 7). 


Therefore, 28th Feb (the last day Feb) of 2001 will be a Wednesday (the day next to Tuesday). Let us 
agree to express this by saying that there is an excess of one day in any ordinary year. With this 
terminology. There will be an excess of two days ina leap year the next leap year after year 2000 will be 
year 2004, there will be 1+1+1+2 ie, 5 excess days upto 29th Feb 2004. 

The day of the week of 29 th February will be Tuesday, when the number of excess day is an exact 
multiple of 7. Therefore our problem is to find those positive integer K for which the number of excess 
days in 4K years after the year 2000 is an exact multiple of 7 and which 4K < 100. The number of excess 
days in 4K years is 5K. This is a multiple of 7 when K =7, 14, 21, ...ie., 

in 4x 7,4x14, 4x 21,...years, after the year 2000. Since, only 3 of these numbers are less then 2000, 
therefore in 21st century, there are only 3 years namely 2028 2056 and 2084 in which 29th Feb is a 
Tuesday. 


Example 117.The number 3 can be written as a sum of positive integers in 4 ways viz., 
3,2 + 1,1,1+ 2,1 + 1+ 1. Show that any positive integer n can be so expressed in2""! ways. 


Solution Consider the sum 
141+14+1+...4+1 


There being n terms in all. We can break this sum into one or more parts (n parts at the most) by either 
putting or not putting parenthesis after the n - 1 ‘+’ signs. This can be done in 2” “ways. 


Example 118. The 64 squares of an 8 x 8 chess board are filled with positive integers in such a ways that 
each integer is the average of the integers on the neighbouring squares. Show that all the 64 integer entries 
are in fact equal. 


Solution Choose the square (call it A) which is filled with the smallest of all the positive integers (call it K, 
say) filled in the 64 squares..Consider all its neighbours. If any one of them is filled with a positive integer 
greater than K, then the average of all the integers in the squares occupying the neighbouring positions will 
be greater than K. This is a contradiction. Hence, all the neighbouring squares are filled with the same 
integer K. 
Let us apply this procedure to all the squares in the row in which A lies, first beginning with the squares 
immediately preceding A (if A is not in first column) and reaching the first column and then starting 
with the square immediately to the right of A (if A is not in last column) reaching the last column. By 
this process, we find that all the squares in the row to which A belongs and the row immediately above 
and immediately below are filled with K. We now apply this procedure to all the elements in the row 
above A (if there be one such row) and then to the row below A (if there be one such row). We find that 
all the rows can be exhausted in a finite number of steps and that all the 64 squares are first with the 
same positive integer K. 


Hence, all 64 integers entries are equal. 


Let us Fractice 


Let us Practice 


Level 1 


1. 


10. 


11. 


12, 


13. 


How many numbers of 4 digits can be formed 


with the digits 1,2,3,4,5, no digits being 
repeated. 


- How many numbers each lying between 100 


and 1000 can be formed with the digits 
2,3,4,0, 8,9, no digit being repeated ? 


- How many numbers, of 9 digit numbers, 


which have all different digits ? 


. Find the sum of all the 4 digits numbers that 


can be formed with the digits 0,2,3 and S. 


- There are 20 books, of which 4 are single 


volume and the other are books of 8, 5 and 3 
volumes respettively. In how many ways can 
all these books be arranged on a shelf, so that 
volumes of the same book are not separated? 


. A library has 5 copies of one book, 4 copies 


each of 2 books, 6 copies each of 3 books and 
single copies each of 8 books. In how many 
ways, can all the books be arranged, so that 
copies of the same books are always together? 


. 6 papers are set in an examination, 2 of them 


in Mathematics. In how many different orders 
can the papers be given, if two Mathr matics 
Papers are not successive ? 


. In how many ways 18 white and 19 black be 


arranged so that all the 18 white balls are not 
be together. It is given that balls of same 
colour are identical. 


. In a class of 10 students, there are 3 girls, in 


how many ways can they be arranged in a row 
such that no two of the three girls are 
consecutive ? 

In how many ways, the letter of the word 
‘DIRECTON’ be arranged, so that their vowels 
are never together ? 

How many words can be formed with the 
letter of the word ‘VICE-CHANCELLOR’ so that 
the vowels are together ? 

Find the number of different permutations of 
the letters of the word ‘BANANA’. 

How many number of arrangements of the 
letters of the word ‘BENEVOLENT’ How many 
of them end in L? 


14. 


16. 


20. 


21. 


22. 


23. 


The letters of the word ‘OUGHT’ are written in 
all possible orders and these words are 
written out as in a dictionary. Find the rank of 
the word ‘TOUGH’ in this dictionary. 


. In how many ways, 5 boys and 4 girls can be 


seated at a round table in the following case 
(i) when there is no restriction. 

(ii) all the 4 girls sit together. 

(iii) all the 4 girls don’t sit together. 

(iv) no two girsl sit together. 

A man has 8 children to take them to a zoo. 
He takes three of them at a time to the zoo as 
often as he can without taking the same 3 
children together more than once. How many 
times will he have to go to zoo? How many 
times a particular child will go ? 


. Out of 7 men and 4 ladies a committee of 5 is 


to be found . In how many ways can this be 
done so as to include at least 3 ladies ? 


. In an examination the question Paper contain 


three different sections A, B and C containing 
4, 5 and 6 questions respectively. In how 
many ways, a candidate can make a selection 
of 7 questions selecting at’ least two question 
from each selection ? 


. From 8 gentlemen and 4 ladies, a committee 


of 5 is to be formed. In how many way can this 
be done so as to include at least one lady ? 


In an election for 3 seats there are 6 
candidates. A voter can not vote for more 
than 3 candidates . In how many ways can he 
vote ? 


In an election, number of candidate exceeds 
the number to be elected by 2. A man can vote 
in 56 ways. Find the number of candidates. 


At an election a voter can vote for any number 
of candidates not greater than the number to 
be chosen. There are 10 candidates and 5 
members are to be chosen. Find the numbers 
of ways in which a voter may vote. 


A bag contain 5 red, 4 green and 3 blue balls 


of the same are supposed to be distinct (not 
alike). In how many ways 
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24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


(i) some balls can be drawn from the bag ? 
(ii) some balls containing at least one red and 
one green ball can be drawn ? 
Find the number of selection of at least one 
red ball from 4 red and 3 green balls, if the 
balls of the same are different. 
There are 3 books of Mathematics, 4 of Science 
and 5 of Literature. How many different 
collections can be made, such that each 
collection consist 
(i) one book of each subject 
(ii) at least one book of each subject 
(iii) at least one book of Literature 
All the 7-digit numbers containing each of the 
digits 1, 2, 3, 4,5, 6,7 exactly once and not 
divisible by 5, are arranged in the increasing 
order. Find the 2000th number in this list. 
(RMO 2000) 
Find the number of positive integers x which 
Sati: the condition |-* |= Fea Here, [z 
ay ‘ EE jor) I 
denotes, for any real z, the largest integer not 
exceeding z; e.g., [7/4] = 1.) (RMO 2001) 
In rn is an integer greater than 7, prove that 


(7) - [3] is divisible by 7. 
[Here, (7) denotes the number of ways of 


choosing 7 objects from among n objects; also, 
for any real number x, [x] denotes the greatest 
integer not exceeding x. ] (RMO 2003) 
Find the number of ordered triples (x,y, z) of 
non-negative integers satisfying the 
conditions: 

(i) xsysz; (ii)x+y+2Z2<100. (RMO 2003) 
Prove that the number of triples (A, B,C) 
where, A,B,C are subsets of {1,2,...,7 such 
that ANBOC=$,ANB#9,BNC#0 is 
7” -2-67 +5", (RMO 2004) 
Determine all triples @,b,c) of positive 
integers such that a< b<c and 
a+b+c+ab+bc+ca=abc + 1. (RMO 2005) 


Level 2 


1. 


ie: a ae 
— a — — + —_ 
Teese ait ara Bel * FIs Oli: 


be written in the form x , where a and b are 


positive integers. Find the ordered pair (a, b). 
(Note The! marks are “factorial” symbols.) 


an 
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32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


Find the number of all 5-digit numbers (in 
base 10) each of which contains the block 15 
and is divisible by 15. (e.g., 31545, 34155 are 
two such numbers.) (RMO 2005) 


How many 6-digit numbers are there such 
that: 
(a) the digits of each number are all from the 
set {1, 2, 3, 4, 5} 
(b) any digit that appears in the number 
appears at least twice? 
(e.g., 225252 is an admissible number, 
while 222133 is not.) (RMO 2007) 
Three non-zero real numbers a, b,c are said 
to be in harmonic progression, if - + * = <. 
Find all three-term harmonic progressions 
a,b,c of strictly increasing positive integers 
in which a = 20 and b divides c. (RMO 2008) 
Find the number of all integer-sided isosceles 
obtuse angled triangles with perimeter 2008. 
(RMO 2008) 
Find the number of all 6-digit natural 
numbers such that the sum of their digits is 
10 and each of the digits 0, 1, 2, 3 occurs at 
least once in them. (RMO 2008) 
Find the sum of all 3-digit natural numbers 
which contain at least one odd digit and at 
least one even digit. (RMO 2009) 


For each integer n>1, d = ah 
g efine a, inl 
where [x] denotes the largest integer not 
exceeding x, for any real number x. Find the 
number of all nin the set {1, 2, 3, ..., 2010} for 
which a, > a, , :. (RMO 2010) 
Find three distinct positive integers with the 
least possible sum such that the sum of the 
reciprocals of any two integers among them 
is an integral, multiple of the reciprocal of the 
third integer. (RMO 2010) 


Find the number of 4-digit numbers (in base 
10) having non-zero digits and which are 
divisible by 4 but not by 8. (RMO 2010) 


. There are 1994 employees in the office. Each 


of them knows 1600 others of them. Prove 
that we can find 6 employees, each of them 
knowing all 5 others. 


Combinatorics 


3. Find 


the number of permutations 
(PD, Pas----» Pg) Of 1, 2,....,6 such that for any k, 
l<ks 5, (Pj, Pos--+-,P,) does not form a 
permutation of 1, 2,...,k 


ie., P, #1 (p,,p2) is not a permutation of 1, 2 
etc. 


. For non-negative integers n,r the binomial 


coefficient denotes the number of 


combinations of n objects chosen r at a time, 
with the convention that (°) =land (”) = 0, 
r 


if n<r. Prove the identity 
Sl Jamel ie for all integers n,r 
ald d-1) \r iil 
with ]<r<n. 


. Show that, where k+ n<m, 


Ee )-(nea) 


. An “society” is a group of ngirls and mboys. 


Show that there exist numbers ny and my such 
that every np - My society contains a subgroup 
of 5 boys and 5 girls in which all of the boys 
know all of the girls or none of the boys knows 
none of the girls. 


. (a) Find the three-digit numbers equal to the 


sums of the factorials of their digits. 
(b) Find all whole numbers equal to the sums 
of the squares of their digits. 


. Suppose the n? numbers 1, 2, 3.,..., n? are 


arranged to form an n by n array consisting of 
nrows and n columns such that the numbers 
in each row (from left to right) and each 


* column (from top to bottom) are in increasing 


10. 


order. Denote by aj the number in jth row 
and kth column. Suppose b, is the maximum 
possible number of entries that can occur as 
ay,1s jsn 
Prove that b, + b, + by +... +b, 

< zo -3n +5). 


(Example In the case n = 3, the only numbers 
which can occur aS @», are 4, 5 or 6 so that 
b, =3) (INMO 2002) 


. Do there exist 100 lines in the plane, no three 


of them concurrent, such that they intersect 
exactly in 2002 points? (INMO 2002) 
Find all 7-digit numbers formed by using only 
the digits 5 and 7 and divisible by both 5 and 7. 

(INMO 2003) 


Solutions 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 
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In a lottery, tickets are given nine-digit 
numbers using only the digits 1, 2, 3. They 
are also coloured red, blue or green in such a 
way that two tickets whose numbers differ in 
all the nine places get different colours. 
Suppose the ticket bearing the number 
122222222 is red and that bearing the 
number 222222222 is green. Determine, with 
proof, the colour of the ticket bearing the 
number 123123123. (INMO 2003) 
Prove that the number of 5-tuples of positive 
integers (a, b, c,d, e) satisfying the equation 

abcde = S(bcde + acde + abde + abce + abcd) 

is an odd integer. (INMO 2004) 
All possible 6-digit numbers, in each of which 
the digits occur in non-increasing order (from 
left to right e.g., 877550) are written as a 
sequence in increasing order. Find the 
2005th number in this sequence. (INMO 2005) 
Some 46 squared are randomly chosen from 
a 9x9 chess board and are coloured red. 
Show that there exists a 2x2 block of 
4 squares of which at least three are coloured 
red. (INMO 2006) 
Let o = @,@),@;,...,a,) be a permutation of 
(1, 2, 3,....). A pair @,a;) is said to 
correspond to an inversion of o, if i< j but 
a, >aj;.(Example In the permutation (2, 4, 5, 
3, 1), there are 6 inversions corresponding to 
the pairs (2, 1), (4, 3), (4, 1), (5, 3), (5, 1), (3, ). 
How many permutations of (1, 2, 3....,7), 
(n2 3), have exactly two inversiong—&NMO 2007) 
How many 6-tuples (@,,€2,03,44,@5,a,) are 
there such that each of a), @,@;,@4,@s,@, is 
from the set {1, 2, 3, 4} and the six 
expressions aj -ajaj,, + a3,, for j = 1, 2, 3, 
4, 5, 6 (where a, is to be taken as a,) are all 
equal to one another? (INMO 2010) 
All the points in the plane are coloured using 
three colours. Prove that there exists a 
triangle with vertices having the same colour 
such that either it is isosceles or its angles are 
in geometric progression. (INMO 2010) 
Suppose five of the nine vertices of a regular 
nine-sided polygon are arbitrarily chosen. 
Show that one can select four among these 
five such that they are the vertices of a 
trapezium. (INMO 2011) 


Level 1 


EE ITED LEELA LALA, 


Solutions 


ae al 


1. Number of digits, n=5 


Number of places to be filled, r = 4. 


Number of numbers of 4 digits out of the 5 
digits (1,2,3,4,5) = Number of permutations of 
5 things taken 4 at a time. 


=p = 5! = 9! 4.9.3.4.5 
6-2 i 


=120 


. Number of different digits, n=6. Since 
number lying between 100 and 1000 are of 3 
digits. 
Total number of numbers of 3 digits formed 
with the digits 2,3,4,0,8,9, is 

(pet Sao i) 


But of these 120 numbers, there are some 
numbers which begin with (zero) and which 
are not our purpose. 

Now for the numbers beginning with zero 
number of digits remain to be used is 
(2,3,4,8,9) =5 =n and number of places 
remain to be filled up, r = 2. 

Hence, number of numbers of 3 digits 


beginning with 0 (zero) 
S!_sSte20 i 


Required number of numbers between 100 
and 1000 formed with the digits 2,3,4,0,8,9 = 
number of numbers of 3 digits formed with 
the digits 2,3,4,0,8,9 

= 120-20=100 


. Since no digits are given, so that we consider 
al] the digits 0,1,2,3,4,5,6,7,8,9. 

Number of digit, n = 10 

For the numbers of digits, number of places to 
be filled up, r = 9. 

Number of numbers of 9 digits formed with 
the digits 0,1,2,3,4,5,6,7,8,9, is '° Py. 


But in the '°R numbers, there are some 
numbers which begin with 0. 

For the number of numbers beginning with 
zero number of places to be filled up =r =8& 
Number of digit remain to be utilised = n = 9. 
Number of number of 9 digits beginning with 
0= °%. 


Number of numbers of 9 digits 


_10p _ 9 _10! 9! 
ae, ea ie 
=10-9!-9!=(0-1)9! 
=9-9! 


. Keeping 0 at unit (or tens or hundreds) place 


number of places to be filled up =r=3. 
Number of digits remain to be utilised = n = 3. 
Hence, number of numbers of 4 digits formed 
with the digits 0,2,3 and 5 in which 0 may 


comes at unit place is *B = = =6 


ie., 0 may come at unit or tens or hundreds 
place in 6 number of times. 


Also keeping 2 (3 or 5) at unit (or tens or 
hundred) place. Number of places to be filled 
up=r=3. 
Number of digits remain (0,3,5) to be utilised 
of 4 digits = n =3. 
Hence number of numbers of 4 digits, such 
that 2 comes at unit place = *7. But out of 
these *2, numbers there are some number, 
which begin with zero. To find the number of 
these numbers keeping 0, at thousand place, 
2 at unit place then number of places to be 
filled up = r = 2. 
Number of digits remain to be utilised 
=n=2, 
Numbers of numbers of 4 digits beginning 
with zero and ending with 2 is 
i we a dtad, 
~ oO! 


Combinatorics 


Number of numbers such that 2(3 or 5) comes 
at unit place = *B ~2=6-2=4. 

Hence, number of numbers, such that 2(3 or 5) 
comes at unit place = 4. i.e, 2 (3 or 5) may 
comes at unit place in 4 number of times, 2 (3 
or 5) may come at 10's place in 4 number of 
times 2 (3 or 5) may come at hundred place in 
4 number of times. Number of digits remain 
to be filled up, r = 3. Number of digits remain 
to be utilised n = 3. Number of numbers of 4 


digits such that 2(3 or 5) comes at 1000 place 
= B = 6. 


ie., 2(3 or S) may come at 1000 place 6 
number of times. 
6 number of times. 
Sum of digits at unit place 
=[0x 6+ @+3+5)x4]xl 
Sum of digits at tens place 
=[0x6+@+3+45)x4]x10 
Sum of digits at hundred place 
=(0x 6+ 2+3+5)x 4]x100 
Sum of digits at thousand place 


=(0x 6+ 2@+3+5)x 4]x 1000 


Hence, sum of all number of 4 digits formed 
with digits 0,2,3,5 is 44440. 


. Let A, B, C, D be 4 books, each of single 
volume. Let the books £, F and G have 
volumes 

(E, ..- Eg), ( --- &), G ... G) respectively 
Number of place to be filled up = 7 

Number of books = n = 7. 


Number of arrangement of these books is 
7p —_/!_7 
Raa 
Also the 8 volumes (EF, ,..., Eg)of book Ecan be 
arranged among themselves in 8! ways, 5 
volumes (F,,..., &) of book, F can be arranged 
in 5! ways and 3 volumes G,,..., G,)of book G 
can be arranged among themselves in 3! ways. 


Total number of arrangements = 7!8!5!3!. 


. Let (A,,..., 45) be 5 copies of one book A, 
(B,,..., By) and (C,,...,C,) be 4 copies each of 2 
books B and C. Let (D,,.... Dg), (E\,..-, Eg)s 
(F,,...,%) be 6 copies each of 3 books, D, 
E,...,N be the single copies of 8 other books. 
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Total number of books = 14. 

Now, for arrangements of these books 
number of places to be filled up =r = 14. 
Number of books = n = 14. 

Arrangements of these 14 books is 14! 

Now for arrangements of (A,,..., A,;) 5 copies 


of the book A among themselves, we see that 
number of places to be filled up =r =5 


Number of things = n=5. 
But all the copies of the same book are 


identical. Hence, number of arrangement of 5 
copies of the book A is 

RS! 4 

5! oS! 
Number of arrangements of the copies of the 
book B =~ of book C= a of books D=© of 


book E = ©! of book F = 8!, 
6! 6! 


Total number of arrangements of all the 14 
books is 


S! . 4! 4! 6! 6! 6! 
i ead — X— X—xX—x— = 
= a Be ei os 14!4+1. 


- Let A, P;,R,P,,R" and P” be 6 papers, 


where R” and. Pe" are 2 papers of Maths. 


Number of arrangements of the 4 Papers on 
which there is no restriction in a line is 


‘P, =4! (n=4;r=4) 


Two Mathematics papers on these 5 places 
can be arranged in °P, ways. 


Number of arrangements of the 6 papers, if 2 
Mathematics papers are not successive is 


4! x °P, = 480 


- Total number of arrangements of 37 ball 


without any restriction in a line 
_ 7B, __ 37! 


18!19! 18119! 


Also keeping 18 white balls together 
B,,..-, Byy Number of different balls = 20. 


20 
There can be arranged in “ae ways 


Since, 19 are alike. 
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10. 


Also, the white balls among themselves can be 
oo Re _ 16! 
arranged in —18 = —— : 
ee 
Number of arrangement of these 37 balls, so 
that all the 18 white balls are together 


So, required number of arrangements of the 
37 balls, so that all 18 white balls are not 
together 

37! 


_ 37! _ 20! 
18!19! 


19 


. Since in a class of 10 students, 3 are girls, so 


that number of boys = 7 and number of girls 
= 3. 

Now, number of 7 boys in a line on which 
there is no restriction =’B =7! (n=7;r =7) 


Also since no two girls sit together, so that 
number of places for the 3 girls = 8. 

Hence, number of arrangements of the 3 girls 
according to the condition = °R. 

Hence, required number of arrangements of 
10 student’s (7 boys +3 girls) so that no two 
girls are together = 7! x °R =7!x = 


Total number of letters in the word 
DIRECTOR, is n = 8(D, I, R, E,C,T,O, R) 

Number of places = r = 8 two are alike. Hence 
number of, arrangement of the letters of the 
word DIRECTOR without any restriction is 


Now keeping three vowels (J, E, O) together 
number of letters 
=r=6{D,R,C,T, Ri, E,O)} and number of 
places r = 6. 

Hence number of arrangements of these 6 is 


But the three vowels among themselves can 
be arranged in 3! ways. 


Hence, number of arrangements of letters of 
the word DIRECTOR, such that the three 


vowels are together = = x3! 


11. 


12. 


13. 
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Hence, the required arrangement of the 
letters of the word DIRECTOR such that the 
three vowels never come together is 


8! _ 6! 3)_ 8! gy 7_3n 
2! 2! 2! 
~ 720 66 - 6) 
2 
= 360 x 50 = 18000 


Keeping the vowels together V, C, C, H, NCL, 
L, RU, E, A, E, O) 
Number of letters (things) = 10 
number of places to be filled up = 10 
Hence, number of arrangements 

_ '°Ro __10! 

3!x2! 3!x2! 

Also for the vowels (I, E, A, E, O) number of 
vowels =5 and number of places for the 5 
vowels is =r =5 


Hence, vowels among themselves can be 
arranged in 


Hence, total number of arrangements or total 
number of words formed with the letters of 
the word VICE-CHANCELLOR so that the 
vowels are together is 


10! 

3101 x 60=5x10! 
There are (=6) letters (B,A,N,A,N,A) 
since all the letters are to be taken, so that 
number of places to be filled up =r = 6. 


Hence 3A’s are alike and 2N’s are alike. 


Hence number of different permutations of 
the letters of the word BANANA is 


“gil 32° (eat 
Number of letters =n=10 in the word 
BENEVOLENT of which 3 E's alike 2 N's are 
alike. Also number of places to be filed up 
=r=10 


Hence number of arrangements 


Combinatorics 


14. 


But of these 302400 one word (arrangement is 
BENEVOLENT itself). 


Hence, number of rearrangements 
= 302400 - 1 
= 302399 
Now for the 2nd part putting L at the end 


number of letters remain to be utilised = n = 9 
of which 3E's are alike and 2N's are alike. 
Hence, number of word or arrangements’ 


formed out of the letter of the word 
BENEVOLENT, ending in L is 


°R __9! 
3!2! 3!x2! 
= 30240 
Number of letters in the word OUGHT 
=n=5S. 
But writing the letters alphabetically 


G, H,O,T,U Now for the words beginning with 
G number of places to be filled up = r = 4 and 
number of letters utilised = n = 4 
Hence, number of words beginning with 
G=‘P, =4! 
Similarly, number of words beginning with 
H=4! 
Similarly, number of words beginning with 
O=A4! 
Again for the words beginning with TG... 
number of places to be filled up =r = 3 and 
number of letters to be utilised =n =3 
Hence, number of words beginning with 
TG = 3B, =3!=6 
Similarly, number of words beginning with 
TH = 6 
Again for the words beginning with TOG.. 
number of places remain to be filled up 
= r=2 and number of letter remain to be 
utilised = n = 2. 
Hence, number of words beginning with 
TOG = *P, = 2! 
Number of words beginning with TOH =2! 
Now, the words beginning with TOU and 
TOUGH come. 
Hence, rank of the word TOUGH in the 
dictionary 

=244+24+24+6+6+2+2+1 


= 89th 
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15. (i) When there is no restriction, we have total 


numbers of boys and girls =5+4=9, 
keeping one out of 9 fixed, remaining 8 
can be seated at 9 round table in °P, = 8! 
ways. 

(ii) In this case we first arrange the boys, for 
keeping one boy fixed remaining 4 boys 
can be seated in 4! ways. Also as all the 4 
girls are to sit together we select one 
region and then 4 girls can be seated in 
this region in 4! ways. 

Hence, number of ways in which 5 boys 
and 4 girls can be seated at a round table, 
so that all the 4 girls sit together is 


4!-5C,-4!=5 x 576 = 2880 


(iii) From case (i) we see that total numbers of 
arrangements 5 boys and 4 girls at around 
table is = 8!= 40320 and from case (ii) 
number of arrangements of 5 boys and 4 
girls at a round table, so that all the 4 girls 
are not together 


= 40320 — 2880 
= 37440 


(iv) For, no two girls sit together, we first 
arrange 5 boys keeping one boy fixed 
remaining 4 boys can be arranged in 4! 
ways. 

Since, no two girls are to sit together, so 
that number of place for the girls (between 
every two boys) is 5 and hence girls can be 
arranged according to the condition of the 
problem in 5! ways. 

Hence required number of arrangements 
in this case = 4!-5! 


= 2880 


16. Number of place = number of children taken 


at a time =r =3. 
Hence, 3 children out of 8 can be selected in 

ae. Sh 

G= 3Is1- 56 ways 

Hence, the man has to go to the zoo 56 times. 
In the 2nd part of the problem, a particular 
child is to be included. Keeping the particular 
child aside number of remaining children 


=n-1=8-1=7 
And number of places to be filled up 
r=3-1=2 
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17, 


18. 


19. 


Hence, number of selection of 3 children out 
of 8 children including a particular child 


=", x 4 
5!2! 5!2! 
=21 


Hence, a particular child will go to the zoo 21 
number of times. 


Committees of 5 consisting of at least 3 ladies 
can be made in the following ways. 
Committees of 5 consisting of 3 ladies and 
man can be made in *C, - ’C, ways. 


Committees of 5 consisting of 4 ladies and 1 

man can be made in *C, -’C, ways. 

Hence, committees of 5 can be formed in 
#°G "G+ 413 "G 
=4x21+1x7=84+7=91 

Three groups A, B and C contain respectively 

4, 5 and 6 question now to make a selection of 

7 question, selecting at least two question 

from each section, a candidate will have to 

make up his choice in the following ways. 

He can answer 2 questions from group A 2 

question from group B and 3 questions from 

“4 5 6 

group Cin “C,-°G,- °C, ways. 

He can answer 2 questions from. group A and 

3 questions from group B and 2 questions 

from group C in *C, - °C, - °G ways. 

He can answer 3 question from group A 2 

question from group B and 2 question from 

group C in‘G, - °C,- °C, ways. 

Hence, total number of way to answer all the 

question 

= 40, 50, 9G + 4G-°G- 8, 

gs ‘cg. . sa . an 
=6x10x20+6x10x15+4x10x15 
= 1200 + 900 + 600 = 2700 

Committees of 5 consisting of at least one 

lady can be made in the following ways. 

Committees of 5 consisting of 2 ladies and 3 

gentelmen can be made in *C, - °C, ways. 

Committees of 5 consisting of 3 ladies and 2 

Gentelmen can be made in *C, - °C,. 

Committees of 5 consisting of 4 ladies and 

and 1 Gentelmen Can be made in *C, - 8¢, 


20. 


21. 


22. 
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ways of committees of 5 consisting of 1 ladies 
and 4 gentelmen can be made in 4G - °c, 


ways. 
Hence, total number of committees. 


= “c,. °C, + *G,: *G4+*G:*6+1¢,4¢ 


_4x8! 4! , 8! a ee pee 
4!4! 212! 315! 3!1! 2!6! 1!7! 
_4x8x7x6x5x4! 2x3x4 
a 414! 4 

8x7x6x5! 4x3! 8x7x6! 

x + x 

3!x5! 3!1! 2!6! 
1x 8x7! 
1!x:7! 


= 280 + 336+ 112+ 8=736 
Since there are 3 seats and a voter can not 
vote for more than 3 candidates. 


Hence, the voter can vote for 1 candidate out 
of 6 candidates in °C, ways. Voter can vote for 


2 candidates out of 6 candidates in °C, ways. 


And the vote can vote for 3 candidates out of 
6 candidates in °C, ways. 


Finally total number of ways to vote 

= °C + °C, + °G =64+15+20=41 
Let the number of candidates be n. Therefore 
number of members to be elected =: n — 2 and 


hence one can vote atmost for n-2 
candidates. 


Hence, total number of ways in which one can 
vote 


="G +", +"G+...4+"C 


n-2 = 96 

OF p40 + 9G 4S ee ME) 
+"G,.1+"C, =14+564+n+1 
to "Cy ="G, =1land"C,_, =n) 

27 =n+58 . Ai) 


Now only n = 6 satisfies (i) so that number of 
candidates =n = 6. 


or 


According to the problem, a voter has to vote 
for at least one candidates, and at most 5 
candidates, the number of ways in which the 
voter may vote is 

2 ge 3 + sa a: NC. ou a 8 + oe, 


= 10+ 45 + 120 + 210+ 252 = 637 


Combinatorics 


23. (i) Since, balls of same colour are also 
different. So that we have total number of 
different balls. =5 + 4+ 3=12 


In this case we have to select some balls 
(i.e., Zero or some or all 12 balls). 


Now, one ball out of 12 can be selected in 
2G ways. 


2 bals out of 12 can be selected in 'C, 
ways. 


Similarly, 12 balls out of 12 can be 
selected in '*C,, ways. 


Hence, number of selection of some balls 
ant MC bt Gy 
= (70) + #q + C,4...4 "G,)-1 
a giz = 


(ii) Some balls containing at least one red and 
one green balls are to be selected. 


Now 1 or some red balls can be selected in 
5G +...+ 5G =2° -1=31 ways 


Also 1 or some green balls out of 4 green 
balls can be selected in 


4G + 4G, +...+ 4C, =24 -1=15 ways. 


Now zero or some blue balls out of 3 blue 
balls can be selected in 


3G) + 3G, +...+ 3G =2 ways. 


Hence, total number of selections of balls 
containing at least one red and one green 
balls. 


=31x15x2=31x15x8 
= 3720 


24. Since, at least one red ball must be drawn, so 
that number of selectin of 1 or some or all 4 
red balls (all different) 


= 4G + 4C,+...+ 4G, 
=24-1=15 
Also the number of selection of zero, some 
green balls from 3 different green balls 
=43€) + 9G, +...479G =2=8 
Hence, total number of required selection 
=15x 8=120 
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25. (i) In this case, we have to select one book 
out of 3 books of Mathematics in °C, ways, 
one book out of books of Science in *C, 
ways 
and one book out of 5 books of literature 
in °C, ways. 
Hence, number of different collections of 
one (exactly one) book of each subject 


=3¢-4G -°G =3-4:5=60 


(ii) Here we have to select at least one book of 
each subject out of 3 books of 
Mathematics, 4 books of Science and 5 
books of Literature. Here it is not given 
how many books are to be selected. Hence, 
we have to select some books containing 
one book of each subject out of 3 books of 
Mathematics, 4 book of Science and 5 of 
Literature, which can be selected in 


CG 4+°G@ +2 QictG + 'G+4G+ *q) 
x (5G + °C, +,..+ 5G) 
= (2? - 1)(2* - 1)(25 - 1) 


(iii) In this case, at least one book of literature 
is to be selected. Hence, we have to select 
0 or 1, or 2 or 3 books from 3 books of 
mathematics, 0 or 1 or 2 or 3 or 4 books of 
science; 1 or 2 or 3 or 4 or 5S books from 5 


books of literature which can be selected 
in 


Cy + 3G, + 3C, + 3G + i 
+ 4+ 4G+ "CG 47°C aid 5 
= 23.24 @ — 1)=128@5 - 1) 


The number of 7-digit numbers with 1 in the 
left most place and containing each of the 
‘digits 1, 2, 3,4,5,6,7 exactly once is 6! = 720, 
But 120 of these end in 5 and hence are 
divisible by 5. Thus, the number of 7-digit 
numbers with 1 in the left most place and 
containing each of the digits 1, 2, 3, 4, 5, 6, 7 
exactly once but not divisible by 5 is 600. 
Similarly, the number of 7-digits numbers 
with 2 and 3 in the left most place and 
containing each of the digits 1, 2, 3, 4, 5; 6,7 
exactly once but not divisible by 5 is also 600 
each. These account for 1800 numbers. 
Hence, 2000th number must have 4 in the left 
most place. 


26. 
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27. 


Again the number of such 7-digit numbers 
beginning with 41, 42 and not divisible by 5 is 
120 -24 = 96 each and these account for 192 
numbers. This shows that 2000th number in 
the list must begin with 43. 


The next 8 numbers in the list are 4312567, 
4312576, 4312657, 4312756, 4315267, 
4315276, 4315627 and 4315672. Thus, 
2000th number in the list is 4315672. 


We observe that [4] = Fea = 0, if and only 
99 101 


if xe {l, 2, 3,..., 98} and there are 98 such 
numbers. If we want E cons. 

99 101 
should lie in the set {101, 102,...,197}, which 
accounts for 97 numbers. In general, if we 


require [s = Ale where k21, then x 


99 
must be in the set {101k, 101k + 1... 
99(k+1)-1} and there are 99-2k such 
numbers. Observes that this set is not empty 
only if 99k&+1)-12101k and _ this 
requirement is met only if k< 49. Thus, the 
total number of positive integers x for which 
&. = ah i iven b 
| 3a) ~[ aoa} !* oven bY 


}= then x 


49 
98+ (99 -2k)=2499 


k=l 
Remark 
For any m2 2 the number of positive integers x 
[ x ] x ji m-4,_. 
—— ;=; —— is if mis even and 
secede mE 5 Sat A 
2 
m"=5 it mis odd. 
4 
- -2)...¢-6 
28. We have, (7) = mn Vie a 8 


In the numerator, there is a factor divisible by 
7 and the other six factors leave the 
remainders 1, 2, 3, 4, 5, 6 in some order when 
divided by 7. 
Hence, the numerator may be written as 

7k: 7k, + 1)- 7kp + 2)... 7k + 6). 


Also, we conclude that H =k, as in the set 


{n,n -1,...,n-6}, 7kis the only number which 
is a multiple of 7. If the given number is called 
Q, then 

Q =7k- (7k, + 1)7k, 12h Oke +6) _, 
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nt] D4 Nhe e+ 8-6 


6! 
_ k(7t + 6!-6!) 
; 6! 

_ 7tk 

~ 6! 


We know that, Q is an integer and so 6! divides 
7tk Since, GCD (7,6!)=1, .even after 
cancellation there is a factor of 7 still left in 
the numerator. Hence, 7 divides Q, as desired. 


We count by brute force considering the cases 
x = 0,x =1,...,X =33. Observe that the least 
value x can take is zero and its largest value is 
33. 

x= 0. If y = 0, then Ze {0,1,2,...,100}; if y =1, 
then ze{l, 2,...,99; if y=2, then 
ze {2,3,...,98 and so on. Finally if y =50, 
then ze {50}. Thus, there are altogether 
101 + 99+ 97 +...4 1 =51? possibilities 


X=]. Observe that y>1. If y=1, then 
Ze {1,2,...,98}; if y = 2, then ze {2,3,...,97} if 
y =3, then ze 43, 4,...,96} and so on. Finally if 
y=49, then ze {49,50}. Thus, there are 
altogether 98+ 96 + 94+ ...4 2=49-50 
possibilities. 
General, case. Let x be even, say, x = 2k, 
O<k<16. If y = 2k, then 
Ze {2k,2k+1,...,100- 4k if y=2k+1, then 
Ze (2k+1,2k+2,...,99-4k; if y =2k+2, 
then ze {2k + 2,2k+ 3,..., 99 - 4k} and so on. 
Finally, ify = 50 -k, then ze {50 - kj. There are 
altogether 
(101 - 6k) + (99 - 6k) + 97 - 6R)+... 41 
= 61 -3k) possibilities. 
Let x be odd, say, x =2k+1, O<k<16 If 
y = 2k + 1, then ze {2k+ 1,2k+2,...,98- 4k; 
if y =2k+ 2, then 
Ze {2k + 2,2k+3,...,97- 4k; if y =2k +3, 
then ze {2k+ 3,2k+ 4,...,96-— 4k}; and so 
on. 
Finally, if y= 49~k, then ze {49-k,50-K. 
There are altogether 
(98 — 6k) + (96 — 6k) + (94 - Gk) +... 4.2 

= (49 — 3k)(GO - 3k) 
possibilities. 
The last two cases would be as follows : 
X=32: if y = 32, then ze {32, 33, 34, 35, 36}; if 
y =33, then ze {33,34,35}: if y=34, then 
ze {34}; altogether $+3+1=9=3° 
possibilities. 


Combinatorics 


x =33: if y =33, then ze 83, 34}; only 2=12 
possibilities. 


Thus the total number of triples, say T, is 
given by, 
16 16 
T= 2 G1-3kh + =F (49-3k)60- 3k) 
k=0 k=0 
Writing this in the reverse order, we obtain 
17 17 
T= 2 Gk) + Xo Gk - 2)6k - 1) 


7 17 
=18 © k*-9 © k+34 
k=1 k=1 
= 19171835) 917-18), 34 
6 2 


= 30, 787. 
Thus the answer is 30787. 
Aliter 
It is known that the number of ways in which 
a given positive integer n> 3 can be expressed 
as a sum of three positive integers x, y, z (that 
is, X+y+Z= m, subject to the condition 


x<y<zis {r where {a} represents the 
integer closest to a. If zero values are allowed 
for x,y, z then the corresponding count is 


ee 
12 


; where now n> 0. 


Since in our problem 
n=x+y+ ze {0,1,2,...,100}, the desired 
answer is 

1 {" + =f 

n=0 12 


For n=0,1,2,3,...,11, the corrections for {} 
to get the nearest integers are 
3 4-1,-14 3 4 -l 


at 


So, for 12 consecutive integer values of n, the 
sum of the corrections is equal to 


3-41-0712 4-3),227. 

12 6 

Since, Wi = 8+ o there are 8 sets of 12 
1 


consecutive integers in {3, 4,5,..., 103} with 
99, 100, 101, 102, 103 still remaining. Hence 
the total correction is 

-7 3-4-1-0-1_-28 1 
(g)eae peta fas 
So the desired number T of triples (x, y, z) is 
equal to 


30. 


31. 
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n=0 12 12 
_ 0? +27 4374...+1037)- 02427) 115 


100 
raf +3 _ 115 


12 ‘12. 
_ 103-104-207. 5 _ 15 
6-12 12 12 


= 30787. 


Let X = {1, 2, 3,..., nm}. We use Venn diagram for 
sets A, B, C to solve the problem. The regions 
other than A m BC (which is to be empty) 
are numbered 1, 2, 3, 4, 5, 6, 7 as shown in the 
figure; e.g., 1 corresponds to 
A/(BUC)-ANB UC, corresponds to 
ANB/C=ANBQOC‘,7 corresponds to 
X/(AUBUC)=AS AB ACS, 
ANBaC=6 

Firstly the number of ways of assigning 
elements of X to the numbers regions without 
any condition is 7”. Among these there are 
cases in which 2 or S or both are empty. The 
number of distributions in which 2 is empty is 
6". Likewise the number of distributions in 
which 5 is empty is also 6”. But then we have 
subtracted twice the number of distributions 
in which both the regions 2 and 5 are empty. 
So, to compensate we have to add the number 
of distributions in which both 2 and 5 are 
empty. This is 5". Hence, the desired number 
of triples (A, B,C) in 
7” -6" -67 +5" =7" -2. 6% 4.5", 

Putting a-l=p,b-1=q and c-1l=r, the 
equation may be written in the form 


since 


pqr =2(p+q+r)+ 4, 


where p,q,r are integers such _ that 
O< ps qs r.Observe that p = Ois not possible, 
for then 0 = 2(p + q)+ 4 which is impossible 
in non-negative integers. Thus, we may write 
this in the form 
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{2+2+2) nee 
PQ qr rp 


If p> 3, then q>3 and r23. Then, left side is 
bounded by 6/9 + 4/27 which is less than 1. 
We conclude that p = 1 or 2. 


Case | Suppose p=1l. Then, we have 
qr = 2(q + r)+ Gor q - 2) - 2)=10. This gives 
q-2=1,r-2=10 or q-2=2 and r-2=5 
(recall qs r). This implies (p,q ,r)= (1,3, 12) 
(1, 4, 7). 


Case Il If p=2, the equation reduces to 
2qr=22+q+r)+4 or qr=q+r+4. This 
reduces to q-1)(r-1)=5. Hence, q-1=1 
and r-—1=5 is the only solution. This gives 
(y, qa. r) = Q, 2; 6). 

Reverting back to a,b,c, we get three triples: 
@, b, c)= (2, 4, 13), (2, 5, 8), (3, 3, 7). 


32. Any such number should be both divisible by 


5 and 3. The last digit of a number divisible by 

5 must be either 5 or 0. Hence, any such 

number falls into one of the following seven 

categories: 

(i) abc15 

(ii) ab150 

(iii) ab155 
(iv) al15b0 
(v) alSbS 
(vi) 15Sab0 
(vii) 15abS 

Here, a,b,c are digit. Let us count how many 

numbers of each category are there. 

(i) In this case a # 0 and the 3-digit number 
abc is divisible by 3, and hence one of the 
numbers in the set {102, 105, ..., 999}. 
This gives 300 numbers. 

(ii) Again a number of the form ab150 is 
divisible by 15 if and only if the 2-digit 
number ab is divisible by 3. Hence, it 
must be from the set {12, 15, ..., 99}. There 
are 30 such numbers. 

(iii) As in (ii), here are again 30 numbers. 

(iv) Similar to (ii); 30 numbers 

(v) Similar to (ii), 30 numbers. 

(vi) We can begin the analysis of the number 
of the form 15 abO as in (ii). Here, again ab 
as a 2-digit number must be divisible by 3, 
but a=0 is also permissible. Hence, it 
must be from the set {00, 03, 06,...,99}. 
There are 34 such numbers. 
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(vii) Here again there are 33 numbers; ab must 
be from the set {01, 04, 07,...,97}. 
Adding all these we get 
300 + 30+ 30+ 30+ 30+ 34+ 33 = 487 
numbers. 

However this is not the correct figure as there 

is over counting. Let us see how much over 

counting is done by looking at the 

intersection of each pair of categories. A 

number in (i) obviously cannot lie in (ii), (iv) or 

(vi) as is evident from the last digit. There 

cannot be a common number in (i) and (iii) as 

any two such numbers differ in the 4th digit. 

If a number belongs to both (i) and (v), then 

such a number of the form al1515. This, is 

divisible by 3 only for a =3,6,9. Thus there 

are 3 common numbers in (i) and (ii). A 

number which is both in (i) and (vii) is of form 

15 cl5 and divisibility by 3 gives c = 0,3, 6, 9; 

thus we have 4 numbers common in (i) and 

(vii). That exhaust all possibilities with (i). 

Now (ii) can have common numbers with only 

categories (iv) and (vi). There are no numbers 

common between (ii) and (vi) as evident from 
3rd digit. There is only one number common 
to (ii) and (vi), namely 15150 and this is 

divisible by 3. There is nothing common to (iii) 

and (v) as can be seen from the 3rd digit. The 

only number common to (iii) and (vii) is 15155 

and this is not divisible by 3. It can easily be 

inferred that no number is common to (iv) 

and (vi) by looking at the 2nd digit. Similarly 

no number is common to (v) and (vii). Thus 
there are 3 + 4 + 1 = 8 numbers which are 
counted twice. 

We conclude that the number of 5-digit 

numbers which contain the block 15 and 

divisible by 15 is 487 - 8 = 479, 


Since each digit occurs at least twice, we have 
following possibilities 


1. Three digits occur twice each. We may 
choose three digits from {1, 2, 3, 4, 5} in 


5 

3 =10 ways. If each occurs exactly 
twice, the number of such admissible 
6-digit numbers is 


6! 10 
22121 “a 


2. Two digits occur three times each. We can 


choose 2 digits in (2) = 10 ways 


Combinatorics 


Hence, the number of admissible 6-digit 
numbers is ran x 10 = 200 


3. One digit occurs four times and the other 
twice. We are choosing two digits again, 
which can be done in 10 ways. The two 
digits are interchangeable. Hence, the 


desired number of admissible 6-digit 
numbers is 


2x 6! 


10= 
ie 


4. Finally all digits are the same. There are 5 
such numbers. 
Thus, the total number of admissible 
numbers is 900 + 200 + 300 + 5 = 1405. 


34. Since 20, b,c are in harmonic progression, we 


35. 


have 


which reduces to bc + 20b — 40c = 0. This may 


also be written in the form 
(40 - b)(c + 20) = 800. 
Thus, we must have 20<b<40 or 


equivalently, 0< 40 -b< 20. Let us consider 
the factorisation of 800 in which one term is 
less than 20 


(40 — b)(c + 20) = 800 = 1 x 800 =2 x 400 
=4x 200 
=5x160=8x100 
=10x 80=16x50 
We thus get the pairs 


(b, c) = B9, 780), (38, 380), (36, 180), (35, 140), 
(32, 80), (30, 60), (24, 30). 


Among these 7 pairs, we see that only 5 pairs 
(39, 780), (38, 380), (36, 180), (35, 140), 
(30, 60) fulfill the condition of divisibility: b 
divides c. Thus, there are 5 triples satisfying 
the requirement of the problem. 


Let the sides be x,x,y, where x,y are positive 
integers. Since we are looking for obtuse 
angled triangles, yx. Moreover, 
2x + y=2008 shows that y is even. But 
y<x+x, by triangle inequality. Thus, 
y < 1004. Thus, the possible triples are (y,x,x) 
= (1002,503, 503), (1000, 504, 504), 

(998, 505, 505) and so on. The general form is 
(y,x,x) = (1004 -2k,502 + k,502,+ k), where 
k=1,2,3,...,501. 


36, 
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But the condition that the triangle is obtuse 
leads to (1004 - 2k)? > 2602 + ky’. 


This simplifies to 502? + k? - 6602k>0 


Solving this quadratic inequality for k, we see 
that 


k< 5026 -2V2) or k> 502G + 22). 


Since, ks 501, we can rule out the second 
possibility. Thus k<502@G -2¥2) which is 
approximately 86.1432. We conclude that 
ks 86. Thus, we get 86 triangles 


(7, x, xX) = 1004 - 2k, 502 + k, 502 + k), 
k=1,2,3,...,86. 


The last obtuse triangle in this list is 
(832, 588,588). (It is easy to check that 
832? -588* -588° =736>0, | where as 
830? -589? -589? = -4942<0.) 


We observe that 0 + 1 + 2 + 3 = 6. Hence, the 
remaining two digits must account for the 
sum 4. This is possible with 4=0+4=1+3 
= 2 + 2. Thus we see that the digits in any such 
6-digit number must be from one of the 
collections: 


{0, 1, 2, 3, 0, 4}, {0, 1, 2, 3, 1, 3} or {0, 1, 2, 3, 
2, 2}. 


Consider the case in which the digits are from 
the collection {0, 1, 2, 3, 0, 4}. Here 0 occurs 
twice and the digits 1, 2, 3, 4 occur once each. 
But 0 cannot be the first digit. Hence, the first 
digit must be one of 1, 2, 3, 4. Suppose we fix 1 
as the first digit. Then, the number of 6-digit 
numbers in which the remaining 5 digits are 
0, 0, 2,3, 4 is 5!/ 2! = 60. Same is the case with 
other digits: 2, 3, 4. Thus the number of 
6-digit numbers in which the digits 0, 1, 2, 3, 
0, 4 occur is 60 x 4 = 240. 

Suppose the digits are from the collection 
{0, 1, 2, 3, 1, 3}. The number of 6-digit 
numbers beginning with 1 is5!/ 2!'= 60. The 
number of those beginning with 2 is 
5!/ 2!)2!)=30 and the number of those 
beginning with 3 is 5!/ 2! = 60. Thus the total 
number in this case is 60 + 30 + 60 = 150. 
Alternately, we can also count it as follows: 
the number of 6-digit numbers one can obtain 
from the collection {0, 1, 2, 3, 1, 3} with 0 also 
as a possible first digit is 6!/2 2!) = 180; the 
numbers of 6-digit number one can obtain 
from the collection {0, 1, 2, 3, 1, 3} in which 0 
is the first digit is 5'/2)@')=30. Thus the 
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number of 6-digit numbers formed by the 
collection {0, 1, 2, 3, 1, 3} such that no number 
has its first digit 0 is 180 -30=150. Finally 
look at the collection {0, 1, 2, 3, 2, 2}. Here the 
number of of 6-digit numbers in which 1 is 
first digit is 5!/ 3!= 20; the number of those 
having 2 as the first digit is 5!/2! = 60; and the 
number of those having 3 as the first digit is 
5!/3! = 20. Thus the number of admissible 
6-digit numbers here is 20 + 60 + 20 = 100. 
This may also be obtained using the other 
method of counting: 
6!/3! - 5!/3! = 120 - 20 = 100. 
Finally the total number of 6-digit numbers in 
which each of the digits 0, 1, 2, 3 appears at 
least once is 
240 + 150 + 100 = 490. 


Let X denotes the set of all 3-digit natural 
numbers; let O be those numbers in X having 
only odd digits; and E be those numbers in X 
having only even digits. Then X/(O vu E)is the 
set of all 3-digit natural numbers having at 
least one odd digit and at least one even digit. 
The desired sum is therefore 


yeO 
It is easy to compute the first sum 


go 08 999x 1000 99x 100 
oT a 7 ac eae ia 
xeX j=l k=1 


= 50 x 9891 = 494550 


Consider the set O. Each number in O has its 
digits from the set {1, 3, 5, 7, 9}. Suppose the 
digit in unit’s place is 1. We can fill the digit in 
ten's place in 5 ways and the digit in 
hundred’s place in 5 ways. Thus there are 25 
numbers in the set O each of which has 1 inits 
unit’s place. Similarly, there are 25 numbers 
whose digit in unit’s place is 3; 25 having its 
digit in unit’s place as 5; 25 with 7 and 25 with 
9. Thus the sum of the digits in unit’s place of 
all the numbers in O is 


25(14+34+5+7+9)=25 x 25 = 625 


A similar argument shows that the sum of 
digits in ten’s place of all the numbers in Ois 
625 and that in hundred’s place is also 625. 
Thus the sum of all the numbers in Ois 


625 (10? + 10+ 1)= 625 x 111 = 69375 


Consider the set E. The digits of numbers in E 
are from the set {0, 2, 4, 6, 8}, but the digit in 


38. 
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hundred's place is never 0. Suppose the digit 
in unit's place is 0. There are 4 x 5 = 20 such 
numbers. Similarly, 20 numbers each having 
digits 2, 4, 6, 8 in their unit’s place. Thus, the 
sum of the digits in unit’s place of all the 
numbers in E is 


20 (0+ 2+4+6 + 8) = 20 x 20 = 400 


A similar reasoning shows that the sum of the 
digits in ten's place of all the numbers in EF is 
400, but the sum of the digits in hundred’s 
place of all the numbers in E is 25 x 20 = 500. 
Thus the sum of all the numbers in E is 


500 x 102 + 400 x 10 + 400 = 54400 
The required sum is 
494550 - 69375 -54400 = 370775 


Let us examine the first few natural numbers: 
1, 2, 3, 4, 5, 6, 7, 8, 9. Here we see thata,, =1, 2, 
3, 2, 2, 3, 3, 4, 3. We observe that a, < a,,, for 
all n except when n+ 1 is a square in which 
case a, > @,,,,- We prove that this observation 
is valid in general. 

Consider the range 


2 


m?,m? +1,m? +2,...,m2 +m, 


m? +m+41,...,m? + 2m. 
Let n take values in this range so that 


n=m? + r,where 0< r< 2m. Then we see that 
[Vn]=m and hence 


n |_|m@+r|_ r 
eal m J-m+[Z] 
Thus a,, takes the value 
m,m,m,...,m 
m es 


m+1,m+1,m+1,...,.m+1,m+2, 
m times 


in this range. But when n = (mm + 1)*, we see 
that a, =m+1. This shows that Qn. > An 
whenever n = (m + 1)*. When we take n in the 
set {l, 2, 3,....2010}, we see that the only 
squares are 1*,2?,...., 442 (since 442 = 1936 
and 45* = 2025) and n= (n+ 1) is possible 
for only 43 values of m. Thus a, > a,,,, for 43 


n+l 


values of n. (These are 2? - 1,3? -1,...,44° -l) 


Let x,y,z be three distinct positive integers 
satisfying the given conditions. 


We may assume that x < y< z. Thus we have 
three relations: 


Combinatorics 

1 + i = a ' 

y zrRX 

bad aM 

Za x.y 

1 + 1 = c ’ 

x y Zz 

for some positive integers a,b,c. Thus 

lM 

xXx yp 2z 

e461 04) +7 ~ 

x y z : 


say. Since x < y < z, we observe thata<b<c. 
We also get 
A. Pw te. We < A r 


xX @4l'y bei'’s evi 
Adding these, we obtain 


redabahe Wi 4 F458 
X y zZ at+l b+l c+l 
a | i) 
a+1l b+1 c#+l 
Using a< b<c, we get 
l= 1 Gore 1 < 3 
a+1l b+1 c+l1 a+l 


Thus, a < 2. We conclude that a = 1. Put this 
in the relation (i), we get 


(a oe a, ee 
b+1 


1 
c+1 2 2 
Hence, b<c gives 1. 2 
: 2 b+l 
Thus, b+ 1< 4o0rb<3.Since b>a=1,we 
must have b = 2. This gives 


or c=5. Thus x:y:z=a+1:b+1: c+1 
=2:3:6. Thus the required numbers with the 
least sum are 2, 3, 6. 

Aliter We first observe that (1, a,b) is not a 


solution whenever 1 < a < b. Otherwise we 


should have | + ; = i =! for some integer 1. 
a 


a+b 


Hence, we obtain =I! showing that alb 


and bla. Thus a = b contradicting a # b. Thus 
the least number should be 2. It is easy to 
verify that (2, 3, 4) and (2, 3, 5) are not 
solutions and (2, 3, 6) satisfies all the 


40. 
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conditions. (We may observe (2, 4, 5) is also 
not a solution.) Since 3+4+5=12>11=2+3 
+ 6, it follows that (2, 3, 6) has the required 
minimality. 


We divide the even 4-digit numbers having 
non-zero digits into 4 classes those ending in 
2, 4, 6, 8. 

(A) Suppose a 4-digit number ends in 2. Then 
the second right digit must be odd in 
order to be divisible by 4. Thus the last 2 
digits must be of the form 12, 32, 52, 72 or 
92. If a number ends in 12, 52 or 92, then 
the previous digits must be even in order 
not to be divisible by 8 and we have 4 
admissible even digits. Now the left most 
digit of such a 4-digit number can be any 
non-zero digit and there are 9 such ways 
and we get 9 x 4 x 3 = 108 such numbers. If 
a number ends in 32 or 72, then the 
previous digit must be odd in order not to 
be divisible by 8 and we have 5 admissible 
odd digits. Here again the left most digit 
of such a 4-digit number can be any 
non-zero digit and there are 9 such ways, 
and we get 9 x S x 2= 90 such numbers. 
Thus the number of 4-digit numbers 
having non-zero digits, ending in 2, 
divisible by 4 but not by 8 is 108 + 90 = 
198. 

(B) If the number ends in 4, then the previous 
digit must be even for divisibility by 4. 
Thus the last two digits must be of the 
form 24, 44, 54, 84. If we take numbers 
ending with 24 and 64, then the previous 
digit must be odd for non-divisibility by 8 
and the left most digit can be any 
non-zero digit. Here we get 9 x 5 x 2 = 90 
such numbers, If the last two digits are of 
the form 44 and 84, then previous digit 
must be even for non-divisibility by 8. And 
the left most digit can take 9 possible 
values. We thus get 9 x 4 x 2 = 72 numbers. 
Thus the admissible numbers ending in 4 
is 90 + 72 = 162. 

(C) If a number ends with 6, then the last two 
digits must be of the form 16, 36, 56, 76, 
96. For numbers ending with 16, 56, 76, 
the previous digit must be odd. For 
numbers ending with 36, 76, the 
previous digit must be even. Thus we get 
her (9 x S x 3)+(9x 4 x 2) = 135 + 72 = 207 
numbers. 


(D) If a number ends with 8, then the last two 
digits must be of the form 28, 48, 68, 88. 
For numbers ending with 28, 68, the 
previous digit must be even. For numbers 
ending with 48, 88, the previous digit 
must be odd. Thus we get (9 x 4 x 2) + (9 x 
5 x 2) = 72 + 90 = 162 numbers 
Thus the number of 4-digit numbers, 
having non-zero digits, and divisible by 4 
oe ag by 8 is 198 + 162 + 207 + 162 = 
Aliter If we take any four consecutive 
even numbers and divide them by 8, we 
get remainders 0, 2, 4, 6 in some order. 
Thus there is only one number of the form 
8k+ 4 among them which is divisible by 4 
but not by 8. Hence, if we take four even 
consecutive numbers 


Level 2 


1. If the sum is x, then 
XM0)= 104 + 10G + 10G 


+ 10% + 10G + 10Co- 
Since the sum of the odd-positioned binomial 
coefficients is equal to the sum of the 
even-positioned ones in any line of Pascal’s 
triangle (this should be known to students, 
and is established by expanding (1 - 1)"), the 
above sum is half of j9Cp +19 G + --- +10 Go 
(which equals 2!°). Thus this sum is 2°, and 
x = 29/10!. We have (a,b)= (9, 10) 


. Let E denote the set of these 1994 employees. 
For each x < E, let S(x) denote the set of all 
employees whom x does not know. Then, by 
assumption, | 5(&x)| = 393 for all x « E. Leta and 
bbe any two employees who know each other. 
Since 

|S@)U S®)|s 2 x 393 = 786 < 1992, 
3ce E such that a,b and c form a triple of 
mutual acquaintances, since 

|S@)US)vU S@)|s 3 x 393 = 1179< 1991, 
3deE such that, a,b,c and d form a 
quadruple of mutual acquaintances. 
Since 
|S@)USb)U Sc) USM)is 4 x 393 

= 1572 < 1990, 

3ee E such that, a,b,c,d and e form a 
quintuple of mutual acquaintances. 
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1000a + 100b + 10c + 2, 
1000a + 100b + 10c + 4, 
1000a + 100b + 10c + 6, 
1000a + 100b + 10c + 8, 


there is exactly one among these four 
which is divisible by 4 but not by 8. Now 
we can divide the set of all 4-digits even 
numbers with non-zero digits into groups 
of 4 such consecutive even numbers with 
a, b, cnon-zero. And is each group, there 
is exactly one number which is divisible by 
4 but not by 8. The number of such groups 
is precisely equal to 9 x 9 x 9 = 729, since 
we can vary a, b,c in the set {1, 2, 3, 4, 5, 6, 
7, 8, 9}. 


Finally, since 
|IS@LSH)LSC)US@)U Se) 5 x 393 
= 1965 x 1989, 


3feE such that a,b,c,d,e and f from a 
sextuple of mutual acquaintances. 


- Let M, denote the number of permutations 


Q,.---,Py) Of 1, 2, ...., K such that for any 
i<k,@,...,p,)is not a permutation of 1, 2..., i. 
Then, (n-k) M, is the number of 
permutations (,,....,p,,) of 1, 2, ..., nin which 
kis the least integer such that Dy... PIS a 
permutation of 1, 2,..., k. Hence, 


n-1 
>, M,(n - k)! 
k=1 


is the total number of permutations of 
(1, 2, .... m) in which there is a k< n such that 
(,,..-,P,)is a permutation of 1, 2...., k. 
Hence, 


n-1 
M,, =n! ¥ M,(n-k)! 
k=] 


We need M, clearly 
M, =1 
M, =2!-1=1 


M, =3!-@-1+1-1)=3 

M,=4!-@G+2+ 6)=13 

M, =5!-(13+ 2-34 6-1 + 24) 
=7) 


Combinatorics 


M, =6!-(71+2-13+6-3+24-1+ 120-1) 
= 461 


4. We use a combinatorial argument to establish 


5 


. 


the obviously equivalent identity 


al r-1) _(n (*) 
gai 4 fr-d) |r) 
where k= min (,n-r +1). It clearly suffices 
to demonstrate that the left hand side of (i) 
counts the number of ways of selecting r 
objects from n distinct object (without 
replacements). Let |S,|=r-1. For each fixed 
d =1,2,...,k, any selection of d object from 
5, (S/S) together with amy selection of r-d 
objects from S, would yield a selection of r 
objects from S. The total number of such 
. (n-r+1VYr-1 : 
electrons is . Conversely, 
d if - a 
each selection of r objects from S clearly 
much arise in this manner. 
Summing over d = 1, 2,....(*) follows. 


m+n 

b 
n+k ) 
taking j element from n, and the remaining 


(n+ k)-—j elements from m, for every j 
O< j<n Thus 


feel pie ne 4 ] 
Pe dca 
Xie") 


With k+ns<m, we represent ( 


i] 


n 
where we substituted i =n - j, and used 


(7)-(.".) 


. We will show that we can take ng = 9. For 


Ng = 9, observe that for each girl there must be 
at least 5 boys whom she does not know. We 
associate to each girl an ordered pair, the first 
element of which is a subset of 5 of, the boys 
all of whom she knows or all of whom she 
does not know, and the second element of 
which is 0 or 1 according as she knows the 


boys or not. 
There are (2) x 2 =252 such pairs. Invoking 


the Pigeonhole Principle, if 
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My = 4x 252 + 1=1009, at least 5 girls must 
be assigned the same ordered pair, producing 
5 girls and 5 boys for which each girl knows 
each boy, or no girl knows any of the boys. 


7. (a) Let us denote the digits in the hundreds, 


tens and ones places of the sought-for 
number N as x,y, and z respectively; then 
we have N = 100x + 10y + z. The condition 
of the problem yields the relation 
100x + 10y + z=x!+y!+z! 

Since, 7!=5040 is a four-digit number, 
none of the digits of the number N can 
exceed 6. Consequently, the number N 
itself does not exceed 700, whence it 
follows that none of its digits can exceed 5 
(because 6! = 720> 700) . Further, at least 
one digit of the number N is equal to 5 
because N is a three-digit number and 
3-4!=72 x 100. It is clear that x cannot be 
equal to 5 since we have 3 - 5! = 360< 500. It 
also follows that x cannot exceed 3. 
Further, we can assert that x does not 
exceed 2 since 3! + 2 - 5! = 246 < 300. 
Further, the number 255 does not satisfy 
the condition of the problem, and if only 
one digit of the sought-for number is 
equal to 5, thenx cannot exceed 1 because 
2! +5! + 4! = 146 < 200. Moreover, since 
1! + 5! + 4!=145< 150 we conclude that y 
cannot exceed 4; consequently zis equal to 
5 because at least one of the digits of the 
number N must be equal to 5. Thus, we 
have x = 1,4> y> Oand z=5, which allows 
us to easily find the single solution of the 
problem: n = 145. 

(b) The sought-for number N cannot consist 
of more three digits because even 
4. 9* =324 is a three-digit number. This 
allows us to write N=100x + 1l0y+z 
where x,y and z are the digits of the 
number N; here x can be equal to 0 and it is 
even possible that x and y are 
simultaneously equal to 0. 

The condition of the problem implies 
100x + 10y + z=x* + y* + z* whence 
Q00-xk +@0-yye=2z(z-1)~ ...(*) 
From the last equality if follows that x = 0 
because, if otherwise, the number on the 
left-hand side of the equality would not be 
less than 90 (in case x21 we have 
100 - x > 90 and (10 — y)y = 0) whereas the 


number on the right-hand side would not 
be greater than 9-8=72 (since z< 9). 
Consequently, Eq. (*) has the form 
(10 - yy = z(z - 1) It can easily be verified 
that the last equality cannot be fulfilled for 
any positive integers z and y not exceeding 
9 unless y + 0. If y = 0 we have a single 
solution: it is obvious that in this case z = 1. 
Thus, the only number satisfying the 
condition of the problem is N = 1. 


8. Since a, had to exceed all the numbers in the 


top left j x j submatrix (excluding itself), and 
since there are j* - 1 entries, we must have 


ay 2 j’. Similarly, a, must not exceed each of 


the numbers in the bottom right 
(n- j + 1)x (n- j + 1) submatrix (other than 
itself) and there are (n-j+1)*-1 such 


entries giving a, < n° - (- j +1) + 1. Thus 
we see that 
aye {j?,j?+1,j?+2,...,m?-(- j+ P+ I. 
The number of elements in this set is 
n? -(n—- j + 1) - j* + 2. This implies that 
bysn?-(n- j+lP-j?+2 

= Qn+ 2)j-2j?-@n-1) 
It follows that 
$b, <@n+ > j-25,/? -n@n-1) 


j=l j=l Jz 
_ n(n +1))_ ms tens) 
= (2n + amr) 2 6 
—n@n — 1) 
= = (n? —-3n+ 5) 


which is the required bound. 


. Any set of 100 lines in the plane can be 

partitioned into a finite number of disjoint 

sets, Say A,, A>, A3,---,A,, Such that 

(i) Any two lines is each A, are parallel to 
each other, for 1< j<k (provided, of 
course, | A )|2 2) 

(ii) for j 1, the lines in A, and A, are not 
parallel. 
If |Ajl=m,1sj<k, then the total 
number of points of intersection is given 
by ym ym, as no three lines are 

isjsl<k 


concurrent,. Thus we have to find positive 
integers m,,m,,...,m, such that 
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k 
> m, = 100, ¥ m, m, = 2002, 
j=l 


for an affirmative answer to the given 
question. 


We observe that 


= 100? - 22002) = 5996 
Thus we have to choose m,,™M),...,m, 
such that 
k k 
> m, = 100, '} mj = 5996 
j=l jal 


We observe that [/5996] = 77. So, we may 
take m, = 77, so that 


k 
meee a eg ee 


Now, we may choose 
M, =5, m3 =m, = 4, 
ms; = mM.5 =... Ms = 1 
Finally, we can take 
k= 14, (n,, M,...,M,4) 
=(77,5,4,4,1,1,1,1,1,1,1,1,1, 0, 


proving the existence of 100 lines with exactly 
2002 points of intersection. 


10. Clearly, the last digit must be 5 and we have to 


determine the remaining 6 digits. For 
divisibility by 7, it is sufficient to consider the 
number obtained by replacing 7 by 0; 29. 
5775755 is divisible by 7, if and only if 
5005055 is divisible by7. Each such number is 
obtained by adding some of the numbers 
from the set {50, 500, 5000, 50000, 500000, 
5000000} along with 5. We look at the 
remainders of these when divided by 7; they 
are {1, 3, 2, 6, 4, 5}. Thus it is sufficient to 
check for those combinations of remainders 
which add up to a number of the from 2+ 7k 
since the last digit is already 5. These are 
{2}, {3, 6}, {4, 5}, {2, 3, 4}, (1, 3, 5}, (1, 2, 6}, 12,3) 
5, 6}, {1, 4, 5, 6} and {1, 2, 3, 4, 6}. These 
correspond to the numbers 7775775; 
7757575, 5577775, 7575575, 5777555 
7755755, 5755575, 5557755, 755555. 


Combinatorics 


11. 


12. 


The following sequence of moves lead to the 
colour of the ticket bearing the number 
123123123 


122222222 
222222222 
313113113 
231331331 
331331331 
123123123 


Given 
Given 

Lines 1 & 2 
Lines 1 &3 
Lines 1 & 2 
Lines 4&5 


If 123123123 is reached by some other root, 
red colour must be obtained even along that 
root. For if for example 123123123 gets blue 
from some other root, then the following 
sequence leads to a contradiction 


122222222 
123123123 
231311311 
211331311 
332212212 
113133133 
331331331 
222222222 


Given 

Given 

Lines 1 & 2 
Lines 1 & 2 
Lines 4 & 2 
Lines 3 &5 
Lines 1 & 2 
Lines 6 & 7 


ON DY ff WH = 


is red 


Thus the colour of 22222222 
contradicting that it is green. 


We write the equation in the form 

a Pere Py ae! 

ape a & 5 
The number of five tuple (@,b,c,d,e) which 
satisfy the given relation and for which a # b 
is even, because for if @,b,c,d,e) is a 
solution, then so is (,a,c,d,e) which is 
distinct from (a@,b,c,d,e). Similarly the 
number of five tuples which satisfy the 
equation and for which c#d is also even. 
Hence it suffices to count only those five 
tuples (a, b, c,d, e)for which a = b,c = d. Thus 
the equation reduces to 


13. 
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Here again the tuple @,a,c,c,e) for which 
azc is even because we can associate 
different solution (c,c,a,a,e) to this five 
tuple. Thus it suffices to consider the 
equation 


4)..1 
—_t —-= 
ae 


and show that the number of pairs (a, e) 
satisfying this equation is odd. 
This reduces to 
ae =20e + Sa 
or (a -20)(e -5)= 100 
But observe that 
100=1x100=2 x50 
=4x25=5x20 
=10x10=20x5=25x4 
=50x2=100x1 
Note that no factorisation of 100 as product 
of two negative numbers yield a positive tuple 
(a,e) Hence we get these 9 solutions. This 
proves that the total number of five tuples 


(a,b,c, d,e) satisfying the given equation is 
odd. 


I. Consider a 6-digit number whose digits 
from left to right are in non-increasing order. 
If 1 is the first digit of such a number, then the 
subsequent digits exceed 1. The set of all such 
numbers with initial digit equal to 1 is 
{100000, 110000, 111000, 111100, 111110, 
111111} 

There are elements in this set. 


Let us consider 6-digit number with initial 
digit 2. Starting form 200000, we an up to 
222222. We count these numbers as follows 


200000 - 211111 : 6 
220000 + - 221111 =: 5 
2220000 - 222111 : 4 
222200 - 222211 : 3 
222220) =- 222221 =: 2 
222222, - 222222 : 1 


The number of such numbers is 21. Similarly, 
we count numbers with initial digit 3; the 
sequence starts from 300000 and with 
333333. We have 


300000 = - 322222 :21 
330000 - 332222 :15 


333000 - 333222 :10 
333300 - 333322 :6 
333330 - 333332 :3 


333333. - 333333 :1 
we obtain the total number of numbers 
starting from 3 equal to 56. Similarly, 

400000 - 433333 :56 

440000 - 443333 :35 

444000 - 444333 :20 

444400 444433 :10 

444440 444443 :1 

444444 - 444444 : 


:1 
126 
500000 - 544444: 126 
550000 - 554444 :70 
555000 - 555444 :35 


555500 - 555544 «=:15 

555550 = - 555554 35 

555555 - S55555 i: 1 
252 


600000 - 655555: 252 
660000 - 665555 :126 
666000 666555 :56 
666600 - 666655 :21 
666660 - 666665 :6 
666666 - 666666 :1 


700000 - 766666 :462 
770000 - 776666 :210 
777000 - 777666 :84 
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777700 ~- 777766 «=:28 

777770 = - ~«777776—:7 

777777. ~=— - «777777 ces 

792 

Thus, the number of 6-digit numbers where 
digits are non-digits are non-increasing 
starting from 100000 and ending with 
777777 is 
792 + 462 + 252+ 126+ 56+ 21+ 6=1715 
Since 2005 — 1715 = 290, we have to consider 
only 290 numbers in the sequence with initial 
digit 8. We have 

g00000 - 855555: 252 

860000 - 863333 : 35 

864000 - 864110 : 3 
Il. It is known that the number of ways of 
choosing r objects from n different types of 
objects (with repetitions allowed) is 


("* ie ‘} In particular, if we want to write 
r 


r-digit numbers using n digits allowing for 
Tepetitions with the additional condition 
that the digits appear in non-increasing order, 


we see that this can be done in joie) 


ways. 


Now we group the given numbers into 
different classes and write the number of 
ways in which each class can be obtained. To 
keep track we also write the cumulative sums 
of the number of numbers so obtained. 
Observe that the numbers themselves are 
written in ascending order. So, we exhaust 


numbers beginning with 1, then beginning 
with 2 and so on. 


Cumulative 


Combinatorics 


form 800000 to 855555 | 5, 4, 3, 2, 1,0 


14. 


form 860000 to 863333 | 3, 2, 1,0 


5, 4, 3, 2,1,0 


6, 5, 4, 3, 2, 1, 


0 
7, 6, 5, 4, 3, 2, 
1,0 


The next three 6-digit numbers are 864000, 
864100, 864110. 

Hence, the 2005th number in the sequence is 
864110. 


Consider a partition of 9 x 9 chessboard using 
sixteen 2 x 2 block of 4 squares each and 
remaining seventeen single squares as shown 
in the figure below. 


If any one of these 16 big squares contain 3 
red squares then we are done. On the 
contrary, each may contain at most 2 red 
squares and these account for at most 16-2 
=32 red squares. Then there are 17 single 
squares connected in zig-zag fashion. It looks 


as follows 


a 
a 
“Ae 


We split this again in to several mirror images 
of L-shaped figures as shown above. There 
are four such forks. If all the five units 
squares of the first fork are red, then we can 
get a 2 x 2 square having three red squares. 
Hence, there can be at most four unit squares 
having red colour. Similarly, there can be at 
most three red squares from each of the 
remaining three forks. Together we get 


15. 


16. 


4+3-3=13 red squares. These together with 
32 from the big squares account for only 45 
red squares. But we know that 46 squares 
have red colour. The conclusion follows. 

In a permutation of (1, 2, 3,...,n), two 
inversions can occur in only one of the 
following two ways 


(A) Two disjoint 
interchanged 
0,2,3,j-lj,j+1,j+2,...,k-1, 

k,k+1,k+ 2,...,n) 
> 0,2,..,J—-LS +1, dS + Qyeoes 
k-1,k+1,k,k + 2,...,n) 

(B) Each block of three consecutive integers 
can be permuted in any of the following 2 
ways; 

(i, 2,3,...k,k+1,k+ 2,...,n) 

= (1,2,...,K+2,k,k+1,...,n); 
(1, 2,3,...,k,k+1,kK+ 2,....,”) 

— (1,2,...,kK+1,k+2,k,...,n). 

Consider case (A). For j =1, there are n-3 

possible values of k; for j =2, there are n- 4 


possibilities for k and so on. Thus, the number 
of permutations with two inversions of this 


type is 


consecutive pairs are 


1+ 2+...4+(1 -3)= 43-3) 


In case (B), we see that there are n-2 
permutations of each type, since k can take 
values from 1 to n-2. Hence, we get 2(n - 2) 
permutations of this type. 

Finally, the number of permutations with two 
inversions is 


(n-3)n-2) , 5 _9)- M+ 1)fn - 2) 
2 2 


Without loss of generality we may assume 
that a, is the largest among 
@,,@,,@;,A4,4;, ag. Consider the relation 


a? - aa, + a} = a5 - aa; + a5. 
This leads to 

(a; - 3)la + a, - a,)=0 
Observe that a, 2 a, and a, > 0 together imply 


that the second factor on the left side is 
positive. Thus, 


@, = @, = Max {A,, Ap, A;,4 ,5,A¢). 


17. 
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Using this and the relation 
a} - aa, + aj = aj - a,a; + a, 


We conclude that a, = a, as above. Thus, we 
have 


Gy = A; = As = MAX {A}, Ap, A, Aq, As, Ag}. 
Let us consider the other relations. Using 
2 2 2 
G3 — Ay + As = As — Asa, + Ay, 


we get a, =a, OF @ + A, = @; =4,. Similarly, 
two more relations give either a, =a, or 
Ay + Ag = 5 =A; and either a,=a, or 
a, + a> = a,. Let us give values to a, and count 
the number of six-tuples in each case. 
(A) Suppose a,=1. In this case all a,’s 
are equal and we get only one six-tuple 
(1, 1,1, 1,1, 1). 
(B) If a, =2, we have a, = a, =2. We observe 
that a,=a,=a,=1 or a, =a, =a, =2. 
We get two more six-tuples (2, 1, 2, 1, 2, 1), 
(2, 2, 2, 2, 2, 2). 
(C) Taking a, = 3, we see that a, =a, =3. In 
this case we get nine possibilities for 
(Qz, 4,46); 
(1, 1, 1), (2, 2, 2), (3, 3, 3), (1, 1, 2), (1, 2, 1), 
(2, 1, 1), (1, 2, 2), (2, 1, 2), (2, 2, 1). 
(D) In the case a, = 4, we have @, =a, = 4and 
@z,4,4g)= @, 2,2), (4, 4, 4), 
(1, 1, 1), @, 3, 3), (1, 1, 3), 
(1, 3, 1), (3, 1, 1), (ql, 3, 3), 
(3, 1, 3), (3, 3, 1). 


Thus, we get 1 + 2 + 9 + 10 = 22 solutions. 
Since @,@,@) and (@),a,,a,) may be 
interchanged we get 22 more six-tuples. 
However, there are 4 common among these, 
namely, (1, 1,1, 1,1, 1), (2, 2, 2, 2, 2, 2), (3, 3,3, 
3, 3, 3) and (4, 4, 4, 4, 4, 4). Hence, the total 
number of six-tuples is 22 + 22 — 4 = 40. 


Consider a circle of positive radius in the 
plane and inscribe a regular heptagon 
ABCDFFG in it. Since the seven vertices of this 
heptagon are coloured by three colours, some 
three vertices have the same colour, by 
pigeonhole principle. Consider the triangle 
formed by these three vertices. Let us call the 
part of the circumference separated by any 
two consecutive vertices of the heptagon an 
arc. The three vertices of the same colour are 
separated by arcs of length |, m, nas we move 
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say, counter-clockwise, along the circle, 
starting from a fixed vertex among these 
three, where | + m+ n=7. Since, the order of 
I,m, ndoes not matter for a triangle, there are 
four possibilities: 1 + 1+5=7;1+2+4=7;1+ 
3+3=7;2+2+3-=7. In the first, third and 
fourth cases, we have isosceles triangles. In 
the second case, we have a triangle whose 
angles are in geometric progression. The four 
corresponding figures are shown below. 


AD 


A 
(i) (ii) 


E E 
Cc 
B 

A A 

(iii) (iv) 
In (i), AB = BC; in (iii), AE = BE; _ in (iv), 
AC = CE; and in (ii), we see that 2D= 7/7, 
ZA=2n/7, and ZB=4n/7, which are in 


geometric progression. 


Suppose four distinct points P, Q, R, S (in that 

order on the circle) among these five are such 

that PO = RS. Then, PQRS is an isosceles 

trapezium, with PS || QR. We use this in our 

argument. 

elf four of the five points chosen are 
adjacent, then we are through as observed 
earlier. (In this case four points A, B,C,D 
are such that AB = BC = ED.) See Fig 1. 


© Suppose only three of the vertices are 
adjacent, say A,B,C (see Fig 2.). Then, the 
remaining two must be among E, F,G, H. If 
these two are adjacent vertices, we can pair 
them with A, B or B,C to get equal arcs. If 
they are not adjacent, then they must be 
either E,G or F,H or E,H. In the first two 
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cases, we can pair them with A,C to get 
equal arcs. In the last case, we observe that 


HA=CE and AHEC is an_ isosceles 
trapezium. 
B 
A 8 A 
Cc Cc 
D 
H 
: E 
G F 
Fig. 1 Fig. 2 
B 
A 
D 
H 
E 
G F 
Fig. 3 


e Suppose only two among the five are 

adjacent, say A,B. Then, the remaining 
three are among D,E, F,G, H. (See Fig 3.) If 
any two of these are adjacent, we can 
combine them with A, B to get equal arcs. If 
no two among these three vertices are 
adjacent, then they must be D, F, H. In this 
case HA = BD and AHDB is an isosceles 
trapezium. 
Finally, if we choose 5 among the 9 vertices 
of a regular nine-sides polygon, then some 
two must be adjacent. Thus, any choice of 5 
among 9 must fall in to one of the above 
three possibilities. 

Aliter Here, is another solution used by 

many students. Suppose you join the vertices 

of the nine-sides regular polygon. You get 


(3) = 36 line segments. All these fall in to 9 


sets of parallel lines. Now, using any 5 points, 
you get (2) = 10 line segments. By pigeonhole 


principle, two of these must be parallel. But, 
these parallel lines determine a trapezium. 


U 


nit 


Geometry 


Congruent Triangles 
Two triangles are congruent if and only if one of them can be made to superpose on the other so as to 
cover it exactly. 
Some Elementary Theorem of Congruency (Without proof) which are often used 


1. Side Angle Side (SAS) Congruence Theorem 


Two triangles are congruent, if two side and the included angle of one are equal to the corresponding 
sides and the included angle of the other triangle. 

Angle Side Angle (ASA) Congruence Theorem 

Two triangles are congruent, if two angles and the included side of one triangle are equal to the 
corresponding two angles and the included side of the other triangle. 

Angle Angle Side (AAS) Congruence Theorem 

If any two angles and a non-included side of one triangle are equal to the corresponding angles side 
of another triangle, then the two triangles are congruent. 

Side Side Side (SSS) Congruence Theorem 

Two triangles are congruent, if the three side of one triangle are equal to the corresponding three 
side of the other triangle. 

Right Angle Hypotenuse Side (RHS) Congruence Theorem 

Two right triangles are congruent, if the hypotenuse and one side of one triangle are respectively 
equal to the hypotenuse and one side of the other triangic. 


Note Angles opposite to equal sides of a triangle are equal. 


Example 1 In the given figure, AB = CF, EF =BD; Z AFE = Z DBC. 


Prove that A AFE =ACBD. 
D 
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Solution a AB = CF 
f AB + BF = BF + FC 
= AF =CB (i) 
In A AFE and A CBD 
AF =CB [from Eq. (i)] 
EF =BD [given] 
Z AFE = Z DBC [given] 
A AFE =ACBD [By SAA congruence rule} 


Example 2 P and Q are two points on equal sides AB and AC of an isosceles A ABC such that 
AP = AQ. 


Prove that PC = QB. 


Q P 
Cc PAY B 
Solution « AP = AQ and AB = AC 
& AB - AP = AC - AQ 
> PB=QC (i) 
In As PBC and QBC, we have 
PB=QC [by Eq. (i)] 
BC =BC [Common] 
Z PBC = Z PCB [. AB=AC] 
APBC =AQBC [By SAS congruence rule] 
PC =QB 


Example 3 /n AABC and APQR, AB=PQ, BC =QR; CB and RQ are extended to X andy 
respectively. Z ABX = ZPQY. Prove that A ABC =APQR. 


A P 
Solution ZABX = ZPQY 
180° - ZABC = 180° - ZPQR [." 2 ABX + Z ABC =180°: 
Z PQY + Z PQR =180° (linear pair)] 


Z ABC = ZPQR ...(i) 


Example 4 


Solution 


Example 5 


Solution 
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In A ABC and A PQR 
AB =PQ (given) 
Z ABC = Z POR [from Eq. (i)] 
BC =QR (given) 
A ABC = APQR [from Eq. (i)] 


[By SAS congruence rule] 


Hari wishes to determine the distance between two objects A 
and B, but there is an obstacle between these two objects 
which prevent him from making a direct measurement. He 
devises an ingenious way to overcome this difficulty. First he 
fixes a pole at a convenient point O so that from O, both A and 
B are visible. Then he fixes another pole at the point D on the 
line AO (produced) such that AO = DO. In a similar way he 
fixes a third pole at the pointC on the line BO (produced) such © 
thatBO = CO. Then he measures CD which is equal to 170 cm. 

Prove that the distance between the objects A and B is also 170 cm. 


In As AOB and A COD 


OA = OD (given) 
Z AOB= Z COD (vertically opposite angles) 
OB = OC (given) 

ES A AOB = ACOD 
= AB=CD (C.p.c.t.) 
=> AB =170cm [-- CD =170cm] 


Hence proved. 


The line segment joining the mid point M and N of opposite sides AB and DC of 
quadrilateral ABCD is perpendicular to both these sides. 


D a Cc 


Prove that the other sides of the quadrilateral are equal. 
Join M and D and also M and C 
in ACMN and A DMN 
DN =NC[N is mid point of CD] 
Z DNM = Z CNM =90° 
MN =MN (common) 
4 CMN = A DMN [By SAS congruence rule] 
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=> CM =DM ...(i) 
Z DMN = Z CMN 
and Z AMN = Z BMN [ 90° each (given)] 
=> Z AMN - ZDMN=Z BMN - Z CMN 
=> Z AMD = Z CMB ii) 
In A AMD and A CMB 
AM =MB [° Mis mid point of AB] 
Z AMD = Z CMB [from Eq. (ii)] 
DM =MC [from Eq. (i)] 


AAMD=ACMB = AD=BC 


In the given figure, 


AC = AE; AB= AD, Z BAD = Z EAC. Prove that BC = DE 
E 


Join DE 
Z BAD = Z EAC 
=> ZBAD+ ZDAC=ZEAC+ ZDAC => ZBAC=2Z DAE pall) 
In A ABC and A ADE 
AB = AD (given) 
Z BAC = Z DAE [ from Eq. (i) ] 
AC = AE 
A ABC = A ADE [By SAS congruence rule ] 
=> BC =DE [c.p.c.t ] 


Example 7 ABisa line segment. AX and BY are two equal line segments drawn opposite sides of 


line AB such that AX || BY. 


490 


Solution 


Example 8 


Solution 


Example 9 
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If line segments AB and XY intersect each other at point P . Prove that 
(a) A APX = A BPY 


(b) line segments AB and XY bisect each other at P. 


(a) *: AX || BY and XY is a transversal 
Z21=2Z2 (Alternate interior angles) __....(i) 

AX || BY and ABis a transversal 

Z3=Z24 (Alternate interior angles) _...(ii) 
In A APX and A PBY 

Z1=22 [from Eq. (i)) 

AX =BY (given) 

23=24 [By Eq. (ii)] 
“ A APX = A BPY (ASA rule) 
(b) A APX =A BPY 

AP=PB and PX=PY (c.p.c.t] 


.. AB and XY bisect each other at P. 


In the figure, C is the mid point of AB, Z BAD = Z CBE, Z ECA = Z DCB. 
Prove that 


E D 
A C B 
(a) ADAC = 4 EBC (b) DA =EB 
In ADAC and A EBC 
AC =CB [- Cis mid point of AB] 
Z CAD = Z CBE (given) 
Z ACD = Z BCE 
[-- Z ACD =180° - Z DCB, Z BCE =180° - Z ECA and Z DCB=Z ECA} 
A DAC = AEBC [By AAS rule] 
DA=EB (c.p.c.t.) 


In the figure, Z CPD = Z BPD, AD is bisector of Z BAC. 
Prove that A CAP = A BAP and hence CP = BP. 
Cc 
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In As BAP and ACAP, we have 


ZBPD=ZCPD 
180° — ZBPA =180° — ZCPA 
ZBPA = ZCPA ...(i) 
ZBAP=ZCAP [.- AD is bisector of ZBAC] 
AP=AP (common) 
ZBPA = ZCPA [from Eq. (i)] 
A BAP =ACAP [By ASA congruence rule] 
BP =CP (By c.p.c.t.) 


Example 10 in A ABC, AB = AC. Bisectors of angles B and C intersect at point O. Prove that 
BO =CO and the ray AO is bisector of Z BAC. 
A 


Solution 


In A ABC, 
AB = AC 
=> ZB=Z2C [- Angle opposite to equal sides are equal] 
1 1 
—~ZB=—ZC 
a 2 2 
= Z ABO = Z ACO ...(i) 
[- OB and OC are bisectors of 2 B and C respectively] 
Z OBC =; ZB 
and ZOCB =5 ZC 
=> OB =OC ...(ii) 
Z [- sides opposite to equal angles are equal] 
In A ABO and A ACO 
AB = AC (given) 
Z ABO =2Z ACO [from Eq. (i)} 
OB =OC [ from Eq. (ii)] 
A ABO =A ACO (By SAS rule] 
=> Z BAO = ZCAO [c.p.c.t.] 


AO is the bisector of Z BAC. 
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Example 11 In the given figure, AD = AE .D andE are points on BC such that BD = EC. Prove that 


AB = AC. 
A 
B OD E C 
Solution In A ADE 
AD = AE 
Z ADE = Z AED 
> 180° — Z ADE =180° - Z AED 
=> Z ADB = Z AEC ...(i) 
In AABD and A ACE 
AD = AE (given) 
Z ADB = Z AEC [from Eq. (i)] 
BD=EC 
A ABD =A ACE [By ASA rule] 
=> AB = AC [c.p.c.t.] 
Example 12 In figure, 
PS =PR, 
ZTPS = ZQPR 
Prove that PT = PQ 
i i Ss R Q 
Pp 
Solution In APRS 
PS =PR 
=> ZPRS=ZPSR_ [-: Angle opposite to equal sides are equal] 
- 180° — Z PRS =180° - Z PSR 
=> ZPRQ =ZPST i) 
In APST and A PRQ 
ZTPS = Z QPR (given) 


PS =PR (given) 
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ZPST =ZPRQ [from Eq. (i)] 


A PST =A PRQ [By ASA rule] 
= PT =PQ 


Example 13 PQRS is a quadrilateral. T and U are points on PS and RS respectively such that 
PQ =RQ. Z PQT = Z RQU and ZTQS = ZUQS. 
Prove that QT = QU. 


Solution In A PQS and RQS, 
QS =QS (common) 
ZPQS=ZRQS) [-ZPQS=214+ 23=22+24=ZRQS] 
PQ=QR 
A PQS =ARQS [By SAS rule] 
2 Z QPS = ZQRS 
ie, Z QPT = ZQRU 
In A PQT and A QRU, 
Z1=Z2 
Z QPT = Z QRU 
PQ =QR 
A PQT =A QRU (By c.p.c.t.) 
QT =QU 
Concept 
Some Properties of An Isosceles Triangle (without proof) 
1. If two angles of a triangle are equal, then sides opposite to them are also equal. 
2. If the altitude from one vertex of a triangle bisects the opposite side, then the triangle is isosceles. 
3. In an isosceles triangle , altitude from the vertex bisects the base. 
4. If the bisector. of the vertical angle of a triangle bisects the base of the triangle , then the triangle is 
isosceles. 


Example 1 The altitudes of A ABC, AD, BE and CF are equal. Prove that A ABC is an equilateral 
triangle . 
A 
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Solution 


Example 2 


Solution 
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In right angled triangles BCE and BCF 


BC =BC (common) 
BE =CF (given) 
A BCE = A BCF [ By RHS rule] 
ZB=2C [c.p.c.t] 
> AC = AB ..{i) 
[-: side opposite to equal angles are equal] 
Similarly, A ABD = A ABE 
oo ZB=ZA 
=> AC =BC .. (i) 


[-: side opposite to equal angles are equal] 
From Eqs. (i) and (ii), 
AB =BC =AC 
.. A ABC is an equilateral triangle. 


In figure, AB = AC. D andE are points on BC such that BD = EC (or BE = CD). Prove 
that AD = AE. 
A 
B D E Cc 
AB=AC 
Z ABC = Z ACB 
ZB=ZC 
In A ABD and A AEC 
AB=AC (given) 
BD=EC (given) 
<B=2C (Proved) 
A ABD =A AEC 
AD = AE [c.p.c.t.] 


Example3 A ABC is isosceles with AB = AC. Prove that altitudes BD andCE of triangle are equal. 


A 


Geometry 
Solution in A ABC 
Z ABC = Z ACB 
ie., Z CBE = Z BCD 
In 4 s BCE and A BCD 
Z CBE = Z BCD 
2 CEB = 2ZCDB 
Z BCE = Z CBD 


[4 BCE = 90°- 2B; Z CBD=90°- ZC, ZB=2C] 
BC = BC (common) 
ABCD =A BCE 
BD =CE 


Example 4 in the figure, PQ = PT, Z TPS = Z QPR. Prove that A PRS is isosceles 


T Ss R Q 


Solution In A PQT 
PQ =PT 
E ZTQP=ZQTP 
In A PQR and A PST 
PQ =PT 
ZTQP=ZQTP 
Z QPR = ZTPS 
A PQR = A PST 
He PS=PR 
.. A PRS is isosceles. 
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[-- AB = AC] 


[from Eq. (i)] 
(90° each) 


[By AAS rule] 
[c.p.c.t.] 


(given) 
(By AAS rule) 
[c.p.c.t.] 


Example 5 4 ABC is an isosceles triangle with AB = ACBD and CE are two medians of triangle. 


Prove that BD = CE 
A 
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Solution In A ABD and A AEC 


AB=AC (given) 
AD = AE 
{: Dis mid point of AC .AD =DC i.e, AD= F AC] 
Z BAC = Z CAB (common) 
[.- E is mid point of AB, .. AE =EB 
ie, AE =1/2 AB, 
*: AB=AC-. AD=AE ] 
, A ABD =A AEC (By SAS rule) 
BD =CE [c.p.c.t.] 


Some Inequality Relations in a Triangle (Without Proof) 

__ If two sides of a triangle are unequal, the longer side has greater angle opposite to it. 

In a triangle, the greater angle has longer side opposite to it. 

_ The sum of any two sides of a triangle is greater than the third side. 

. Of all the line segments that can be drawn to a given line from a point not lying on it the 


pon 


perpendicular line segment is the shortest. 


Example 1 /n figure PQ >PR.QS and RS are the bisectors of 2 Q and Z R respectively. Prove 


that SQ > SR. 
Pp 
Q R 
Solution In APQR 
PQ>PR (given) 
= ZPRQ > ZPQR 
[Angle opposite to greater side of a triangle is greater] 
1 
— ZPRQ 
= 2 
> uf ZPQR 
2 
=> ZSRQ>ZSQR 
[-- RS and QS are bisectors of Z PRQ and Z PQR respectively) 
= SQ>SR 


(Side opposite to greater angle is greater) 
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Example 2 Jn figure PQ and PR are produced and Z SQR < Z TAQ. 
Pp 


Prove that PR > PQ. 
ZPQR + Z SQR =180° 
ZPRQ + ZTRQ =180° 
& ZPQR+ ZSQR=2ZPRQ+ ZTRQ 
But ZSQR < ZTRQ 
ZPQR < ZPRQ 
PR>PQ [Side opposite to greater angle is greater] 


Solution }inea pair 


Example 3 @Q is a point on side RS of APSR such that PQ = PR. Show that PS > PQ 


Pp 
Ss Q R 
Solution inAPQR,PQ=PR 
me Z PRQ = Z PQR [Angles opposite to equal sides are equal] ...(i) 
In A PSQ, SQ is produced to R 


[exterior angle of a triangle > each of interior opposite angles] 
From Eas. (i) and (ii) 
Z PRQ =ext. Z PQR > Z PSQ 


ie., ZPRQ > ZPSQ 
ie., ZPRS>2ZPSR [‘: Z PRQ = Z PRS and Z PSQ = Z PSR} 
In A PSR, 
ZPRS>ZPSR 
PS>PR 
[. side opposite to greater angle is greater] 
PR=PQ 


PS>PQ 
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Example 4 AD is the bisector of Z A ofA ABC, D lies on BC. Show that AB > BD and AC > CD. 


A 
Lp 


(DS 
B D Cc 
Solution In A ABC 
AD is bisector of Z A 
és Z1=22 ...(i) 
But in A ABD 
ext. ZADC>Z1 
' [exterior Z of atriangle is greater than each of interior opposite angles] 
ie, LL ; 
4 Z3>Z2 [ from Eq. (i) ] 
.. from A ADC 
AC > AD 
[.: Side opposite to greater angle is greater] 
Also Z4>22 [In A ADC, Z 4 is exterior angle] 
Z4>Z1 


AB > BD [-. Side opposite to greater angle is greater] 


Example 5 /n figure, AB > AC. D is any point on side BC of A ABC. Show that AB > AD. 
A 


B D Cc 


Solution ~ AB > AC 
Z ACB > Z ABC (i) 
[." Angle opposite to greater side is greater] 
In A ACD, CD is produced to B forming an exterior angle ADB 
. Z ADB > Z ACD 
[.: exterior angle of a triangle is greater than each of interior opposite angles ] 
a Z ADB > Z ACB [- Z ACD = Z ACB} ...(ii) 


Geometry 
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Solution 
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from Eqs. (i) and (ii) 


; Z ADB > Z ABC 
=> Z ADB > Z ABD [-« Z ABC = 2 ABD] 
> AB > AD [: side opposite to greater angle is greater] 


S is any point in the interior of A PQR. Show that SQ + SR < PQ + RP 


P 
T 
: MS. 7 

Produce QS to meet PR at T. 
In A PQT 

PQ + PT >QT 

[-- Sum of two sides of a triangle is greater than third side ] 

=> PQ + PT >QS+ST [- QT=QS + ST] ...(i) 
In ARST 

ST+TR>SR (ii) 


On adding Eggs. (i) and (ii) gives 
PQ+PT+ST+TR>SQ+ST+SR 


=> PQ +(PT+TR)>SQ+SR 
> PQ+PR>SQ+SR 
“. SQ+SR<PQ+PR 


S is any point on the side QR of APQR. Show that PQ + QR + RP > 2PS. 
Pp 


In APQS 
PQ+QS>PS (i) 


[." sum of two sides of a triangle is greater than third side] 
In APSR 


RP +RS>PS (ii) 
On adding Eqs. (i) and (ii) , we get 
PQ +QS+RP+RS > 2PS 
PQ +(QS + RS) + RP > 2PS 
PQ +QR+AP>2PS [-- QS+RS=QR] 
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Example 8 In figure, AP 1/i.6., AP is the shortest line segment that can be drawn from A to the 


Solution 


line |. If PR >PQ. Show that AR > AQ 


A 


Q P S / 


Cut off PS = PQ from PR join AS. 


In 4 APQ and A APS 
ZAPQ = Z APS (each 90°) 
AP = AP (common side) 
PQ =PS 
A APQ =A APS 
AP=AS and 21=23 (i) 
In AARS, Z3>Z2 [exterior angle property ] ...(ii) 
from Eqs. (i) and (ii) 
Z4i>Z2 


from A AQR Zi>Z2 


AR >QR 
AR > AQ 


Example 9 Prove that perimeter of a triangle is greater than sum of its three medians. 


Solution 


A 


B D Cc 


In atriangle ABC let, perimeters is equal to AB + BC + AC and sum of medians is 
equal to AD + BE + CF.Nowwe know that sum of any two sides of a triangle is greater 


than the third side. 
x AB + AC > 2AD (i) 


[- AD is median of A ABC through the point A] 

Similarly, 
BC + BA > 2BE ii) 
and CA + CB > 2CF (iil) 
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Adding Eas. (i), (ii) and (ili), we get 

(AB + AC) + (BC + BA) +(CA+CB)>2 

(AD + BE + CF) 2(AB + BC + AC)>2(AD+ BE + CF) 
Hence, AB + BC + AC > AD + BE + CF 


Example 10 Show that the sum of the three altitudes of a triangle is less than the sum of the three 
sides of a triangle. 
Solution In a AABC let perimeter equal to AB + BC + CA and sum of altitudes is equal to 


AD + BE + CF. Now since AD 1 BC 
A 


D 
AD <AB,AD<AC 
AD + AD <AB+ AC 
2AD < AB+ AC ...(i) 
BELCA 
BE <BC,BE <BA 
=> BE + BE <BC+BA 
2BE <BC+BA ...(ii) 
CF LAB 
CF <CA,CF <CB 
CF +CF<CA+CB 
2CF <CA+CB .. (iii) 
On adding Eas. (i), (ii) and (iii), we get 
2(AD + BE + CF)< AB+ AC+BC+BA+CA+CB 
=2AB+2BC + 2CA=2(AB+ BC + CA) 
Hence, AD + BE +CF<AB+BC+CA 


| 


Example 11 PR > PQ, PS is the bisector of Z QPR. 


Show that x > y. 
Solution In A PQR, PR >PQ ZPQR > ZPRQ 
[. Angle opposite to greater side is greater] - 
LZ12=Z2 [.- PS is bisector of Z P] 


ZPQR+Z1>ZPRQ+22 
180° — y° > 180° - x° 
«+ Z PQS + 21+ y°? =180°, Z PRS + Z 2+ x°=180°] 
-y°>-x? 
y°<x°® i.e, x°>y° 


VUTY* 
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Example 127 is a point on side QR of APQR.S is a point such that RT =ST. Prove that 
PQ+PR>QS 


R P 
Solution inARPQ 
PQ +PR>RQ ...(i) 
RQ=TR+TQ 
=ST+TQ>QS [from A STQ] ...(ii) 
from Eqs. (i) and (ii) 
PQ+PR>QS 


Example 13 PQAS is a quadrilateral. PQ is its longest side. RS is the shortest side, prove that 
ZR>ZPand ZS>ZQ. 


Solution Join PR and QS, 
-- PQ is longest side of quadrilateral PARS 
-. InAPQR 
PQ>QR 
Z5>22 (i 
[ Angle opposite to greater side is greater] 
-: RS is smallest side of quadrilateral. PQRS 
; PS>RS 
AOS Ail) 
[- Angle opposite to greater side is greater] 
On adding Eas. (i) and (ii) 
25+ Z6>22+71 
=> ZR>ZP 
Hence proved. 


Geometry . 503 


In A PQS, PQ>PS [-- PQ is longest side] 
“ Z8>23 (iii) 
In A SRQ, RQ >RS [-: RS is shortest side] 
: Z7>Z4 ..-(iv) 


On adding Eqs. (iii) and (iv), we get 

28+2Z7>23+24 
=> ZS>ZQ 
Hence proved. 


Example 14 in A ABC, AD1 BC; BE 1 AC;CF 1 AB. Prove that AD + BE + CF > AB + BC + CA. 


A 
F, 
E 
B D (e: 
Solution InA ABD, AD < AB (i) 
(Perpendicular line segment is shortest) 
In A ADC, AD < AC .. (ii) 
(Perpendicular line segment is shortest) 
2AD<AB+ AC .. (iii) 
[On adding Eas. (i) and (ii)] 
Similarly 2 BE <AB+ BC ... (iv) 
2CF <BC+AC .(V) 


On adding Eas. (iii), (iv) and (v), we have 
2(AD + BE + CF) <2(AB + BC + CA) 
= AD + BE + CF <AB+BC+CA 
Example 15 /n A ABC, AC > AB 
Prove that AC - AB < BC, AC - BC < AB, 
BC - AB< AC. 
Solution From AC, cut AD = AB, 


join AB = AD [construction] 


\ 
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Z2=21 ...(i) 
[Base angle of an isosceles triangle] 
Z23>21 ..(ii) 
[ext. angle of A ABD] 
Z2>Z24 ...(iii) 
[ext. angle of A BDC} 
Z3>2Z2 
[from Eqs. (i) and (ii)] 
Z3>24 [from Eqs. (ii) and (iii)] 
In A BDC 
Z23>24 
oe BC >DC 
=> DC <BC »AC-AD<8C 
=> AC - AB <BC [.: AD = AB] 
Similarly, AC - BC < AB, BC - AB< AC 


Hence proved. 


Properties of a Parallelogram 


—_ —_ 
- OO AND ASWHNH = 


— = 
wo NM 


. A diagonal of a parallelogram divides it into two congruent triangles. 


In a parallelogram opposite sides are equal. 


. Ina parallelogram the opposite angles are equal. 
. Ina parallelogram the diagonals bisect each other. 


In a quadrilateral, if opposite sides are equal, it is a parallelogram. 
In a quadrilateral, if opposite angles are equal, it is parallelogram. 


_ If the diagonals of a quadrilateral bisect each other, then the quadrilateral is a parallelogram. 
_ Each of the four sides of a rhombus is of same length. 

_ Each of the angles of a square is a right angle and each of the four sides is of same length. 

_ If the two diagonals of a parallelogram are equal, it is a rectangle. 

. The diagonal of a rhombus are perpendicular to each other. 

_ If the diagonals of a parallelogram are perpendicular then it is a rhombus. 

. The diagonals of a square are equal and perpendicular to each other. 


Example 1 /n a parallelogram, show that angle bisector of two adjacent angles intersect at right 
angles 
0 c 


A B 


Soli'tion —_In a parallelogram ABCD ZAand ZB are adjacent angles. B sectors of Z Aand ZB 
meet at the point P. Now 


ZA+ZB=90° [sum of adjacent angles of a parallelogram] 
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% 3 LA+ 5 ZB =90° 
=> Z PAB + Z PBA=90° 
But Z APB + ZPBA+ Z PAB =180° [sum of angles of a triangle] 
‘ 90° + Z APB =180° 
Z APB =90° 


Example 2 Let ABCD be a parallelogram. Let AP,CQ be the perpendicular from A and C on its 
diagonal BD. Prove that AP = CQ 


Solution From A APD and A BQC 


AD =BC (-: ABCD is a parallelogram .. AD = BC ) 
Z ADP = Z CBQ [.- AD || BC and BD is transversal] 
Z APD =2ZCQB [each 90°] 
A APD = ABQC [By AAS rule] 
AP =CQ 


Example 3 AB||PQ,AB = PQ, AC || PR 
AC = PR. Prove that 
BC|| QR and BC =QR. 


Cc R 


Solution ~- AB|| PQ, AB =PQ 
ABOP is a parallelogram 
BQ = AP and BQ || AP (i) 
AC || PR, AB =PR 
ACRP \s parallelogram 
CR = AP and CR || AP ---(ii) 
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From Eqs. (i) and (ii) 
BQ =CR and BQ||CR 
BQRC is a parallelogram 
BC || QR and BC = QR 


Example 4 Ina parallelogram ABCD, P and Q are two points taken on its diagonal BD such that 
DP = BQ. Prove that APCQ is a parallelogram. 


A pe D 
B ¥, 4. ie Cc 
Solution In A APD and A CQB 
DP = BQ (given) 
AD = BC [opposite sides of a parallelogram] 
Z ADP = Z CBQ (Alternate angles) 
[.- AD || BC and transversal BD meets them at D,P respectively] 
A APD = A CQB [By SAS] 
AP =CQ (c.p.c.t.] 
Similarly, 
CP =AQ 


APCQ is a parallelogram. 


Example 5 Prove that the angle bisector of a parallelogram forms a rectangle. 
Solution Let ABCD is a parallelogram in which angle bisectors from a quadrilateral PORS. 
-: AP is bisector of 2 A and BR is bisector of Z B meeting at each other at point S. 
A D 


ke \ 


Z BAS + Z ABS 
1 


1 1 ‘ 
Ag eat era AI 
[.- AD || BC and AB intersects them] 
Z BAS + Z ABS =90° 
But Z BAS + Z ABC + 2 ASB =180° 
Z ASB = 90° 


Geometry 
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Solution 


Example 7 


Solution 
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Thus Z RSP =90° 
[- 2 RSP and 2 ASB are vertically opposite angles] 
Similarly, we prove that 
Z SRQ = Z RQA=90° 

Hence, PQRS is a rectangle. 
Prove that the figure formed by joining the mid points of the pairs of adjacent sides of 
& quadrilateral is a parallelogram. 

D 


A 3 B 


ABCD is a quadrilateral E,F,G,H are mid points of sides AB,BC,CD,DA 
respectively. 
PQRS is a parallelogram 
Join A and C. 
In A ABC,E and F are the mid points of sides AB and BC respectively 


EF || AC and EF = + AC (i) 
In A ADC, G and H are mid points of CD and AD respectively 
HG || AC and RS = + AC ii) 


from Eqs. (i) and (ii), we get 
EF || HG and EF || RS 
EFGH is a parallelogram. 


The diagonals of a.quadrilateral ABCD are perpendicular. Show that the quadrilateral 
formed by joining the mid points of its sides, is a rectangle. 


A quadrilateral ABCD. AC and BD are its diagonals such that AC LBD 


P,Q,R,S are mid points of sides AB, BC, CD, DA respectively. 
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Join PQ, QR, RS and SP 
In 4 ABC, P and Q are mid points of AB and BC respectively. 


PQ|| AC and AC and PQ = > AC Ai) 
In A ADC, R and S are mid points of CD and AD respectively. 

RS || AC and RS =+ AC ii) 

PQ || RS and PQ =RS [from Eqs. (i) and (ii)] 


PQRS is a parallelogram 
Let the diagonals AC and BD meet at point O. 
Now, in A ABD,P is mid point of AB and S is mid point of AD. 
PS|| BD i.e., PN||BD 
Kine from Eq. (i), QP || AC 
PM || NO 
In wstadeibaarel PMON, PN || MO and PM || NO 
PMON is a parallelogram = 2ZMPN=2ZMON 
[.- opposite angles of parallelogram are equal] 


=> Z MPN = Z BOA (« ZBOA=2Z MON) 
=> Z MPN =90° [.- AC 1 BC,.. Z BOA = 90°] 
=> Z QPS = 90° 
Hence PQRS is a parallelogram with one angle 

Z QPS = 90° 


.. PQRS is a rectangle. 
Example 8 ABCD is a rhombus. P,Q,R,S are mid points of AB, BC, CD, DA respectively. Prove 


that PORS is a rectangle. 
xT 
Ss DJ 


Solution Join AC 
</ 
A rains we 
Pp 


In A ABC, P and Q are mid points of AB and BC respectively 


>) 


PQ|| AC and Pa =3 AC Al) 


In A ADC,R and S are mid points of CD and AD respectively 
SR || AC and SR =3.AC ii) 
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from Eqs. (i) and (ii), we get 
PQ|| SR andPQ=SR 
PQRS is a parallelogram. 
Again ABCD is a rhombus. 
AB =BC 
[.: All sides of a rhombus are equal] 


BC => PB=BQ .. (iii) 


[<P and Q are mid points of AB, BC respectively] 
In A PBQ, PB = PQ 
Z1=Z2 ...(iv) 
[.-Angle opposite to equal sides are equal] 
*: ABCD is a rhombus. 
AB =BC=CD=AD 


=> AB =BC,CD = AD 
1 1 1 
a 5 AB = 5 BC; 5 CD=* AD 
s AD =CQ,CR = AS 
In AAPS and ACQR ° 
AP =CQ [By Eqs. (iii)] 
AS =CR [By Eqs. (iv)] 
PS=QR [. PQRS is parallelogram] 
A APS =ACQR [By SSS rule] 
Z23=24 [c.p.c.t.] ...(v) 
Now, 23+ 2ZSPQ+ Z2=180° 
and 21+ ZPQR + Z4=180° 
23+ ZSPQ+2Z2=21+ ZPQR+24 
= ZSPQ=ZPQR [.21=22,23=2 4) ...(vi) 


Now transversal PQ cuts parallel lines SP and RQ at P,Q respectively. 
Z SPQ + ZPQR =180° 
=> Z SPQ + Z SPQ =180° 
2 Z SPQ =180° 
Z SPQ = 90° 
Hence, PQRS is a parallelogram such that its one angle Z SPQ = 90°. 
Hence PQAS is rectangle. 
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_ Similar Triangles (Ratio and Proportion) 


Two figures are said to be similar, if they are of-same shape. For two polygons to be similar this requires 
that each angle of the one must be equal to each angle of the other and corresponding sides are 
proportional: In case of a triangle equality of angles turns out to be equivalent to proportionality of 
corresponding sides. Here are some facts regarding similar triangles. 


1. In any triangle, a straight line drawn parallel to one of the sides divides the remaining sides 
proportionally and conversely. 


In the figure, if DE || BC, then 


A 

AD _ AE 

DB EC D E 
and equivalently, AD _ AE 

AB EC B c 
Conversely, if Dand E are points in the sides AB and AC respectively, such that 
—— = —, then DE || BC 
DB EC 


. If in the two triangles, the sides of one triangle are proportional to those of the other then the 
corresponding angle of the two triangle s are equal. 


In figure, if AB_ AC _ BC 


B Cc CE F 
then ZA=2D,ZB=ZE,2ZC=2ZF 


3. If in two triangles the angles of one triangle are equal to those of the other, then side opposite to 
these angles are proportional. In the previous figure 


if ZLA=ZD,ZB=ZE,2ZC=ZF 
AB _ AC _ BC 
then DE DF EF 


4. If in two triangles, one angle of one triangle is equal to one angle of the other triangle and the side 
containing these angles are proportional, then two triangle are similar. 


In the figure, if 2 A =  Dand “= 2%, then A ABC and A DEF are similar. 


5. The internal (respectively external) bisector of an angle of a triangle divides the opposite side 
internally (respectively externally) in the ratio of the sides containing the angle. 


-E 
: 

i 
, 


D Cc D 
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In figure (a), ADis the internal bisector of Z A Consequently a = i 
In figure (b), ADis the external bisector of Z A Consequently “ = fr 
6. The areas of similar triangles are in the ratio of squares of the corresponding sides. 
A ABC ~ A DEF 
Correspondence being 
AD, BoE, C oF 
TAS ‘ ; 
Consequently [ABC] _ AB* : 
[DEF] DE? 
= AC* _ BC* 
DF? EF* 


[ABC] and [DEF] denote the area of AABC and ADEF respectively. 


Definitions 
1. Aline segment joining a vertex of a triangle to any point on the opposite side (the point may be on 
the extension of the opposite side also) is now called a Cevian. 
Altitudes, medians, angle bisectors are all Cevians, 
2. Three points A, B, C are said to be collinear, if they lie on a straight line. 


3. Three straight lines are said to be concurrent, if all three passes through a point. 


Theorem 1 fA, B, Cand A’, B’ , C’ are point an two parallel lines such that AB/A’ B’ = BC/B’ C’, then 

AA’, BB’, CC’ are concurrent, if they are not parallel. 

Proof Let AA’and BB’ meet at Owhen AA’ and BB’ not parallel. Join OC and fe) 

let it cut A’ B’ at G. By Basic proportionality theorem 
_BC _ AB __ BC 


> B’G = Bp’ Cc’ 
= CG, and C’ coincide. Thus, CC’ passes through O. 


A B Cc 
Theorem 2 From a point O;OD,OE,OF are drawn perpendicular to the sides BC,CA and AB 
respectively of a AABC, then 
BD? — DC? + CE? - EA? + AF? — FB? =-0 
A 
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Proof BD? = OB? - OD” 
and DC? = OC? - oD? 
- BD? - DC? = OB? - oC? ...(i) 
Similarly, 
CE* ~ FA? = OC? - OA? ... ii) 
AF? — FB? = OA? - OB? ..- (iii) 


On adding Eqs. (i), (ii) and (iii), we get 
BD? — DC? + CE? - EA*+ AF? - FB? = 0 


Theorem 3 if D, E, F be points on sides BC, CA, AB of aA ABC such that 
BD? - DC? + CE? - EA? + AF* - FB? = 0, 
then perpendiculars at D, E, F to the respective sides are concurrent. 


Proof Let the perpendiculars at D, E to BC, CA respectively meet at O. Let OF’ be the perpendicular 
from O to AB. Using theorem 2 we have 


BD* - DC? + CE? - EA? + AF?- F’B? =0 .. @ A 
But BD? — DC? + CE? - EA? +AF* - FB? = 0 .. (ii) E 
= AF” — F’ B? = AF — FB? F 
or (AF’ + F’ B) (AF’-FB’ ) F 
= (AF + FB) (AF — FB) 
-— AB (AF’ — F’ B)= AB (AF - FB) B D c 
ab AF’ - F’ B= AF - FB [-: AB +0] 
AF — AF’ = FB- F’B 
FF’ = — FF’ 


2FF’ =0 = FF’=0 
is F, F’ coincides 


Theorem 4 CEVAS'S THEOREM 
ABC is a triangle and AX, BY and CZ are three Concurrent cevians. Then, 


A 
Y 
B x Cc 
BX CY AZ_, 
XC YA ZB 
Proof Let the cevians meet at P. Let [ ABC ] denote the area of A ABC 
[ BPX | => BX-h 


and [CPX |= 3 XC-h 
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h = length of perpendicular from P to BC, then 
1 


* BX. 
[BPX] _ 2 a ae ll) 
[CPX] Iycp, XC 
2 
If h’= length of perpendicular from A to BC, then 
1 , 
(Bax) _ 290°" _ ax i) 


From Eqs. (i) and (ii) 


BE AA) _ LFA) ... (iii) 
XC [CAX] [CPX] 
from elementary algebra, if 5 = Gr then each of the ratios Fo = 2-6 
So, from Eq. (iii) BX _|BAX|-[BPX] _ [APB] 
XC [CAX]-[CPX] [APC] 
BX _ (APB) 
XC [APC] 
Similarly, CY _ [BPC] and AZ _ [APC] 
YA [APB] ZB [BPC] 
BX CY AZ 
Multiplying, we get — =] 
. ae XC YA ZB 
Theorem 5 CONVERSE OF THEOREM 4. 
BX CY AZ 
7 ; tisfy — .—— .—= =1, then th i 
If 3 Cevians AX , BY, CZ sa Ye vA oe en they are concurrent. 
A 
Y 
B » 4 x Cc 
Proof Let BY and CZ meet at P. Let AP meet BC at X’. By ceva's theorem 
BX" CY AZ a) 
X’C YA ZB “Y) 
BX CY AZ_ |, . 
oC y, ZB auc ) 
BX’ _ BX 
We have "CXC 
Adding 1 to both sides 
BX’ BX 
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BX’ + X’C_ BX + XC 


x’Cc XC 
= BC _ BC 
X’C XC 
X’C=XC=>X'C-XC=0 
=. XX’ =0 


-. Xand X’ Coincides. Thus, the 3 cevians are concurrent. 


Theorem 6 MENELAUS THEOREM 


If a transversal cuts the sides BC,CA, AB ofa A ABC atX, Y, Z respectively. 
Then, 


Proof Leth, h,,h, be lengths of 1s AP, BQ, CR respective from A, B,C 
on the transversal. 


A BQX and A CRX are similar. 
BX _hh (i) 
XC kh 
Similarly, 
Oe ea ...(ii) 
YA h, 
AZ_h ii 
and 7 hi .. (iii) 
Hence, BX CY AZ_h hh h_y 


XC YA ZB hh h 
As per the directed lengths we have = is negative. The other two ratios are positive. 


Theorem 7 (CONVERSE OF THEOREM 6.) 


If X,¥,Z are three points on each of the sides BC,CA, AB of A ABC or on their extensions such that 
BX CY AZ _ -1, then X,Y, Z are collinear. 

XC YA ZB 

Proof Let us give the proof of this theorem for a transversal which 


Cuts all the 3 sides externally. 
X,Y,Z are points on the extensions of BC, CA and AB respectivey. Such that 
Y 


Produce YZ to meet BC extended at X’. As in the case of converse of ceva's theorem e that 
X, X’ coincide. We have MENELAUS THEOREM. we shall prov 
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BX’ CY AZ__y x) 
‘C YA ZB 
from Eqs. (i) and (ii), we get 
BX _ BX" 
XC “¢ 
Subtract 1 from both sides. 
BX _,- BX’; 
XC x’C 
Le, BX - XC__ BX’- X’ 
XC x’ 
Lé., BC _ BC 
XC X'C 
= X’C=XC 
or X’C-XC=0 


ie., XX’ = O or X, X’ Coincides. 


Theorem 8 PAPPUS THEOREM 


If A, C, E are three points on one straight line. B, D, F on another and if the three lines AB, CD, EF meet 
respectively DE, FA and BC at L, M,N, then these three points L, M, N are collinear. 


Proof Try yourself 
For students convenience the adjacent diagram is given. 


U 
El Cc 
N 


Use Menelaus theorem for A UVW. 
Considering the transversals LDE, AMF, BCN, ACE, BDF 


Concept The square of the length of the internal bisector of Z A of A ABC is ee (s = 
+C 


Proof -: Ddivides BC internally in AB: AC 
ac be 
=——;DC= 
= b+e b+e 
AD’ = AB- AC - BD: DC 
abe--%_.___ be _ a2) ~ Abes (s - a) 
bse Bad Ga cf Ot -O-- 
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Theorem 9 STEINER LEHMUS PROBLEM 
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Prove that, if two angle bisector of a triangle are equal, then triangle is isosceles. 
Proof 1 Suppose BE and CF are internal bisectors of 2 B and Z C, are equal. 


We know that, 
BE= 4ca (s—b) cr. 4abs (s - c) 
c+ay a+ by 
4acs (s - b) _ 4abs (s - c) 
(c+ ay a+ by 


c a+ bs -b)=b + aF (s-c) 


(c - b) {bcs + a’s + abc} = 0 
c=b 
bcs + a*s + abs>0 


“YUU UU SY 


Proof 2 ADand BE are bisectors of 2 A and 2 Bin A ABC 
They, intersect at K 


AD = BE (given) 
Draw Z BEF and Z EBF are equal to 2 BAD and 2 ADB respectively. Draw AH and 
FG 1 AC and FB ; 
(a) A ADB = A EBF 
AB = EF 
[.: AD = BE ; Z DAB = 2 FEB, 2 ADB = 2 EBF| 
DB = BF 
(b) Z AEF = Z AEK + Z KEF 
= Z AEK + 2 EAK 


= Z AKB= Z KDB + ZKBD 
= Z EBF + 2 EBA= Z ABF 


os Z FEG = Z ABH 
(c) A ABH = A FEG 
Ss AH = FG 
BH = EG 
(d) A AFG = 4 FAH 
AG = FH 
(e) AE = AG - GE = FH — HB 
FB = BD 
(f ) A ABE = A BAD(SSS) => 2 EAB = 2 DBA 
=> ZA=Z8B 
CB=CA 


=> 


s{c@+ bY -b+ a} +be{(c+ay¥ -@+t by} =0 
s{c(@?+b?)-b(¢? + a*)}}+ bc C-b)@at+b+c)=0 
s(c-b)(@? — bc) + bc (C- b) s+ a)=0 


[by ASA] 


[By (a) and (b) and construction] 


(hypotenuse and length) 


[By (a)] 
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Basic Rules for a Triangle 


In a A ABC, the angles are denoted by capital letters A, Band C; and the A 


lengths of the sides opposite to these angles are denoted by small letters 
a,bandc respectively, 


Simiperimeter of the triangle is 7 : 
a+b+c 
S= 
2 

and its are is denoted by A. B a c 
I. Sine rule In any AABC 

@ 5? __ © _ cop 

sinA sinB sinc 
where R is the radius of the circumcircle of the AABC. : 


Il. Cosine rule In any AABC 
a’ =b? + c*-2becosA 
b? +c? -@? 
2bc 


2 2 2 
Similarly, cos B= oo 


2 b? = ce 
cosC= Ait lel a 
and Dab 


or cos A = 


Il. Projection rule In any AABC 
a=bcosC+ccosB 
b=ccosA+acosC 
c=acosB+bcosA 

IV. Area of a triangle 1 l 
4a5 bcs A =>.casin B 


1 abc 
=— b in C= - = - = = 
5 abs Js(s aXs — b\(s -—c aR rs 


where R and r are the radii of the circumcircle and the incircle of AABC respectively. 


Theorem 1 If Dbe a point on the side BC of a AABC such that BD: DC = m:n and ZADC =6, 
ZBAD =a and ZDAC =f, then prove that 


() (n + n)cot @ = m cota -ncotB (i) (m + n)cot@=ncot B- mcotC 
BD_m si 
—= =— and ZADC =@ 
Proof (i) Given, DC n 
ZADB = (180° - 6), ZBAD= a and ZDAC = B 
ZABD = 180° - @ + 180° -6)=0@-« 


jon ZACD = 180° - @ + B) 


BD _ AD 

From AABD, sina sin @-a) 
DC _ AD 

From AADC, sinB sin [180° - @+ )] 
DC AD 


or sinB sin @+ 8) 
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Dividing Eq. (i) by Eq. (ii), we get 
BDsinB _ sin @+ B) 
DCsina sin @-a) 
msinB _ sin 6 cos B + cos 6 sin B 


- nsina sin@cosa—cosé@sina 
or msin @ sin B cos a — mcos @sin a sin B 

=nsina sin @cosf + nsina cos @ sin B 

, a mcota-—mcot@=ncotB + ncote 
[dividing both sides by sin a sin @ sin f] 
or as (m + n)cot@=mcota-ncotp 
(ii) Giv Ben and ZADC =6 
ZADB = 180° - 8 


ZABD = Band ZACD=C 
ss, ZBAD = 180° - (180° -@+ B)=0- 8B 
and ZDAC = 180° —- @+ C) 


Now from AABD, _ BD _ AD (i) 
sin@-B) sinB 
and from AADC, 
—_ DC, ~ AD 
sin [180°-@+C)] sinC 
DC _ AD ‘ 
or ———_ == ...(ii) 


Dividing Eq. (i) by Ea. (ii), we get 
BD sin@+C)_sinC 


DC sin@-B) sinB 
m (sin@cos C+cos@sinC)_ sinC 


al 7 (sin@cos B-cos@sin B) sinB 
or m sin 6cos C sin B + mcos@6sin C sin B 
=nsin @sin Ccos B-ncos6sin'B sin C 
or mcot C+ mcot@=ncot B-ncoté 
{dividing both sides by sin B sin C sin 4] 
or (m + n)cot@=ncot B- mcotC 


Theorem 2 STEWART’S THEOREM 
Let AX be a cevian of length p divide BC into segments BX = m, XC = n, then A 
a(p? + mn) = b’m + c?n 


Proof Using cosine rule for AABX and AACX 


Sh 28 
cose=2? + ™ - co" ...(i) 
2pm 
2a nt pe 77180" — 6 
cos (180 -6)= 2 +." 5" bY =-cos6 i) Bom xX = 


Where ZAXD =@ and ZAXC = 180° - 8 
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Geometry 
So, pe +m? —c? _ [Pe] 
2pm 2pm 
mp? + n? - b?)=- np? + m? -c?) 
or p2m + nm? - b’m = - p’n- nm? + c?n 
ie, b?m + c2n=p’m + p*n+ mn? + nm? 
= p?(m + n)+ mn(n + n) 
= b?m + c2n = (m + n)(p? + mn) 
=> b*m + c’n = a(p? + mn) 


Example 1 Find the length of the medians of a triangle. 


Solution Using Stewart's theorem A 
b? S40? 4 -a(402+ 4.3) 
2 2 Zi 
2 2 2 

be. b*+c AD? + at c b 

2 2 2 . 2 
ie., Ap? =? - £ a= 

\ B D Cc 

ie AD = + 2b? + 2c? — a? 3 3 


Example 2 /f AD be the median through vertex A of a AABC, then prove that 
AB? + AC? = 2 AD? + BD?) 
Solution Using Stewart's theorem, we have 


AD =< (2b? + 20? — a? A 


=> AD? =1 (2b? + 20? - a2) 
4 ‘ b 
2 
= 2AD? = b? +c? - = 
= AC? + AB? — 2Bp? Bg D 3 Cc 
= 2(AD? + BD?) = AC? + AB? 


Construction of Triangles 
A triangle can be constructed in each of the following cases 
= When all the three sides are given 
=> When one side and two angles are given 
= When two sides and the included angle are given 
But there are many other cases when it is possible to construct the triangle. 
Let us take a very special case when two sides and one anlge (other than the included anlge) are given. 
To construct a AABC, when sides a and band ZA are given. 
There may exist no one or two triangles depending on the relation between the given parts. 
Now, there is possibility of having two triangles This case is called the Ambigous case. 
We construct ZA and cut off AC = b this fixes the vertex C. 
With C as centre we draw an arc in order to locate (if possible) B. 
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(1) If A < 90°, then several cases arise 


(i) if a< p (where p=bsin A is perpendicular from C on AX), then the arc does not cut AX and no 
triangle is possible. 


A X 
(i) 
(ii) If a = p, then the arc touches AX. Therefore one triangle is possible and it is right angled. 
Cc 


A (ii) x 
(iii) If a> p, then the arc cuts AX, at two points both these points lie to the right of A, if a < b. One of them 


lies to the right of A and other coincides with A if a = b [See fig. (iii) b) and one of them lies to the 
right of A and other to left of A, if a> b [See fig. (iii) c]. 


B; 


(iii) b (iil) c 
Thus, two triangles are possible if a< b and only one triangle is possible. 


If a> b. Because of the possibility of two triangles the case a< b, a> bsin A. 
A acute is called the Ambiguous case 


(i) If A> 90°, then following cases arise 


- 
c c 
b 
= ioe x 


2 (ar! ())b 
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(i) If a<b, the arc does not cut AX at any point to the right of A and no triangle is possible. 
(ii) If a> b, then the arc cuts AX at two points, only one triangle is possible. 


Now we will discuss the case by using sine formula 
@) If A< 90°, then following cases arise 
(i) Ifa<bsin A, then from the formula 


ee am) 
sinA sinB 
sin B> 1 and consequently no solution is possible 
(ii) Ifa>b sin A, then Eq. (i) gives two values of B one of which is acute and the other obtuse if a< b, then 
A < B,so that only the acute value of B is permissible and consequently there is one solution. 


If a< b, then A< B so that both the values of B are possible and consequently there may be two 
solution. 


(1) If A> 90°, then following cases arise 
(i) If as b, then A< B, so that B must also be an obtuse angle which is not possible. 

Hence, no solution is possible. 

(ii) If a> b, then only the acute value of B is permissible. Only one triangle is possible. 
Having determined B (whenever there exists a permissible value of B), We determine C by the formula 

C = 180° - (A + B) 

The remaining side c is then found in SAS case. In the Ambiguous case the value of C and c 
corresponding to the two values of B have to be found separately. 


By use of logarithms 
log sin B> 0 =>sin B> 1 =No solution 


log sin B=0=sin B=1 => ZB=90° 
log sin B< 0 =sin B<1. There are two values of B, B, and B, 
Remark os : 
Next case can be determined by using Cosine formula. 
If a, b, A are given, then cosine formula for a gives 
a’ =b* +c? -2becosA 
- .c? -2bcecosA +b? -@2 =0 ...(i) 


Solving Eq. (i) as a quadratic in c, we get 
ca 2bcos A + Vdb™cos* A 40? ay} 
2 
=bcos A+ a? —b* sin? A .. (ii) 


Since, c is the length of the side of a triangle therefore it must be +ve. 
Two different possibilites arise 
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(i) A< 90°. If A < 90°, cos A is +ve so that bcos A is +ve. 

Three cases arise. 

(a) Ifa<bsin A, thena? <b? sin? A so that a? - b? sin? A < 0. The two values of c are imaginary and no 
triangle is possible. 

(b) Ifa=bsin A, then a? = b’ sin? A so that a? — b? sin? A = 0. There is only one value of c © bcos A) 
from Eq. (ii) which is +ve. Only one triangle is possible. 

(c) If a> bsin A, then a? > b* sin? A so that a? — b* sin? A > 0. In this case, Eq. (ii) gives two real and 
distinct values of c. 


ie, bcos A + a? - b?sin? A is +ve 


and bcos A — ja* - b*sin? A is +ve 
If b*cos* A>a?-b?sin? A 

b? >a? 

b>a 


Two triangles are possible if b > a only one triangle is possible, if b< a 
(ii) A> 90°. If A> 90° 
cos A is - ve so that bcos A is - ve 


The value of bcos A — Ja? - b? sin? A is - ve 
The value of bcos A + ja? —b’ sin? A is +ve if 
ja? -b’ sin? A>-bcosA 


a? —b* sin? A>b? cos? A 
a? >b? 
a>b 
We find that when A > 90° 


No triangle is possible when a< b. 
Only one triangle is possible when a> b. 


Circumcircle 


The perpendicular bisectors of the sides of a triangle are concurrent. The point of concurrence is the 
centre of the circumcircle of the triangle. It is called the circumcentre of the triangle and its radius is 
called the circumradius of the triangle and is denoted by 


R= abc 
4A 
Where a, b,c are length of the sides of triangle 
and A= Area 


Incircle 


The internal bisectors of the angles of a triangle are concurrent. The point of concurrence is called the 
incentre of the triangle. 

The circle with this point as centre and the length of the perpendicular from this int -one of the 
sides of the triangle touches all the three sides of the triangle internally and is called ineucie of the 
triangle. 
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Its radius is called inradius of the triangle and is denoted by r. 


r= 4 
Ss 
where s= semiperimeter of the triangle 
A=its area 
Excircles 


Given a A ABC, there are four circles which touch all the three sides of the triangle. One of them is the 
incircle, which touches all the sides internally. The other three touch the side externally and are called 
excircles. 

The excircle opposite A (respectively B, C ) is the one whose centre lies on the internal bisector of 2.4 
(respectively Z B, ZC). 

The centre of the excircle opposite A (respectively B, © is usually denoted by /, (respectively I,, 13) 

Its radius is 7, ( respectively r, 7). 


ae 4 
S-a s-b S-Cc 


Nine Point on Circle 
Prove that in any triangle the mid point of the sides, the feet of perpendiculars from the vertices on the 
opposite sides and the mid points of the joins of the orthocentre to the vertices all lie on a circle. 
Let X,Y be the feet of perpendiculars drawn from A and B on BC and CA respectively. 
Let O be the orthocentre of the triangle. Let P be the mid point of AO. 


In A ABO, F is the mid point of AB. 


Pis the mid point of AO. 

a FB|| BO 

In A ABC, 

F is mid point of AB. 

Dis mid point of BC. 

rm FD|| AC 
Now, FP || BY, FD|| AC and BY 1 AC 


re FPL FD i.e., 2 DFP is a rigtht angle. 

Similarly, Z PED is a right angle. Also 2 PXDis a right angle. 

..F,E and X all lie on a circle with PD as diameter so that P and X both lie on the circle through the 
points D,E, F. 

Similarly, we can show that, if Z be the foot of perpendicular. from Con AB. Qand R be the mid points of 


BO and CO respectively, then Y,Z,Q,R also lie on this circle. Thus the nine points 
D,E, F, P,Q, R, X,¥,Z all lie on a circle. 
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Theorem 1 Prove that the nine point centre of a triangle is collinear with the circumcentre and the 


orthocentre and bisects the segment joining them. Also prove that radius of the nine point circle of a 
triangle is half the radius of the circumcircle. 


Proof Let S be the circumcentre of A ABC. 


»: Dand X lie on nine point circle. 

.. Its centre lies on the perpendicular bisector of DX. Let U be mid point of DX. Let the perpendicular 
from U on BC meet SO at N. Since SD, NU and OX are parallel and DU = UX. 

fe SN = NO i.e., N is mid point of SO. 

Now, to show that N is centre of the nine point of circle, we have to observe that nine point centre must 


also lie on the perpendicular bisector of EY. This perpendicular will also meet SO in N. N is nine point 
centre. 


It follows that the circumcentre, nine points centre and orthocentre are all collinear. 

The nine point centre is the mid point of the segment joining the circumcentre and orthocentre. 
Now, to show that the radius of nine point circle is half the circumradius. 

Since PDis a diameter of the nine point circle so N is mid point of PD. 

-: SO and PDbisect each other at N 

.. S,D,O, P are vertices of of a parallelogram. 

si SD= PO= AP [-- Pis mid point of AQ] 
Now, SD|| AP and SD = AP 

«. S, D, P, A are the vertices of a parallelogram 

Consequently DP = SA 

But SA is the circumradius of A ABC. 

-. Radius of the nine point circle is half the radius of circumcircle. 


Theorem 2 Prove that in any triangle the circumcentre, the centroid, the nine point centre and 
the orthocentre are all collinear. 


Proof Through P draw PG’ || SOso as to meet AD in G’. 


Let AD meet SO in G. 
We will show that - 

AG’ = G’G=GD 
So as to conclude that G divides ADin 2:1. 
Consequently it is the centroid of A ABC. 4s 
In A AGO, P is mid point of AO and PG’ || GO, 
.. G’is mid point of AG. /| 
Le., AG’ =G’'G. 
In A PDG’ , N is the mid point of PD and NG|| PG’. iq 
-. Gis mid point of G’ D ie, G’G= GD. J 
Now, AG' = G' G = GD so that AG == AD é J ‘ 
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Simson's Line 
Prove that the feet of perpendiculars drawn from a point on the circumcircle of a 
triangle on the sides are collinear. 
Let D,E,F be the feet of perpendiculars drawn from a point P on the 
circumcircle of triangle ABC on the sides BC, CA, AB respectively. 
We shall prove that the points D, E, F are collinear by showing that 
Z PED+ Z PEF = 180° 
Z PEA + ZPFA = 180° 
.. The points P, E, A, F are concyclic. 
Consequently 


Z PEF = Z PAF (i) 

[Angles in the same segment] 

A Z PEC = Z PDC =90° 
.. P, E, D,C are concyclic. 


“ Z PED+ Z PCD=180° .-- (ii) 
~: P, A, B, C are concyclic. 
a Z PAF = Z PCB ..-(iii) 
from Eqs. (i) and (iii) 

Z PEF = Z PCD ...(iv) 


from Eqs. (ii) and (iv) 
Z PED+ Z PEF =2 right angles 
Hence, D, E, F are collinear. 


Some Important Properties Related to Circle 

1. Achord subtends an angle of the same magnitude at a point at the circumference of each of the two 

segments into which it divides the circle. 

2. A chord subtends at the centre an ;.igle twice the magnitude of the angle it subtends at the 
circumferences. 
A diameter subtends a right angle at any point of the circumference. 
The line joining the centre of a circle to the midpoint of a chord is perpendicular to the chord. 
The perpendicular from the centre of a circle to a chord bisects the chord. 
If a line segment AB subtends a right angle at C, then C lies on the circle on AB as diameter. 
The tangent to a circle at a point theorem is perpendicular to the radius through that point. 
Alternate segment theorem If AB is a chord of a circle. BC is the tangent to the circle at B, then 


Z ABC = Z ADC where Dlies on the segment which is not included between AB and BC. 
D 


ODNOAPwW 


5 Cc 


9, Tangents to a circle which are parallelogram touch the circle at the ends of a diameter which is 


perpendicular to them. 
10. The two tangents toa circle drawn from a point outside it are of equal length. 
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Some Definitions 


1. A quadrilateral which has a circle passing through all its four vertices is called a cyclic quadrilateral, 


The centre of the circle is called the centre of the quadrilateral. 
2. Aquadrilateral which has a circle touching all its four sides is called a circumscribed quadrilateral. 
3. A quadrilateral which has both a circumcircle and an incircle is called a bicentric quadrilateral. 
Note : 


1. Any rectanige is a cyclic quadrilateral. The diagonals are equal and bisect each other so that the Circle 
with centre at the point of intersection of the diagonals and radius equal to half the length of a diagonal 
passes through all the vertices of the rectangle. 


Assume that a parallelogram is a cyclic quadrilateral and O is the centre of the D c 
circumscribing circle. Let E be the point of intersection of the diagonals. As E is 
the midpoint of both the diagonals, OE is perpendicular to both AC and BD which 

B 


is impossible unless O and E coincides. If O and E coincides BD and AC should 

be equal, so that ABCD is a rectangle. 

i.@., a parallelogram is a cyclic quadrilateral if and only if it is a rectangle. 

A cyclic quadrilateral need not always be a rectangle. Take a circle with centre O. AB is its diameter. 
Take two points C and D one on each of the two semicircles determined by AB such that AC # BD. 
Thus, ACBD is a cyclic quadrilateral which is not a rectangle. 


4. Asquare is a circumscribed quadrilateral. If O is the point.of intersection of its ec 
diagonals, then O is equidistant from the sides (i.e., the perpendicular distance \wi/ 
of each side from O is the same i.e., half the length of the side). So the circle with 
centre at O and radius equal to half the length of the side touches the side at their 
respective midpoints. Thus, a square is bicentric as it also have a circumcircle. 

ee 


5. A rectangle which is not a square, is not a circumscribed 


quadrilateral since the opposite sides being parallel tangents of a 
circle, the line joining the points of contact is a diameter of the circle 
perpendicular to them so the diameter is equal to either of the sides 
of the rectangle. This is impossible unless the length and breadth of 
the rectangle are the same. So, a rectangle is a circumscribed 
quadrilateral if and only if it is a square. ; 


6. There are non square quadrilaterals which are bicentric. To construct one 
such, take any circle. Draw pairs of perpendicular tangents from points A,B 
not lying on the same diameter of the circle. So, ACBD is a resultant 
quadrilateral which is bicentric. 
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Cyclic Quadrilateral 


Theorem 1 If a quadrilateral is cyclic, then sum of each pair of opposite angles is 180°. 


Proof ABCDis a cyclic quadrilateral with O is its centre. 
Now, one of the angles subtended by BDat the centre is reflex. 


2 DAB=* reflexz DOB 
ZDCcB=1 2 DOB 


Hence, ZDAB+Z DCB = > (reflex Z DOB + 2 DOB) 


= 5 x 360" = 180° 


ie., ZA+ZC=180° 
“2 ZA+2ZB+2ZC+ ZD=360° 
Z2B+ ZD=180° 


Corollary The exterior angle of a cyclic quadrilateral is equal to the interior opposite angles. 


Proof Let ABCDbe cyclic. 


A B x 


Cc 
Extend AB to X 
Z ABC + Z XBC = 180° 
Z ABC + Z ADC = 180° 
2 XBC = Z ADC 


(linear pair) 


Theorem 2 if ina quadrilateral the sum of a pair of opposite angles is 180°, then it is cyclic. 
Proof Let ABCD be a quadrilateral with Z B+ Z D=180°Let Q be the circle passing through the 
vertices A, B and C. 
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If it passes through D, then ABCDis a cyclic quadrilateral, if Q does not pass through D, Let CDmeet Q at 
D’.. ABCD is cyclic. 


By theorem 1, ZB+ ZD’=180° 
But ZB + ZD=180° 
So that 2 D= Z D’. But Z AD’C = Z D’ is the exterior angle of A ADD’ 
ZAD'C=2ZADC+ Z DAD’ 
Z DAD’ = Oi.e., Dand D coincides. 
ABCD is cyclic. 


Theorem 3 Ptolemy's Theorem 


In a cyclic quadrilateral the product of the diagonals is equal to the sum of the products of the pairs of 
opposite sides. 


Proof We need to prove that 
AC: BD= AB-CD+ AD- BC 
Now, ABCDis cyclic quadrilateral choose a point on H on BD such that 2 DAH = 2 BAC 


2 ADH = Z ADB = Z ACB (i) A 
So, A HAD ~ A BAC D B 
DH _ AD “4 
— =-——or AD- BC= AC: DH ..- (ii) 
Hence, BC AC 
By (1), 2 AHD = Z ABC 
Hence, Z AHB = Z ADC (supplementary angles) 
Also Z ABH = Z ABD= Z ACD c 
A HAB ~ A DAC 
HB _ AB 
Hence, DC AC 
ie., HB- AC = DC: AB ii) 
From Eqs. (ii) and (iii) 
AB- DC + AD- BC = AC - (HB + HD) 
= AC: BD 
Note If the quadrilateral is a rectangle (whose diagonals are equal), then it is 
cyclic. 
In this case Ptolemy's theorem reduces to Pythagoras theorem. A B 


AC = BD (diagonals) 
AB =CD and AD = BC A\ Cc 
AC- BD = AB-CD + AD: BC 
AC? = AB + BC?” 


Example 1 ABSCD is a trapezium. AB|| CD and AD = BC 


It is given that AB =a,CD = b,AD=BC =c 
Find the lengths of the diagonals. 
Solution 2 ABC + Z BCD =180° 


< ADC = 2 BCD 


[: AB|| CD) 
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Z ABC + Z ADC =180° 


ABCD is cyclic [By theorem 2] 
AB- CD + AD- BC = AC- BD [Ptolemy's theorem] 
A 2 B 
c, Cc 
Cc 
b 
ie., ab +c? =AC- BD 
But AC = BD 
So that AC? =ab+c? 
or _ AC=ab+c? =BD 


Example 2_E isa point on the side AD of rectangle ABCD. So that DE = 6. AlsoDA = 8 ; DC =6. If 


CE extended meets the circumcircle of the rectangle at F. Find the lengths of DF and 
FB. 


Tall 


Solution AC = BD = ,/8* + 6? =10 
Zz DCE = £ DEC = 45° [- CD _ DE] 


CE = DE? + CD? =6V2 
Also ZFDB= Z FCB =45° 
ZDBF = ZDCF = 45° 
In A BFD, Z FDB= Z FBD = 45° 
So FD=FB 
DE -EA=CE-EF 
6x 2=6/2- EF 
EF=J2 and CF=7J2 
CDFB is a cyclic quadrilateral 
CD-FB+BC-FD=CF-BD [By Ptolemy's theorem] 
(CD + BC) BF =7,/2.10 
14x BF =7 J2.10 
BF =5 /2=FD 


A 
B 
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Example 3 A line drawn from vertex A of an equilateral A ABC meets BC atD and the circumcircle 


atP. Prove that 


(a) PA =PB+PC 


Solution 


But 
So, 


1 1 1 


) 5p ~ PB * PC 
A 
ee 


ABPC is cyclic quadrilateral 


AB: PC + AC: PB = AP- BC 
AB=BC=CA 
PA =PB+PC 


Dividing Eq. (i) By PB- PC 


We have 


It is enough to prove that 


In A ABP and A CDP 


Hence, 


or 


Non-cyclic Quadrilaterals 
Theorem 1 


Z BAP = 2 DCP 
Z APB = Z ACB =60° 
Z APC = Z ABC = 60° 
Z APB = Z APC = Z DPC 
A ABP ~ A CDP 
PA _ PB 
PC PD 
PA_PC 
PB PD 


Then, m? n? =a? c? + b? d? - 2abcd cos (A + C) 


D & Cc 


% 


[from Theorem 3] 


i) 


ii) 


ABCD is a quadrilateral with AB = a, BC= b, CD=c, DA =d, AC = mand BD=n. 
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Proof Construct a A ABE ~ A CAD on side AB so that Z ABE = Z CADand 2 BAE = Z ACB. 


Now, AB _ AE _ BE 
CA CD AD 
Hence, = ang p= 24 Ai) 


Construct a A ADF ~ A CAB so that 
2 ADF = Z CABand 2 DAF = 2 ACD 


We have AD _ AF _ DF 
CA CB AB 
Hence, = bd 
m 
and DF = 44 (ii) 
m 
From Egs. (i) and (ii), we get, BE = DF 
Now, Z EBD+ Z BDF =3+ Z ABD+ Z BDA+4 
= Z ABD+ Z BDA+ Z BAD= 180° 
So, BE || DF and BE = DF 
Hence, BEFDis a parallelogram 
So EF =BD=n 


Z EFAF=1+2+3+4=2A+2ZC 
Using cosine rule in A EAF, we get 
EF? = AE* + AF* -2AE- AF-cos Z EAF 


2 2 2 42 

; a 

ie, n? = : uf c = 20C bd cos (ZA+ 20) 
m m m* m 


ie, m?n? = a°c? + b*d? -2abed cos (2 A+ ZC) 


Circumscribed Quadrilateral 


Theorem 2 Let ABCD be a quadrilateral with an incircle. Then, the sum D 
of the opposite sides are equal 
Le., AB + CD=AD+ BC 
Proof Let the incircle touch the sides AB, BC, CD, DAat P,Q, RandS * c 
respectively, 
Now, AP = AS 
BP = BQ 
CR=CQ 
DR = DS a) 
So AB + CD= AP + BP+CR+ DR 
= AS + BQ + CQ + DS= AS + DS + BQ+CQ 
= AD+ BC 


Hence AB + CD= AD+ BC 
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Example 1 ASCD be a circumscribed quadrilateral, then prove that the circles inscribed in two 
A s ABC and A ADC touch each other. 
Cc 


Solution _Let the incircle of A ABC be Z, and of A ADC be Zp. 


Since, Z, and Z, lie on either side of AC, if they touch each other, they touch a point 
on AC. 


Let Z, touch AC at P and Z, touch AC at Q. 
PQ = AQ - AP 


= 5 (AD+ AC - DC) - (AB + AC-BC) 
= 5 (AD + BC - AB-CD)=0 


Since, the quadrilateral is circumscribed. 
Example 2 Let the incircle of A ABC touch ABatD and letE be a point on the side AC. Prove that 
the incircles of A ADE, A BCE and A BDE have common tangents. 


Solution Let the incircle Q of A ABC touch AB at D,BC at F and AC atG respectively. Let the 
incircle Q, of A ADE touch the sides EA, AD and DE atP, Q and R respectively. Let the 
incircle Z, of A BCE touch the sides BC, CE, EB at M, Nand L respectively Let t be the 
common tangent of circles Z, and Z, meeting the lines DE, BE at S and T and 
touching Z, at U and Q, at V respectively. 

We have to prove that f touches the incircle of A BED. It is enough to prove that the 
quadrilateral BDST is a circumscribed quadrilateral since the incircle of BDST is in 
circle of A BDE 
BD + ST =BF+UV -SU-TV 
= BF +PN-SU-TV 
[. UV, PN lengths of direct common tangents between Q, and Q,] 
=BF+GP+GN-SAR-TL 
= BF +DQ+FM-SR-TL 
=BM + DR ~SR-TL 
=BL-TL + DS=BT + DS 
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Area Axiom 


Every polygonal regoin has an area, measured in square units 
There is a standard square region of side one metre called a square metre. Which is unit of area denoted 
as m* or sq m and is a +ve real number. 


Congruent Area Axiom 
If A ABC and A PQR are two congruent angles, then area (region A ABC) = area (region A PQR). 


Le., two congruent regions have equal area. 
Area Monotone Axiom 


If R, , R, are two polygonal regions such that R, ¢ R;, then ar (R,)< ar (R,) 
Area Addition Axiom 


If R, and R, are two polygonal regions, whose intersection is a finite number of points and line segments 
and R = R, U R,, then 


ar (R)= ar (R,)+ ar (R3) 
Let us take some facts about the area of parallelogram. 
1. A diagonal of a parallelogram divides it into two triangles of equal area. 
2. Parallelogram on the same base and between the same parallel are equal in area. 
3. The area of a parallelogram is the product of its base and the corresponding altitude. 
Now, let us take some examples. 


Example 1 The diagonals of a|| gm ABCD intersects at O. A line throughO meets AB in X andCD 
in Y. Show that 


ar (quad. AXYD)= 3 ar(|}gm ABCD) 


Solution . ar (A ACD) =5 ar (parallelogramABCD) 0) 


[diagonal of a parallelogram divides it into two triangles of equal area] 
In A AOX and A COY, we have 
Z AOX = Z COY (vertically opposite angles) 
AO =CO _[-. diagonals of parallelogram bisect each other 
.. Ois mid point of AC } 


Z OAX = Z OCY [- AB|| DC and AC cuts them 
2 CAB=Z ACD = ZOAX =ZOCY) 
4 AOX = ACOY [ASA! 


=> ar (4 AOX) = ar (ACOY) 
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Example 2 


Solution 


Example 3 


Solution 
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> ar (A AOX) + ar (quad AOYD) 
= ar (A COY) + ar (quad AOYD) 
> ar (quad AXYD) = ar (A ACD) (ii) 


from Eqs. (i) and (ii), we get 


ar (quad. AXYD) = ar (parallelogram ABCD) 


Prove that of all parallelogram of which the sides are given, the parallelogram which is 
rectangle has greatest area. 


D cD c 


A = B A a B 


Let ABCD be parallelogram in which AB=a and AD=b. Let h be its altitude 
corresponding to base AB, then 

ar (|| gm ABCD) = AB x h=ah 
‘: Sides a and bare given. 


. With the same sides a and b we can construct infinitely many parallelogram with 
different heights. 


Now, ar (||gm ABCD) = ah 

=> ar (|| gm ABCD) is greatest when h is maximum. [- a is constant] 
But the maximum value which h can attains is AD = b and this is possible when 

AD 1 AB, 

i.e.,|| gm ABCD becomes a rectangle. 


Thus ar (|| gm ABCD) is greatest when ADL AB i.e., when || 9m ABCD is rectangle. 


Show that a median of a triangle divides it into two triangles of equal area. 


B L D Cc 


In A ABC, AD is median. Draw AL 1 BC. D is mid point of BC. 


=> BD =DC 
= BD x AL =DC x AL (Multiplying by AL) 
= 5 (BD x AL)=3 (DC x AL) 


=> ar (4 ABD) =ar (A ADC) 
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Example 4 AD is one of the medians of a A ABC. X is any point on AD. Show that 
A 


B Cc 


ar (A ABX) =ar (A ACX) 
Solution AD is a median in A ABC 
ar (A ABD)=ar(A ACD) 


In A XBC, XD is a median 
ar (A XBD) =ar (A XCD) 


Subtracting Eq. (ii) from Eq. (i), we get 
ar (A ABD) - ar (A XBD) =ar (A ACD) - ar (A XCD) 


> ar(A ABX) =ar (A ACX) 


(i) 


...(ii) 


Example 5 Show that the diagonals of a parallelogram divide it into four triangles of equal area. 
ST 
: eee : 


Solution | AC and BD intersect at O in|| gm ABCD. 
.» The diagonals of a parallelogram bisect each other at the point of intersection. 
AO =OC 
and OB =OD 
Also, the median of a triangle divides it into two equal parts. 
In A ABC, BO is the median 


. ar (A OAB) =ar (A OBC) ..{i) 
In A BCD, CO is the median 
ee ar (A OBC) = ar (A OCD) ...(ii) 
In A ACD, DO is the median. 

ar (A OCD) = ar (A OAD) (iii) 


from Eas. (i), (ii) and (iii), we get 
ar (A OAB) = ar (A OBC) 
=ar (A OCD) 
= ar (A OAD) 
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Example6 The diagonals of a ABCD, AC andBD intersect inO. Prove that ifBO = OD, the A ABC 
and A ADC are equal in area. 


Solution In A ABD, we have 
BO =OD 
= Ois mid point of BD 
= AO is the median. 
=> ar (A AOB) =ar(A AOD) (i) 
[.: Median divides A into two triangles of equal area] 
In A CBD, O is the mid point of BD 
.. CO is a median. 
=> ar (A COB) = ar (A COD) ...(ii) 
On adding Eas. (i) and (ii), we have 
ar (A AOB) + ar(A COB) =ar (A AOD) + ar (A COD) 
=> ar (A ABC) =ar (A ADC) 
Example 7 ABCD is a parallelogram. O is any point in its interior. 
Prove that 
(a) ar (A AOB) + ar (A COD) = ar (A BOC) + ar (A AOD) 
(b) ar (A AOB) + ar (A COD) = sar (|| gm ABCD) 


Solution (a). GN || AD and EF || DC 
: OG || DE and OE || GD 


=> EOGD is parallelogram 
D Cc 
E g F 
A oak eee ee B 
Similarly, EAHO, HBFO and FOGC are parallelogram 
Now, OD is a diagonal of || gm EOGD 
= ar (AEOD) = ar (ADOG) (i) 


OA is a diagonal of || gm EAHO 
=> ar (A EOA) = ar (A AOH) (ii) 
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OB is a diagonal of || gm HBFO 


‘= ar (A BOF) =ar (A BOW) .. (iii) 
OC is a diagonal of || gm FOGC. 
> ar (AFOC) =ar (ACOG) ...(iv) 


Adding Eas. (i),(ii),(ili),(iv), we get 
ar (AEOD) + ar (AEOA) + ar (A BOF) + ar (AFOC) 
=ar (ADOG) + ar (A AOH) + ar (ABOH) + ar (ACOG) 


> ar (A AOD) + ar (ABOC) =ar (A AOB) + ar (ACOD) 
(b) «« A AOB and || gm ABFE are on same base AB and between the same parallel 
lines AB and EF 
ar(A AOB) => ar (|| gm ABFE) Av) 
Similarly, 
ar (A COD) == ar (|| gm DEFC) Avi) 


On adding Eas. (v) and (vi) 
ar (A AOB) + ar (A COD) 


ar (|| gm ABCD) 


a 
2 


Example 8 ABCD is a parallelogram. P is any point within it. Show that the sum of the areas of 
APAB, APCD is equal to half the area of parallelogram. 


D Raat fh 
A ye, 
Solution If AB=CD=a 


Let x, y be the lengths of the perpendicular from P on AB and CD respectively. 
Then, A PAB + APCD =— ax +2 ay 


= a(x + y)=5 ah 


ul 
2 
1 
3 x area of || gm ABCD 


Where h is height of parallelogram. 
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Additional Solved Examples 


Example 1. A ball of diameter 13 cmis floating so that top of the ball is 4 cm above the smooth surface of 
the pond. What is the circumference (in cm) of the circle formed by the contact of water surface with the ball? 


Solution We should find the circumference of the circle on AB as diameter. 


Dae 


CD=4cm 


oc = B= *3 = 6.5m 


OD= 65cm - 4cm =25cm 
So, DB = (65¥ -@25% =6cm 


So, circumference of circle 
=2nx6= 12xcm 


Example 2. OPQ is a quadrant of a circle and semicircles are drawn on OP and OQ. Show that shaded 
areas a and b are equal. 
Solution Area of quadrant = areas of two semi circles + b — a. 


Le., 
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Example 3. AB is a line segment of length 48 cm, C is its middle point. On AB, AC, CB semicircles are 
described.Determine the radius of the circle inscribed in the space enclosed by three semicircles. 
Solution Let X,Y be the centres of the semi circles described on AC, CB respectively as diameters O is 
the centre of the circle inscribed in the space enclosed by the three semicircles and r the radius of this circle 
AX = XC=12cm 
OC 1 AB 
OC =CD-OD =24-r 
OX =OY =12+r 
4 XCO is right angled at C 


So, OX? = XC? + OC? 
=> (12+ ry? =122 + @4-ry* 
os 72r=576 => r=8 


“. Radius of circle is 8 cm. 


Example 4. The radii of two circles ina plane are 13 and 18. Let AB be a diameter of the larger circle and 
BC a chord of larger circle tangent to smaller circle at D. Find AD. 


Solution -- CB =13cm,CD=8cm 
* BD = 13? - 8 = 105 cm 
In A ADB, C is mid point of AB. 


By Appolonius theorem 
AD? + BD? =2 (AC? + CD*) 
= AD? = 2 (13? + 8?)- 105 = 361 
AD=19cm 


Example 5. Let A be the area of a square inscribed in a circle of radius r. Let B be the area of a hexagon 
inscribed in same circle. Obtain formula for A and B. 


Compute the ratio B/ A. 
Solution Each side of a square inscribed in a circle of radius r=rJ/2 

be A=( V2) =2r? 

Each side of a regular hexagon inscribed in a circle of radius r = r 

- B=6xarea of an equilateral triangle having each side r 


= 6x ¥3 -2 _ 3V3r? 
4 2 
1 


ig en oe [3] 
@r’) 4 
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Example 6. 4 ABC is an isosceles triangle. XY is drawn parallel to the base cutting the sides in X andY, 
show that B,C, X,Y lies ona circle: 


Solution -: XY || BC and AB meets them 


Z BXY + Z XBC =2 right angles ...i) 


= AB =AC,ZB=ZC ..-(ii) 
From Eqs. (i) and (ii) 


Z BXY + Z BCY =2 right angles 
A 


B Cc 


Since, a pair of opposite angles of the quadrilateral. BCYX is supplementary. 
-. Quadrilateral B C Y X is cyclic. 
Le., the points B, C, X,Y lie on circle. 


Example 7. The angles of a polygon having no reflex angle are in AP. The smallest angle is2x / 3 radians 
and common difference is 5°. Find the number of sides. 


Solution Let the number of sides be n. 
a the first term of AP 
d common difference 
Then, a=120°,d=5S 
" (2a + (n-1)d} 


= n - 4) x 90° = 180° n - 360° 


We get n®? ~25n+ 144=0 
So that n=16,9 
If n=16, 


the greatest angle (in degrees) 
=a+(n-1)d =120+155=195 
Which is not possible since polygon has no reflex angle. 
The only other possibility being n = 9 
It follows that the polygon has 9 sides. 


Example 8. Show that a triangle with sides 3, 4, 5, is the only right angled triangle with integer sides, 
whose semiperimeter equal its area. : 
Solution Let a,b be the legs and c the hypotenuse of a right angle triangle having its area equal to its 
semiperimeter 


Then, a+b ec AD 


; a+ b+c)= | ab Ai) 


5 
< 
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From Egs. (i) and (li), we get 
lab - (a + b) =@+ by -2ab 
ab-2(@+b)+2=0 
(a-2)b-2)=2 
: a, b are +ve integers 
We must have either a — 2 =2 
b-2=1; ora-2=1,b-2=2 
=> either a = 4,b =3 ora=3,b=4 
In either case c =5 


Thus a triangle with sides 3, 4, 5 is the only right angled triangle with integer sides whose 
semiperimeter equals its area. 


Example 9. ABCD is a square of which no angle is 60°. EquilateralA ADE and ADCF are drawn outwardly 
on the sides AD and DC. 


Show that A ABE = A CFB 
Solution AE = AD [.-A ADE is equilateral] 
In A ABE and A CFB, 
F, 
D c 
E 
x B 


AB = CF, AE = BC 
Z EAB= Z BCF 
Therefore, A ABE = A CFB 


Example 10. ABCDis a parallelogram P, Q, R and§S are points on sides AB, BC, CD, DA respectively, such 
that AP = DR. If area of||gm ABCD is 16 cm’. Find area of the quadrilateral PQRS. 


Solution -- AP = DR and AP|| DR 
D R c 
oe 
Q 
s 
A p 2 


#; APRD is a parallelogram 
Consequently PR || AD. 
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A PRS and || gm PRDA have the same base PR and have the same altitude. 
A POR = : x ar (||, gm PBCR) 


ar (quad. PSRQ) = ar (A PSR) + ar (4 PQR) 
7 x ar (|| gm PRDA) + 7 x ar(|| gm PRCB) 


3 x ar (|| gm ABCD) = 5 x 16cm? = 8cm? 


Example 11. XY is a line parallel to side BC of A ABC. BE|| AC and CF|| AB meet XY in E and F 
respectively. 

Show that ar (A ABE) = ar (A ACF) 
Solution -- XY || BC and BE || CY 


B Cc 
“ BCYE is a parallelogram. 
:: A ABE and|| gm BCYE are on same base BE and between the same parallel lines BE and AC 
ar(A ABE) == ar (gm BCYE) ...(i) 


Now, CF || AB and XY || BC 
=> BCFX is a parallelogram. 
-: A ACF and || gm BCFX are on erat" base CF and between the same parallel lines AB and FC. 


ar (A ACF) = Sar (\| gm BCFX) (ii) 


But|| gm BCFX and|| gm BCYE are on same base BC and between the same parallel lines BC and EF 
ar (|| gm BCFX)= ar (|| gm BCYE) ... (iii) 


Senet Eas. (i), (ii) and (iii), we get 
ar (A ABE)=ar (A ACF) 


Example 12. /f the medians of aA ABC intersect at G. Show that 
ar (A AGB)= ar (A AGC)= ar (ABGC)= zor (A ABC) 


Solution We know that the median of a triangle divides it into two triangles of equal area. 
A 
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In 4 ABC, ADis the median 


= ar (A ABD) =ar (4 ACD) ..-(i) 
In A GBC, GDis the median 7 
= ar (A GBD) =ar (4 GCD) ...(ii) 


Subtracting Eq. (ii) from Eq. (i), we get 
ar (A ABD) - ar (A GBD) 
= ar (A ACD) -ar (4 GCD) 

> ar (A AGB) =ar (A AGC) -- (iii) 
Similarly, 

ar (A AGB) =ar (4 BGC) ...(iv) 
From Eqs. (iii) and (iv), we get 

ar (A AGB) =ar (A BGC) =ar (4 AGC) 


But, ar (4 AGB) + ar (A ABGC) + ar (A AGC) =ar (A ABC) 
= 3ar (A AGB) =ar (A ABC) 

= ar (A AGB)==ar (A ABC) 

Hence, ar (A AGB) =ar (A AGC) 


=ar (A BGC)= ar (a ABC) 


Example 13. The side AB of a parallelogram ABCD is produed to any point P. A line through A parallel to 
CP meets CB produced in Q and the parallellogram PBQR completed. 
Show that ar (||gm ABCD) = ar (||gm BPRQ) 


Solution Join AC and PQ 


ar (4 ABC) = > ar (|| gm ABCD) a) 


ar (A PBQ)= = ar (II gm BPRQ) Ati) 


A ACQ and A AQP are on the same base AQ and between same parallel AQ and CP. 
, ar (4 ACQ)= ar (A AQP) 


= ar (A ACQ)- ar (A ABQ) 
= ar (A AQP)- ar (A ABQ) 
as ar (4 ABC) = ar (4 BPQ) 


= Sar (Ilgm ABCD) = 5 ar (Il gm BPRQ) 


[from Eqs. (i) and (ii)] 
ws ar (||gm ABCD) = ar (|| gm BPRQ) 
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Example 14. In a|| gm ABCD, E and F are any two points on sides AB and BC respectively. 


Show that ar (A ADF) = ar (A DCE) 
Solution Draw EG|| ADand FH || BA 


FH || AB 
ABFH is parallelogram 


AF is a diagonal of || gm ABFH 
: ar (s AFH) = >ar (ILgm ABFH) 
In|| gm DCFH, DF is a diagonal 
ar (\ DFH)= = ar (\| gm DCFH) 
From Eqs. (i) and (ii), we get 

ar (A AFH) + ‘ar (A DFH) 
=) ar (\\ gi 'ABFH)+ 5 ar (\|gm DCFH) 


[ar (||gm ABFH) + ar (|| gm DCFH)] 


ar (||gm ABCD) 


an ar (s ADF)= = ar (|| gm ABCD) 
In||gm AEGD; DE is diagonal 

ar (A DEG) =~ ar (|| gm AEGD) 
In||gm CBEG ; CE is diagonal. 

ar (A CEQ)= 5 ar (|| gm CBEG) 


From Eqs. (iv) and (v), we get 
ar (4 DEG) + ar (A CEG) 


=5ar (Il gm AEGD) + sar (Ilgm CBEG) 


[ar (|| gm AEGD)+ ar (|| gm CBEG)]| 


1 
2 
lar (I gm ABCD)] 
a ar (s DCE)= * ar (|| gm ABCD) 


From Eas. (iii) and (vi), we get 
ar (4 ADF)= ar (A DCE) 


(i) 


(ii) 


.--(iii) 


..-(iv) 


...(V) 


(Vi) 
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Example 15. BC|| XY, BX || CA and AB||YC 
Prove that ar (A ABX)= ar (A ACY) 
Solution Join XC and BY 
‘: A BXC and A BCY are on same base BC and between the same parallel lines BC and XY. 


ar (A BXC)=ar (A BCY) ..-(i) 
Also, A BXC and A ABX are on the same base BX and between same parallel lines BX and AC 
B Cc 
J ; 
ar (A BXC)=ar om ABX) ...(ii) 
A . BCY and A ACY are on the same base CY and between the same parallel AB and CY 
ar (A BCY)=ar (A ACY) ... (iii) 


Bret Eqs. (i), (ii) and (iii), we get 
ar (A ABX)=ar (A ACY) 


Example 16. ABCDis a parallelogram. X andY are mid points of BC and CD respectively. Prove that 
ar (A AXY) =3 ar (il gm ABCD) 


Solution Join BD 
-- X and Y are mid points of side BC and CDrespectively in A BCD 
D Cc 


x 
A B 
x XY || BD 
and XY =} BD 
ar ( CYX)== ar (s DBC) 
= iar (Il1gm ABCD) ...i) 


f 5.ar (Il gm ABCD) = ar ( BCD)) 
-:|| gm ABCD and A ABX are between same parallel lines AD and BD and BX = . BC 


ar (4 ABX)= + ar (Il gm ABCD) Adi) 
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Similarly, 
ar (A AYD)=+ ar (|| gm ABCD) Ait 

Now, ar (A AXY) 

=ar (||gm ABCD)-|[ar (4 ABX)+ ar (A AYD)+ ar (A CYX)| 

1,1,1 

= ABCD)- {~+—+= 

ar (|| gm ABCD) (5+4+3) 

ar (|| gm ABCD) 
From Eqs. (i), (ii) and (iii) 


(2 - > ar (\lgm ABCD)= = ar ({| gm ABCD) 


partie 17. Given two points A and B and +ve real number x. Find the locus of a point P such that 
ar =x 


Solution Let the perpendicular distance of P from AB be h. 
Then, ar (A PAB)=x 


P P 
A B 
P P 
1 
=  iaaaon be 
2x 
=> he 
-- AB and x are given. 
« his a fixed +ve real number. 


Thus, the point P moves in such a way that its distance from AB is always same. 
ie., P lies on a line parallel to AB at a distance h from it. 
But there are two such lines on either side of AB. 


Hence, the locus of P is a pair of lines at a distance h = a parallel to AB. 


Example 18. Let Gbe the centroid of the A ABC in which the angle at C is obtuse and let ADand CF be 
medians from A and C respectively onto the sides BC and AB. If the four points B, D, Gand F are concyclic. 
Show that a > /2. If, further, Pis a point on the line BG extended such that AGCP Is a parallelogram, show 


that the A ABC and A GAP are similar. 


Solution If ZADB =@, then from 4 ABDand 4 ADC, we get 
AB? = AD* + BD’ - 2AD. BD-cos® 


AC? = AD* + DC? + 2AD- DC cos0 
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Geometry 
Adding, < 
a? + b? = 2AD? + > a? 
ie., Ap? = 0? +c? _a® s | 
Ay : 
Similarly, the other medians are given by wad. 
2.2 42 
2_c‘+a*_b C2 
BE? = =o oe » 8 a) c 
cra +b? Cc? 
2 4 


Since B, D, G, F lie on a circle we have 
AF - AB = AG- AD 


But AG=* AD 
3 
2 

Hence, 12 i2apal b?+c02 -4 

2 3 3 
=> 3 2 ape4 21g? 

2 2 
=> b? => a? + a2) 


For the first part we have 

b? =c? + a* - 2cacos B = 2b? -2cacos B; 

b* =2cacos B, 
a=ccosB+bcosC<ccosB 

Since C> 90°. Hence, 2a? < 2c cos B = b?; : > V2. 


Le., 


This proves the first part. 
For the second part, let the line passing through C and parallel to AG meet BG produced in P. Given that 


AGCP is a parallelogram. So, AC and GP have the same mid point E. 


2 
GP = 2GE == BE 
Hence, 3 


AG == AD, AP =CG=2 CF 


2 12. 2 
Since, b “3 + a*), we get 


1 tigz_l 2 
2 4 
ehet- 


; 


WIM win NIK NIK Nw 


2 


B 
n 
il} 


f 


3 
ul 


> 
>) 
u 


Hence, 


2) 
a] 
u 
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Thus, AG_GP_PA_1 


So, AGP is similar to ABC. 


Example 19. The incircle of ABC touches BC,CA and AB at D,E and F respectively. X is a point inside 


4 ABC such that the incircle of A XBC touches BC at D also and touches CX and XB atY and Z respectively. 
Prove that EFZY is a cyclic quadrilateral. 


Solution Let Pbe the intersection of EF with BC. Then, by Menelaus’ Theorem we have 


BP CE AF Ay 1) , 


so that 


—=— ..-(ii) 


Since, XZ = XY, BZ = BDand CY = CD, we have from 
Eq. (ii) 


— - —— - = 1 


Hence, by Menelaus’ Theorem P, Z and ¥Y are collinear. 
Since, PF - PE = PD? and PZ - PY = PD? we have 

PF . PE= PZ- PY 
Hence, EFZY is a cyclic quadrilateral. 


Comment If AB= AC, then BD= DC and then it can easily be proved that AD is the perpendicular 
bisector of EF and YZ so that EFZY is an isosceles trapezoid and is a cyclic trapezoid. 


Example 20. Let A, Band Cbe non-collinear points. Prove that there is a unique point X in the plane of 
ABC such that XA? + XB? + AB? = XB? + XC? + BC? = XC? + XA? + CA?. 


Solution First Solution : 
From the hypothesis we have 
AX? + AB? = CX? + CB? i) 

If B, is the mid point of BX, applying the first theorem of the median in the triangles AABX, ACBX, we 
get 

2AB? + 2BB? = 2CBY + 2BB; or AB, = CB, ii) 
This indicates that the perpendicular bisector of the side AC 
passes through the point B,. Let A,,C, be the mid point of 
AX and CX, respectively. 
Similarly, we obtain that the perpendicular bisectors of 
BCand AB pass through the mid points A, andG 
respectively. seal 


B 
) 
Furthermore we obtain ' iin 


AB|| A,B, AC || A,G and BC|| B,G. iv) 
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From Eqs. (iii) and (iv) we get the circumcentre O of ABC is the orthocentre H, of A, BG. ..(V) 
Also from Eq. (iv) the A ABC and A,B,C, are similar with X the centre of similarity and ratio > ...(vi) 
So, their orthocentres H and H, lie in the same straight line with the point X and HH, = H,X ...(vii) 


Combining Eqs. (v) and (vii) we get HO = OX; that is the point X is known (constant), because X is 
Symmetric to H with respect to the orthocentre O of ABC. 


Example 21. A hexagon is inscribed in a circle with radius r. Two of its sides have length 1, two have 
length 2 and the last two have length 3. Prove that r is a root of the equation 


2r -7r-3=0 


Solution Equal chords subtend equal angles at the centre of a circle, if each of sides of length i subtends 
an angle a, (i = 1,2, 3)at the centre of the given circle, then 20, + 2a, + 20; = 360°, 


whence 84 22 og. 
2 2 2 
and cos (St + $)=cos (90° - 22) 
2 2 2 
= sin O3 
2 
Now, we apply the addition formula for the cosine : 
cos “1 cos %2 ~ sin % cos %2 = sin %3 , ..-(i) 
2 2 2 2 
where (see figures) 
2 
sin M1 = ¥2 po % — Ai oe 5 
2 r 2 2r 
2 
sin 22 = 1 cos %2 = VF a3 
2 r 


We substitute these expressions into Eq. (i) and obtain, after multiplying both sides by 2r?, 


J4r? -1- r?-1-1=3> 
J@r? - 1)? -1) =3r 4 1 


Now, write it in the form 


and square, obtaining 
(4r? - 14? - 1)= Or? + 6r 4 | 
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which is equivalent to 
rer -7r-3)=0 
Since r # 0, we have 
2r -7r-3=0 
which was to be shown. 


Example 22. Let AABC be equilateral. On side AB produced, we choose a point P such that A lies between P 
and B. We now denote a as the length of sides of AABC; r as the radius of incircle of APAC; and r, as the 
exradius of APBC with respect to side BC. Determine the sumr, +r as a function of a alone. 

Solution Looking at the figure, we see that 27,0,R = 60° since it is the supplement of 27,AR = 120° (as 
an exterior angle for AABO). Hence, ZAO,R = 30°. Similarly, we obtain 2BO,S = 30°. 


Since, tangents drawn to a circle an external point are equal, we have 
T,T =T,A + AB + BT, 
= RA + AB+ SB 
=r, tan30°+ a+r tan30°=17 24a 
1 2 B 
and T,’Tp’ =T,'C + CT,’ 


=CR+ CS =(@- RA)+ (a-SB)=2a-1*" 
V3 


Since, common external tangents to two circles are equal 
T,T, =T,'T,’ 
nRt+r, R+n 

Hence, 17 724q=2a-1_2 

V3 


A 


whence we find that 
n+h= a 


Example 23. Let ABCbe a triangle and a circle I’ be drawn lying inside the triangle, touching its incircle 


T externally and also touching the two sides AB and AC. Show that the ratio of the radii of the circles I’ and 
r is equal to tan” (*;* 


Solution Let r,r’ be the radii and /, I’ be the centres of T, T’ respectively. 
Then, 


nm|> 
“j 


Geometry 
A r-r’ 
Hence, i ar ae 
_r-r’, 
oar a: 
sin A/2_r-r’, 
1 rae 


l+sinA/2 (r+r’)+@-r’) 2r 
r’ _1—cos (1/2 - A/2) 
r 1+ cos (n/2 - A/2) 


This proves the result. 
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Example 24. LetT be an acute triangle. Inscribe a pair R, S of rectangles in T as shown : Let A(X) denote 


the area of polygon X. Find the maximum value, or show that no maximum exists, of A(R)+ AG) 


ranges over all triangles and R, S over all rectangles as above. 


, Where T 


Solution As in the figure 


A(R) + A(S) _ ay + bz 


A) hx/2 ’ 
where h =a + b + c, the altitude of T. By similar triangles 


h bee c' 
b+ c)x cx 
A(R)+ A) _4 ie 
” AG) hx/2 he 


We need to maximize ab + ac + be subject toa+b+cz=h, One way to do this is first to fix a, so 


b+c=h-a. Then, 
ab + ac + bc = a(h-.a)+ be, 


and be is maximized when b =c. We now wish to maximize 2ab + b? 


subject to a+ 2b=h. This is a 


straight-forward calculus problem giving a = b'= c = h/3. Hence, the maximum ratio is 2/3 (independent 


of T). 
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ee 25. Given is a regular 7-gon ABCDEFG. The sides have length 1. Prove for the diagonals AC and 


hig. =1, 


2. 
AC AD 
F 


F’ 


B B’ 


Solution Reflect the 7-gon with AG as an axis to obtain another 7-gon AB’ C’ DE’ F’G’. 
Since, ZGAC + ZGAD’ = a + % =f, 


C, Aand Dare collinear, besides 
ZGCA = ZGD A= = 


= ZCAB = ZACB 
Therefore, AGCD ~ ABAC giving 


AB CG AD AD 
But AB =1 so 

1,1 ,AC+AD_ 1 2, 

AC AD AC-AD AB ' 
as required. 


Example 26. The line lis tangent to the circle S at the point A; B and C are points on I on opposite sides of A 
and the other tangents from B, C to S intersect at a point P. If B, C vary along lin such a way that the product 


| AB|-| AC | is constant, find the locus of P. 
Solution Let S be the incircle S(, 2) of ABCP. We denote ZPBA =, ZPCA = y. 
AB = pAC = q with pq =k’, a constant. 
Let § touch BP and CP and Dand E respectively. For APEI 


we have ZEIP = = (B+ ¥) 
1 (p+ qr? 
t=rtan—@+y)= 
Thus, 58 alae. 


Geometry ate 


The semiperimeter of ABCP is 


? @+ay? _pa+a) 
p+q+t=ptqrt pq-r? pq-r? 


The area F, of ABCP is 
r PAP + D p+ q) PH, 


pq-r 
where PH is the altitude to BC. It follows immediately that 
2 
pH PPM 4g 2 
pq-r* k-r 


So, the locus of P is a line parallel to BC. 


Example 27. In aa ABC, ZA is twice ZB. Show that a* = b + c). 


Solution A =2B = ZC =n-3B, Since 
a. 1b. «© 


sn A sinB sinC 


we have 
a® = bb +c) sin? A =sin B(sin B+ sin C)~ sin? 2B=sin B(sin B + sin 3B) 
as sin? 2B =sin B-2sin 2B-cos B 
ys sin? 2B =2sin Bcos B- sin 2B 
2 sin? 2B = sin? 2B 


Example 28. Let AC and BD be two chords of a circle with centre Q such that they intersect at right-angles 
inside the circle at the point M. Suppose K and L are the mid points of the chords AB and CD respectively. 


Prove that OKML is a parallelogram. 


Solution Choose M as the origin, AC as the x-axis and BD as the.y-axis. Let the equation of the circle be 
x2 + y? + 2gx + 2fy + c= 0. The x-coordinates of A and C given by 


x? + 2gx+c=0 
If A is (-g - (9? -c, 0), then Cis (-g + J/g” - c, 0) The y-coordinates of Band Dare given by 
y? + 2fy+c=0 


If is (0, - f - /f? -x), then Dis (0, - f + yf? -c). 
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Thus, Kis [ae -f-\P-¢ 
2 ¥ 2 
u{=24 \g?-¢ -f+VF =| 


2 2 
Hence, the mid point of KL is (2 ' a Since, O is (-g, - f) and M is (0, 0) the mid point of OM also is 


(2 ’ \ Hence, OM and KL have the same mid point and so OKML is a parallelogram. 


Aliter Let the radius of the circle be R, AB =a, CD=b, 
ZADB =@and2CAD = 9. Then, 6 + $= 90° from the right angled triangle AMD. 
Thus, a= AB=2Rsin@, 
b=CD=2Rsin »=2R.cos8@, 
a? + b* = 4R’. 


2 2 
Hence, OK? = R? - (5 a) = (5 b) .But Lis the circumcentre of the right angled A CMD. 


Hence, : b = LC = LM. Thus, OK = ML 
Similarly OL = KM. This proves the result. The arguments show that M may be outside the circle also. 


Example 29. In AABC, AB= AC and ZBAC = 30°, A’, B’,C’ are reflections of A, B,C respectively on 
BC, CA, AB, show that AA’ B’ C’ is equilateral. 
Solution AA’ BC, A B’ AC, AC’ AB are reflections of AABC on BC, CA, AB respectively, ZBAC = 90°, If 
AB = AC =a, B’C’ = V2 a since AB’ AC is a right angled isosceles triangle. 
BC = 2a cos 75° = 2a cos (30° + 45°) 
= 2a(cos 30° cos 45° — sin 30° sin 45°) 


3111 
EE cree Se ey 
a(4 2 O48 
_W3-D, 
V2 
By the cosine formula (in AA’ CB’ ). Cc’ 
(A’ B’ = A’C? + CB” - 2A’C’- CB’ cos ZA’ CB’ 


2 
=a? +(43+] -2a{ 35 *)acos 135° 


we B 
(since CB’ = BC) 


2 
ne) (47) 5) 
=a? (01+2- 3+ 3-1) 


=2a* (since cos 135° = cos (90 + 45°) = - sin 45°) 
Hence, A’ B’ = /2a = B’C’. We can similarly show that A’C’ = J2a so that AA‘ B’C’ is equilateral. 
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Example 30. naa ABC, the incircle touches the sides BC, CA and AB respectively at D, E and F. If the 
radius of the incircle is 4 units and if BD, CE and AF are consecutive integers, find the sides of the A ABC. 


Solution Suppose that BD = x, 


B 
CE=x+1 
and AF =x +2. F 
D 
Then, CD=CE=x +1, 
AE = AF =x +2, 
BF = BD=x, 
Hence, a= BC=x+x+1=2x+1, 
b=CA=x+1+x+2=2x+3, , Cc 
C=AB=xX+2+xX=2x +2; E 
g= St BFE 3x 43; 
S-Q=xX+2,s—b=x,s-—c=x+1; 
Since, r=4-!1 [s6-aye—bys-o, 
s Ss 
we get 4= [ee See 2 
3x +3 
ie., 16 = 842): 42 + 2x = 48 
iLe., «& + 8) - 6)=0;x =6 or-8 


Since, x cannot be negative x = 6 anda =13,b=15,c=14. 


Example 31. Let ABC be an acute angled triangle in which D, E, F are points on BC, CA, AB respectively 
such that AD 1 BC; AE = EC and CF bisects 2C internally. Suppose CF meets AD and DE in M and N 
respectively. If FM =2, MN = 1, NC =3, find the perimeter of the A ABC. 

Solution FN =3=NC.So, N is mid point of FC and E the A 


mid point of AC. Hence ND|| AB and so Dis the mid point of 
BC. Thus ADis altitude as well as median, ‘so that AB = AC. E 
ADis also angle bisector of ZA. AAFM and ADNM are similar 


since 
F Cc 
ZAMF = ZDMN. 
Set MD MN 1 
Thus, M is the centroid of AABC. Since, CF passes D 
through M, CF is also a median, i.e., angle bisector CR is 


also median. Hence, CA = CB; Consequently AABC is 
equilateral CF = 6 = altitude of an equilateral triangle. 


: 12 
le = —. Perimeter = —£. 
Side of the equilateral triangle 5 5 


Aliter Having proved AB = AC, consider M which is the incentre and MD the inradius. Dis the point 
where the incircle touches BC. Now BM is the angle bisector of AFBC. 


So, FB = x = BD. F is the point where the incircle touches AB. But angle bisector CF meets AB at F. 
CF 1 AB. So, CF is also median, altitude and angle bisector. Hence, the triangle is equilateral. 
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Aliter Consider AAFC and the fact that AM is the angle bisector of ZA 


Since, AB = AC. So, F is mid point of AB. Hence, CF is the median, angle bisector and altitude, so 
AB = CA = CB. Hence, triangle is equilateral. 


Note Can also be solved using coordinate geometry with DA as origin BC as x-axis and AD as y-axis. 


Example 32. Let A, A, ... A, be an n-sided regular polygon such that 
1 = ch. + = 
A\A, AA A\A, 
Determine n, the number of sides of the polygon. 


Solution Let O be the centre of the polygon and OA, =r. Let 6 be the angle a 
subtended by any side at the centre. 
: A 
Then, o= 2% : 
n 
Also, A,A2 =2r sin 5, A,A, =2rsin @, 4,A, = 2r sin % 
a Ty ed Me 
2rsin® 2rsin® 9 sin 38 
2 2 Ay 
. eee ee 
sin® sin® sin 30 
2 2 
1 sino + sin? 
=> —_———_ = 
sin 9 sin -sin ™ 
. 30 6. _ 30 
2sin — cos — =sin@+ sin — 
” a 2 
ay sin 20 + sin 6= sin + sin 3 
=> sin 20-sin > = 0 
78 8 
2cos —-sin—=0 
ics 4. 4 
7 _& 3K 
* 2°2° 
2n 6x 
o=—,—.,. 
= ry 


Since, @= =, we must have @ = 2 and n=7. 


Let us Fractice 


Let us Practice 


Level 1 


1. 


Let ABCDbe a square and M , N points on sides 
AB, BC respectively, such that ZMDN = 45°. If 
R is the mid point of MN, show that RP = RQ 
where P, Q are the points of intersection of AC 
with the lines. MD, ND. 


- Prove that the inradius of a right-angled 


triangle with integer sides is an integer. 


- The cyclic octagon A B C DE F GH has sides, 


a,a,a, a,b, b, b, brespectively. Find the radius 
of the circle that _—_circumscribes 
ABCDEFGH. 


- ABCDis quadrilateral and P,Q are mid points 


of CD, AB, AP, DQ meet at X, and BP, CQ meet 
at Y. Prove that area of AADX + area of 
ABCY = area of quadrilateral PXQY . 


. ABCD is a cyclic quadrilateral; x,y, z are the 


distances of A from the lines BD, BC,CD 
respectively. Prove that 

BD _ BC , CD 

x y Zz 


ABCD is a cyclic quadrilateral with AC 1 BD 
and AC meets BD at E. Prove that 

EA? + EB? + EC? + ED* = 4R? 
where R is the radius of the circumscribed 
circle. 
Let F and I’ be concentric circles. Let 
ABC, A’B’C’ be any 2 equilateral triangles 
inscribed in F and I’ respectively. If P and P’ 
are any two points on I and I’ respectively, 
show that 
P At + PB? + PC?=A'P* + BP? + CPP 


The internal bisector of 2 A in a A ABC with 
AC> AB, meets the circumcircle T of the 
triangle in D. Join Dto the centre O of the circle 
r and suppose DO meets AC in E, possibly 
when extended. Given that BE is perpendicular 
to AD, show that AO is parallel to BD. 


. Let AC be a line segment in the plane and Ba 


point between A and C. Construct isosceles 


12. 


: lengths 


13. 


14. 


15. 


APAB and A QBC on one side of the segment AC 
such that ZAPB=ZBQC=120° and an 
isosceles A RAC on the other side of AC such 
that ZARC=120° Show that PQR is an 
equilateral triangle. 


. Ina A-ABC, Dis a point on BC such that ADis 


the internal bisector of ZA. Suppose 2B = 22C 
and CD = AB. Prove that ZA = 72°. 


. Let BE and CF be the altitudes of an acute 


AABC, with E on AC and F on AB. Let O be the 
point of intersection of BE and CF. Take any 
line KL through O with K on AB and L on AC. 
Suppose M and N are located on BE and CF 
respectively, such that KM is perpendicular to 
BE and LN is perpendicular to CF. Prove that 
FM is parallel to EN. 


‘The circumference of a circle is divided into 
eight arcs by a convex quadrilateral ABCD, 


with four arcs lying inside the quadrilateral 
and the remaining four lying outside it. The 
of the arcs lying inside the 
quadrilateral are denoted by p,q,r,s in 
counter-clockwise direction starting from 
some arc. Suppose p+ r=q+s. Prove that 
ABCDis a cyclic quadrilateral. 


In an acute A ABC, points D, E, F are located on 
the sides BC, CA, AB respectively such that 


Prove that AD, BE, CF are the altitudes of ABC. 


Suppose P is an interior point of a A ABC such 
that the ratios 

a(A, BC) d(B,CA) d(C, AB) 

d(P, BC)’ d(P,CA)' d(P, AB) 


are all equal. Find the common value of these 
ratios. [Here d(X,YZ) denotes the 
perpendicular distance from a point X to the 
line YZ.] 


Let ABC be a triangle in which AB = AC and 
ZCAB = 90°. Suppose M and N are points on 
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16. 


17. 


18. 


19. 


20. 


21. 


22. 


the hypotenuse BC such that 
BM? + CN? = MN“. Prove that ZMAN = 45°. 


Let ABCDbe a quadrilateral; XandY be the mid 

points of AC and BD respectively and the lines 

through X and Y respectively parallel to 

BD, AC meet in O. Let P,Q,R,S be the mid 

ee of AB, BC, CD, DA respectively. Prove 

at 

(a) quadrilaterals APOS and APXS have the 
same area; 

(b) the areas of tthe quadrilateral 
APOS, BQOP, CROQ, DSOR are all equal. 


Consider in the plane a circle f with centre O 
and a line / not intersecting circle I. Prove that 
there is a unique point Q on the perpendicular 
drawn from O to the line I, such that for any 
point P on the line 1, PQ represents the length 
of the tangent from P to the circle I. 


In A ABC, let D be th mid point of BC. If 
ZADB=45° and ZACD=30°, Determine 
ZBAD. 


Let ABCD be a convex quadrilateral; P,Q, R,S 
be the mid points of AB,BC,CD,DA 
respectively such that A AQR and A CSP are 
equilateral. Prove that ABCD is a rhombus. 
Determine its angles. 


Let ABCD be a quadrilateral in which AB is 
parallel to CD and perpendicular to AD, 
AB = 3CD; and the area of the quadrilateral is 
4. If a circle can be drawn touching all the sides 
of the quadrilateral, find its radius. 


A 6x 6 square is dissected in to 9 rectangles 
by lines parallel to its sides such that all these 
rectangles have integer sides. Prove that there 
are always two congruent rectangles. 


Let ABC be an acute-angled triangle and let 
D,E,F be the feet of perpendiculars from 
A,B,C respectively to BC,CA,AB. Let the 
perpendiculars from F to CB, CA, AD, BE meet 
them in P,Q,M,N respectively. Prove that 
P,Q,M,N are collinear. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 
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Let ABC be an acute-angled triangle; AD be 
bisector of ZBAC with Don BC; and BE be the 
altitude from Bon AC. Show that ZCED> 45°. 


A trapezium ABCD, in which AB is parallel to 
CD, is inscribed in a circle with centre O. 
Suppose the diagonals AC and BD of the 
trapezium intersect at M and OM =2. 

(a) If ZAMB is 60°, determine, with proof the 
difference between the lengths of the 
parallel sides. 

(b) If ZAMDis 60°, find the difference between 
the lengths of the parallel sides. 


Let ABC be an acute-angled triangle; let D, F be 
the mid-points of BC, AB respectively. Let the 
perpendicular from F to AC and _ the 
perpendicular at B to BC meet in N. Prove that 
NDis equal to the circumradius of ABC. 


Let ABC be a triangle in which AB = AC and let 
I be its incentre. Suppose BC = AB + AI. Find 
ZBAC. 


A convex polygon. is such that the distance 
between any two vertices of does not exceed 
1. 

(i) Prove that the distance between any two 
points on the boundary of IF does not 
exceed 1. 

(ii) If X and Y are two distinct points inside I, 
prove that there exists a point Z on the 
boundary of F such that XZ + YZ <1. 


Let ABCDEF be a convex hexagon in which the 
diagonals AD, BE,CF are concurrent at O. 
Suppose the area of A OAF is the geometric 
mean of those of OAB and OEF, and the area of 
A OBC is the geometric mean of those of OAB 
and OCD. Prove that the area of A OED is the 
geometric mean of those of OCD and OFF. 


Let ABC be a triangle in which ZA = 60° Let BE 
and CF be the bisectors of the angles 2B and 
ZC with E on AC and F on AB. Let M be the 
reflection of A in the line EF. Prove that M lies 
on BC. 


Geometry 


Level 2 


1. A circle passes through the vertex C of a 
rectangle ABCD and touches its sides 
AB and AD at MandN respectively. If the 
distance from C to the line segment MN is 


equal to S units find the area of the rectangle 
ABCD. ial 


2. In an acute-angled A ABC, ZA = 30°, H is the 
orthocentre, and M is the mid point of BC. On 
the line HM, take a point T such that 


HM = MT. Show that AT = 2BC. 


3. The inscribed circumference in the A ABC is 
tangent to BC,CAand AB at D, Eand F, 
respectively. Suppose that this circumference 
meets AD again at its mid-point X; that is, 
AX =XD. The lines XBand XC meet the 
inscribed circumference again at Y and Z, 
respectively. 

Show that EY = FZ. 


4. Two externally tangent circles of radii 
R, and R, are internally tangent to a semicircle 
of radius 1, as in the figure. 


Prove that R, + R, < 2(V2 - 1) 
with equality holds if and only if R, = R. 


5. T, is an isosceles triangle with circumcircle K. 
Let T> be another isosceles triangle inscribed 
in K whose base is one of the equal sides of T, 
and which overlaps the interior of T,. Similarly 
create isosceles triangles T, fromT,,T, fromT; 
and so on. Do the triangles T,, approach an 
equilateral triangle as n > ~? 


6. The incircle of AABC touches the sides 
BC, CA and ABin K, Land M respectively. The 
line through A and parallel to LK meets MK in 
P and the line through A and parallel to MK 
meets LK in Q. Show that the line PQ bisects 
the sides AB and AC of A ABC. 


7. In a convex quadrilateral PQRS, PQ =RS, 
(/3 + 1)QR = SPand ZRSP - ZSPQ = 30°. Prove 
that ZPQR — ZQRS = 90° 


8. Let ABC be a triangle in which no angle is 90". 
For any point P in the plane of the triangle, let 


10. 


11. 


12. 
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A,, B,,G denote the reflections of P in the 

sides BC,CA,AB respectively. Prove the 

following statements; 

(a) If P is the incentre or an excentre of ABC, 
then P is the circumcentre of A,B,G; 

(b) If P is the circumcentre of ABC, then P is 
the orthocentre of A,B,G; 

(c) If P is the orthocentre of ABC, then P is 
either the incentre or an excentre of 
A B,G. 

Let ABC be a triangle and Dbe the mid point of 

side BC. Suppose ZDAB=ZBCA and 

ZDAC =15°. Show that ZADC is obtuse. 

Further, if Ois the circumcentre of ADC, prove 

that A AODis equilateral. 


For a convex hexagon ABCDEF in which each 
pair of opposite sides is unequal, consider the 
following six statements : 

(@,) AB is parallel to DE; 

(a,) AE = BD; 

@,) BC is parallel to EF; 

@,) BF = CE; 

(c,) CDis parallel to FA; 

(,) CA = DF. 

(a) Show that, if all the six statements are true; 
then the hexagon is cyclic (ie., it can be 
inscribed in a circle). 

(b) Prove that, in fact, any five of these six 


statements also imply that the hexagon is 
cyclic. 


Let ABC be a triangle with sides a,b,c. 
Consider a A A,B,C, with sides equal to a + 2 ; 


b+ S oe. 
2 2 


Show that [A,B,C ]2 5 [ABC], 


where [XYZ] denotes the area of the A XYZ. 


Consider an acute A ABC and let P be an 
interior point of ABC. Suppose the lines 
BP and CP, when produced, meet AC and ABin 
E and F respectively. Let Dbe the point where 
AP intersects the line segment EF and K be the 
foot of perpendicular from D on to BC. Show 
that DK bisects ZEKF. 
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13. 


14. 


15. 


16. 


17. 


18. 


Let R denote the circumradius of a A ABC. 

a,b,c its sides BC,CA, AB; and mt its 

exradii opposite A, B,C. If 2R< rz, prove that 
(i)a>banda>c; 

(ii) 2R > y, and 2R>r,. 


Consider a convex quadrilateral ABCD, in 
which K,L,M,N are the mid points of the 
sides AB, BC, CD, DA respectively. Suppose 
(a) BDbisects KM at Q; 

(b) QA = QB = QC = QD; and 

(c) LK/LM = CD/CB. ; 

Prove that ABCDis a square. 


Let M be the mid point of side BC of a A ABC. 

Let the median AM intersect the incircle of 
ABC at K and L, K being nearer to A than L If 
AK = KL = LM, prove that the sides of A ABC 
are in the ratio 5: 10:13 in some order. 


In a non-equilateral A ABC, the sides a,b,c 
form an arithmetic progression. Let I and O 
denote the incentre and circumcentre of the 
triangle respectively. 

(i) Prove that JO is perpendicular to BI. 

(ii) Suppose BI extended meets AC in 
K and D,E are the mid points of BC, BA 
respectively. Prove that J is the 
circumcentre of A DKE. 


In a_ cyclic quadrilateral ABCD, 
AB=a,BC=b,CD=c, ZABC=120°, and 
ZABD = 30°. Prove that 

@cza+b; 


(ii)| {ov a - fc+ b= Jc-a-b. 


Let ABC be a triangle in which AB = AC. Let D 
be the mid point of BC and P be a point on AD. 
Suppose E is the foot of perpendicular from P 


BP BD 
os —=m and 
mo ACE oe” aD 


z=m7*( + A) prove that 
z?-(@-2 -2)z+1=0. 


Hence, show that A 2 2 and A = 2, if and only if 
and only if ABC is equilateral. 


SOlUtMONS 


19. 


20. 


21. 


22. 


23. 


24. 


25. 
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In a A ABC right angled at C, the median 
through B bisects the angle between BA and 
the bisector of 2B. Prove that 

-<—<3. 

2 BC 
Let ABC be a triangle, IJ its incentre; 
A,, B,, G, be the reflections of I in BC, CA, AB 
respectively. Suppose the circumcircle of 
AA,B,C, passes through A, Prove that 
B,,G,1,I, are concyclic, where I, is the 
incentre of A A,B,G. 


Let ABC be a triangle; [.,, I's, ¢ be the three 
equal, disjoint circles inside ABC such that T, 
touches AB and AC;T, touches ABand BC; 
and I, touches BC and CA. Let I be a circle 
touching circles [,,I,,I%¢ externally. Prove 
that the line joining the circumcentre O and 
the incentre I of AABC passes through the 
centre of I. 


Let ABCbe a triangle and let Pbe interior point 
such that 2BPC = 90°, ZBAP = ZBCP. Let M, N 
be the mid points of AC, BC respectively. 
Suppose, BP=2PM. Prove that A, P,N are 
collinear. 


Let ABC be an acute angles triangle and let H 
be its orthocentre. Let h,,,, denote the largest 
altitude of the AABC. Prove’ that 
AH + BH + CH s 2h,,,. 


Let ABC be an acute-angled triangle with 
altitude AK. Let H be its orthocentre and O be 
its circumcentre. Suppose KOH is an 
acute-angled triangle and P its circumcentre. 
Let Q be the reflection of Pin the line HO.Show 
that Q lies on the line joining the mid points of 
AB and AC. 


Let ABC be a triangle with circumcircle I. Let 
M be a point in the interior of A ABC which is 
also on the bisector of ZA. Let AM, BM, CM 
meet I in A), B,C, respectively. Suppose P is 
the point of intersection of A,C, with AB; and 
Q is the point of intersection of A,B, with AC. 
Prove that PQ is parallel to BC. 


Solutions 


Level 1 


1. As construction join PN and QM. In the figure 
AC is a diagonal of the quadrilateral ABCD 
with ZACB=45° and ZMDN = 45° (by 
hypothesis). So, ZPDN = ZPCN each angle 
being equal to 45°. Now, as ZPDN and ZPCN 
are equal angles subtended by the same line 
segment PN at points D and C, the 
quadrilateral PNCD  i‘+is cyclic. So 
ZDCN + ZDPN =180°. But ZNCD = 90° 
which implies that ZNPD=90°. So 
ZNPM = 90°, as ZNPDand ZNPM forma linear 
pair. Now, as ZNPM = 90°, MN is the diameter 
of the circumcircle of the right ANPM with Ras 
its centre as R is the mid point of MN by 

hypothesis. 
D 


Similarly by showing that quadrilateral QMAD 
is a cyclic one and arguing as before, we can 
conclude that MN is the diameter of the 
circumcircle of the right ANQM with 
ZNQM = 90° and R as its centre. 

The two preceding paragraphs imply that 
MNOM is a cyclic quadrilateral with R as its 
centre. Hence RP = RQ. 


. Let ABC be a right triangle with 2B = 90°. 

Let O be its incentre and L, M, N the points of 
contact of the incircle with the a,b,c 
respectively. 

Suppose that the inradius is r. Now as 
ZABC = 90°, the quadrilateral NBLO is a 
square. So NB=BL=r. Also, as the two 
tangents drawn from an external point to a 
circle are of equal length, we have 


AM = AN = AB- NB=c -r and 
CM =CL= BC-CL=a-r. 
So,b=AC=AM+CM=c-r+a-r 
=c+a-2rar=2-€+ 
As ZB = 90° =>b? =c? + a”, we have 
(i) if c and a are both odd or both even, c? + a? 
is even = b’ is given = bis even =>b — + a)is 
even. 
(ii) if one of c and a is even and the other odd, 
c? +a? is odd = b? is odd = b is odd = 
b-(c + a)=an even number. 
So, in any case, if a,b,c are integers, we have 


r=2=€+ 0) _ an integer. 


- Let r be the radius of the circumcircle and 0, 0 


angle subtended by the sides of lengths a and 
brespectively at the centre of the circle. Then, 


40 + 49 = 2n and hence o= 5-8 Using cosine 


rule, we have 


Le Jes 
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a® = 2r? - 2r? cos@ = 2r2(1 - cos 6) 
b? = 2r? - 2r? sin = 2r2( - sing) 


2 
a) _1l-cos@_ 2t? 8 
(2) icme 0s 
a_ J2t a t a 
—_-=—_ > -— - 
b 1-t Jb lan a+J2b 
2 
1-cose=_22 a’ 


1+t? a?+b?4 abv2 


aa fa? + b? + abv 
2 


4. Letd, d,,d, be the perpendicular distances of 
the points D, P, C respectively from AB. Then, 


a, -4+4, since P is the mid point of CD. 


KX 


Area of quad. PXQY 
= area of ADQC — area ADXP — area of APYC 
=5CD-d, _ area of ADXP - area of APYC 


i, CD. d, (area of ADAP - area of ADAX) 


— (area of APBC — area of ABYC) 
=5cD- d,- > PD- dy - >. PC: dy 


+ area of ADAX + area of ABYC 
22 

+ area of AADX + area of ABCY 
-}op-(d,- 44) area of AADX + area 
of ABCY = area of AADX + area of A BCY 


5. BP - cot ZABD+ cot zapBS 
x 


=cot ZABC + cot ZACB 2 


=cot ZACD + cot ZADC - ZACB = ZADB 
and ZACD = ZABD 
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» BC, CD_ BD _ cot ZABC + cot ZADC = 0 
y 
Since, ZABC + ZADC = 180° 


6. Let O be the centre of the circle. 


ZAOB + ZCOD=2(ZACD+ ZCBD) 
=2 x 90° = 180° 


So ZAOB = 0, Then 
AB? + CD? = 2(R? - 
+ 2(R? - 


R* cos@) 


R? cos(x — @))= 4R? 
Similarly, 
C? + AD* = 4R7EA? + EB? + EC? + ED? 
= 5 <AB + BC? + CD? + DA2)= 4R? 
7. Let O be the centre and let r be the radius of 


the inner circle and R the radius of the outer 
circle. Let ZPOA’ = 6. Then 


(PA’ = (OP? + (OA’* -2-OA’- OP cos®@ 
=r? + R®? -2r Rcos@ 
(PB’)? =r? + R? - 2r Rcos@- 120°) 
(PC’? =r? + R? - 2r Rcos@ + 120°): 
(PA’ + (PB’)? + (PC’? 
= 3r? + 3R? - 2r R(cos@ + cos@ - 120°) 
+ cos@ + 120°)) 
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= 3r? + 3R? - 2rR(cos@ + 2-cos@cos 120°) ZBDE. But ZBDA=ZBCA=ZC. Thus 
ZODA=ZC. Since OD=OA, we get 
= 3r? + 3R? - 2rR(cos@- 2. 1 cosé) ZOAD= ZC. It follows that 
. ZBDA = ZC = ZOAD. This implies that OA is 
= 3r? + 3R? . parallel to BD. 
Similarly, P’ A? + P’B? + P’C? = 3r? + 3R’. 9. We give here two different cases. 


Thus, they are equal. Case! Drop perpendiculars from P and Q to 


AC and extend them to meet AR, RC in K,L 
respectively. Join KB, PB, QB, LB, KL (Fig.1) 


Pp 


Aliter Ois the centroid of both the A ABC and 
AA’ B’C’. InaA XYZ, if Gis the centroid an P is 
any point, then 


PX? + PY? + PZ? =3PG? + QX? + GY? + GZ? 
In AABC using P’ as point and O as the 
centroid. 

PA? + P’B? + P’C? 

=3P’0? + OA? + OB? + OC? = 3R? + 3r? 


Similarly, the other expression too is equal to 
3R2 + 3r2. Hence the result. 


8. We consider here the case when ABC is an 
acute-angled triangle; the cases when ZA is 
obtuse or one of the 2B and ZC is obtuse may 
be handled similarly. 


A Fig. 2 

S&S Observe that K, B, Q are collinear and so are 
«Yo NN P,B,L (This is because 
AE af c ZQBC = ZPBA = ZKBA and similarly 


ZPBA = ZCBL) by symmetry we see that 

ZKPQ = ZPKL and ZKPB= ZPKB. If follows 

that ZLPQ = ZLKQ and hence K,L,Q, P are 
D 


concyclic. We also note that 
Z KPL+ Z KRL=60°+ 120° =180°. This 


Let M be the point of intersection of DE and implies that P, K, R, L are concyclic. We 
BC, _ a i se hedena ba “onl oe conclude that P, K, R, L, Q are concyclic. This 
caine AN is the internal bisector of 2A and is gives 

perpendicular to BE, it must bisect BE; Le., ZPRQ = ZPKQ = 60°, 


BN = NE. This in turn implies that DN bisects ZRPQ = ZRKQ = ZRAP = 60° 
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10. 


Case Il Produce AP and CQ to meet at K. 


Observe that AKCR is a rhombus and BQKP is 
a parallelogram. (See Fig.2.) Put AP = x,CQ =y. 


Then PK=BQ=y, KQ=PB=x_ and 
AR = RC = CK = KA =x + y. Using cosine rule 
in APKQ, we get 


PQ? =x? + y? - 2xy cos 120°=x? +y +xy. 
Similarly cosine rule in AQCR gives 
QR? = y? + (x + y)? - 2xy cos 60° 

=x? + y? + xy and cosine rule in APAR gives 
RP? =x? + (x + y)* — 2xy cos 60° 

=x? + y? + xy. If follows that PQ = QR = RP. 
Draw the angle bisector BE of ZABC to meet 


AC in E. Join ED. Since, ZB =2ZC, it follows 
that ZEBC = ZECB. We obtain EB = EC. 


Consider the A BEA and A CED. We observe 
that BA=CD, BE=CE and ZEBA = ZECD. 
Hence, BEA =.CEDgiving EA = ED. If ZDAC =f, 
then we obtain ZADE =, Let J be the point of 
intersection of AD and BE. Now consider the 
triangles AJB and DIE. They are similar since 
ZBAI =f = ZIDE and ZAIB = ZDIE. It follows 
that ZDEI = ZABI = ZDBI. Thus BDE is 
isosceles and DB = DE = EA. We also observe 
that ZCED= ZEAD+ ZEDA =28= ZA. This 
implies that EDis parallel to AB. Since BD= AE, 
we conclude that BC=AC. In particular 
ZA =2ZC. Thus the total angle of ABC is SZC 
giving 2C = 36°. We obtain ZA = 72°. 

Aliter We make use of the charactarisation, 
in a AABC,ZB=22C_ if and only if 
b? =c(c + a). Note that CD=c and BD=a-c. 
Since ADis the angle bisector, we also have 


a-c_c 

Se 
This gives c*=ab-bc and _ hence 
b* =ca+ab-be. It follows that 
b®b+c)=ab+c) so that a=b. Hence, 


11. 


12. 
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ZA=2ZC as well and we get 2C = 36°. In 
turn ZA =72°. 
Observe that KMOF and ONLE are cyclic 
quadrilaterals. Hence, 2<FMO=ZFKO and 
ZOEN = ZOLN. 


However we see that 
ZOLN = 5 - ZNOL = — ZKOF = ZOKF. 


If follows that ZFMO = ZOEN. 
This forces that FM is parallel to EN. 


Let the lengths of the arcs XY, UV, EF, GH be 
respectively p,q,r,s. We also the following 
notations : (See figure) 


ZXAY =a,, ZAYP =a2, ZYPX =a, 
ZPXA =a,, ZUBY =f,, ZBVP =, ZVPU =B;, 
ZPUB = ,, ZECF = ¥,, ZCFP = y2, ZFPE = Y3, 
ZPEC = ¥4, ZGDH =8,, ZDHP =5,, ZHPG = 53, 
ZPGD = 84. 
We observe that: 

Xa,=28,=2fy7,=25, =2n 
It follows that ; Ps “ : 

Z@,+ v)==B,+5,) 
On the other hand, we also havea, =f, since 
PY = PU. Similarly we have other relations; 
Ran tes ¥2=8, and 8,=a,. It follows 

a 


Oy +05 +1 +4 = Bi +B +8, +8 


Geometry 


But p+ r=q +s implies that a, + 7; =; + 53. 


We thus obtain 
Oo) + ¥ =B, +8, 


Since, a, + y, + B, + 8, = 360°, it follows that 


ABCDis a cyclic quadrilateral. 


13. Put CD = x. Then, with usual notations, we get 
CE = CD-CB _ ax 
CA b 

Since, AE = AC - CE = b - CE, we obtain 


Fig. 2 


This in turn gives 
2_ p2 
c’ —b* + ax 
ey '- AF = — 

BF = AB C 


Finally, we obtain 
BD= c? —b* + ax ; 


Using BD=a-x, we get 
a-c?+b 


= 2a 
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However, if Lis the foot of perpendicular from 
A on to BC, then using Pythagoras theorem in 
A ALB and A ALC, we get 
b? - LC? =c? -@- LCP 

Which reduces to LC = (a? - c? + b?)/2a . We 
conclude that LC = DC proving L= D. Or we 
can also infer that x = b cos C from cosine rule 
in A ABC. This implies that CD=CL, since 
CL=bcosC from right A ALC. Thus, AD is 
altitude on to BC . Similar proof works for the 
remaining altitudes. 


Aliter We see that CD- CB=CE- CA, so that 
ABDE is a cyclic quadrilateral. Similarly we 
infer that BCEF and CAFD. are also cyclic 
quadrilaterals. (See Fig. 2.) Thus 
ZAEF = ZB = ZCED. Moreover 
ZBED = ZDAF = ZDCF = ZBCF = ZBEF. It 
follows that ZBEA = ZBEC and hence each is a 
right angle thus proving that BE is an altitude. 
Similarly we ‘prove that CF and AD are 
altitudes. (Note that the concurrence of the 
lines AD, BE, CF are not required.) 


. Let AP, BP, CP when extended, meet the sides 


BC,CA,AB in D,E,F respectively. Draw 
AK, PL perpendicular to BC with K,L on BC. 
(See Fig. 3) : 

A 


Fig. 4 


Now, d(A, BC) __ AK _ AD 
d(P,BC) PL PD 
Similarly, d(B,CA) _ BE 
d(P,CA) PE 
and a(C, AB) _ CF 
a(P,AB) PF 
So, we obtain 
AD _ BE _ CF AP_ BP CP 
BD PE pp ee ae be 
AP BP 
From — =-—— and = 
PD 7 pe and <APB = ZDPE, 


it follows that triangles APB and DPE are 
similar. So, ZABP = ZDEP and hence AB is 
parallel to DE. 

Similarly, BC is parallel to EF and AC is parallel 
to DF. Using these we obtain 


whence BD*=CD* or which is same as 
BD=CD. Thus D is the mid point of BC. 
Similarly E, F are the mid-points of CA and AB 
respectively. 

We infer that AD, BE,CF are indeed the 
medians of the A ABC and hence P is the 
centroid of the triangle. So 


and consequently each of the given ratios is 
also equal to 3. 

Aliter Let ABC, the given triangle be placed 
in the xy-plane so that B= (0,0) C=, 0) (on 
the x-axis). (See Fig. 4.) 

Let A = (th, k)and P = (u,v) Clearly, d(A, BC)=k 
and d(P, BC) = v, so that 


The equation to CA is kx - (h- aly - ka=0. 
So, 


d(B,CA)___-ka__, (ku - (h— av ~ ka) 
d(P,CA) Jk? + h-af kK? + h- ay 

2 -ka 

~ ku-(h-ay ka 


Again the equation to AB is kx -hy=0. 
Therefore, 


15. 
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h? + k? 


From the equality of these ratios, we get 
ka 


a — iad 


The equality of the first and third ratios gives 

ku-(h+ aw=0. Similarly the equalilty of 

second and third ratios gives 

2ku — 2h - ay = ka. Solving for u and v, we get 
a h+a k 


sV=e. 
3 3 


Thus, Pis the centroid of the triangle and each 
of the ratios is equal to K =3 


Draw CP perpendicular to CB and BQ 
perpendicular to CB such that CP= BM, 
BQ =CN. Join PA, PM, PN, QA, QM, QN. 


In A CPA and A BMA, have 


we 
<PCA = 45° = ZMBA; PC = MB, CA = BA. So, 
ACPA = ABMA. Hence ZPAC = ZBAM = a, say. 
Consequently, ZMAP = ZBAC = 90°, whence 
PAMC is a cyclic quadrilateral. Therefore 
ZPMC = ZPAC =a, Again 


PN? = PC? + CN? = BM?+CN?=MN?. So, 
PN = MN, giving ZNPM = ZNMP =a, in APMN. 
Hence ZPNC = 2a. Likewise ZQMB = 28, where 
B= ZCAN. Also ANCP = AQBM, as CP = BM, 
NC = BQ and ZNCP = 90° = ZQBM. Therefore, 
<CPN = ZBMQ =28, wherce 2a + 28 = 90% 
a + B = 45°; finally ZMAN = 90° - @ + B)= 45°. 
Aliter Let AB = AC =a, so that BC = 2a; and 
MAB =a, ZCAN = 8. 
By the Sine Law, we have from AABM that 
_BM_____AB 
sina sing + 45°) 


Geometry 
So pm =—@v2sina__ av2u 
cosa +Ssina l+u 


16. 


where u = tan a 


Similarly, CN = aviv where v = tan B. 
+Vv 


BM? + CN? = MN? = (BC - MB - NCY 
= BC? + BM? + CN? 
—2BC. MB -2BC- NC +.MB- NC 
So, BC? -2BC- MB -2BC-NC+2MB-NC=0 


But 


This reduces to 
2a* - 22a av2u _ 2V2a av2v 
l+u l+v 


,_ 4auv 9 
ad+u)Q+v) 


Multiplying by (+ u)Q + y)/2a?, we obtain 
d+u)d+v)-2ud+ y)— 2v(. + u) + 2uy = 0. 


Simplification gives 1 - u- Vv -uv= 0. So 
u+v 
ag Ly | 
tan @ + B) er 
This gives a + B = 45°, whence ZMAN = 45°, 
as well. 


We use the facts : (i) 
the line joining the 
mid points of the 
sides of a triangle 
is parallel to the 
third side; (ii) and 
any median of a 
triangle bisects its 
area; (iii) | two 
triangles having equal bases and bounded by 
same parallel lines have equal area. 
(a) Now BD is parallel to PS as well as OX is 
parallel to PS. Hence [PXS] = [POS} Adding 
[PAS] to both sides we get [APXS] = [APOS} 


This proves part (a). 


17. 


18. 
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(b) Now, [APXS]=[APX]+ [ASX] 
: : [ABX] + S{ADX] 


= 1 ;asc)+ 1 [ADC] 
4 4 

= + [ABCD] 
4 


Hence by (a), [APOS] = 7 (ABCD) _ Similarly, by 


symmetry each of the areas [AQOP], [CROQ] 
and [DSOR] is equal to = [ABCD] . Thus, the 


four given areas are equal. This proves part. 
(b). [Note [-] denotes area]. 


Let R be the foot 
of the 
perpendicular 
from O to the line! 
and u be the 
length of the 
tangent RX from 
R to circle r. On 7 
OR take a point Q 


such that QR =u. 
We show that Q is the desired point. To this 


end, take any point P on line / and let y be the 
length of the tangent PY from P tor. 

Further let r be the radius of the circle Fr and 
let y be the length of the tangent PY from P to 
r. Join OP, QP. Let QP = x, OP = z, RP =t. From 
right angled triangles POY, OXP, ORP, PQR we 
have respectively z? =r? + y?, OR* =r? + u?, 
2=OR? +t? =r? 4+u24+0t?, x2 =u?+t%. So 
we obtain y?=z°-r?=r?4+u2+0t?-r? 
=u? +t? =x*, Hence y =x. This gives PY = PX 
which is what we needed to show. 


Draw BL perpendicular to AC and join L to D. 
Since ZBCL=30°, we get ZCBL= 60°. Since 
BLC is a right triangle with ZBCL = 30°, we 
have BL=BC/2=BD. Thus in A BLD, we 
observe that BL= BD and ZDBL= 60°. This 
implies that BLD is an equilateral triangle and 
hence LB=LD. Using ZLDB=60° and 
ZADB = 45°, we get ZADL=15°. But 
ZDAL=15°. Thus LD= LA. We hence have 
LD=LA=LB. This implies that L is the 
circumcentre of the A . Thus, 
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£BAD = ~ ZBLD= * x 60° = 30° 


19. We have QR ‘= BD/2 = PS: Since AQR and CSP 


are both equilateral and QR = PS, they must be 
congruent triangles. This implies that 
AQ = QR = RA = CS = SP = PC. 


Also ZCEF = 60° = ZRQA. 

Hence, CS is parallel to QA. Now, CS =QA 
implies that CSQA is a parallelogram. In 
particular SA is parallel to CQ and SA=CQ. 
This shows that AD is parallel to BC and 
AD = BC. Hence, ABCDis a parallelogram. 

Let the diagonal AC.and BD bisect each other 
at W. Then, DW = DB/2 = QR = CS = AR. Thus, 
in A ADC, the medians AR, DW,CS. are all 
equal. Thus, ADC is equilateral. This implies 
ABCD is a rhombus. Moreover the angles are 
60° and 120°. 


. LetP,Q,R,Sbethe Dor RxC 
points of contact x 
of incircle withthe ' Q 
sides AB, BC, CD, g y 


DA respectively. 
Since AD is fF 
perpendicular to 
AB and AB is 
parallel to DC, we 
see that AP = AS = SD= DR =r, the radius of 
the inscribed circle. Let BP=BQ=y and 
CQ=CR=x. Using AB=3CD, we get 
r+y=30+x) 

Since the area of ABCD is 4, we also get 


A tr P K Y-x 8B 
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4= 5 AD (AB + CD) 


= 5 @r) 40 + x)) 


Thus we obtain r(r + x)= 1. Using Pythagoras 
theorem, we obtain BC? = BK? + CK’, 
However BC = y +x, BK =y-x and CK =2r. 
Substituting these and simplifying, we get 
xy =r*. But r+y=3("+ x) gives y =2r + 3x. 
Thus r? =x@r+ 3x) and this simplifies to 
( —3x)("+x)=0. We conclude that r= 3x. 
Now the relation r(@+x)=1 implies that 
4r? = 3, giving r = V3/2. 


. Consider the dissection of the given 6x6 


square in to non-congruent rectangles with 
least possible areas. The only rectangle with 
area 1 is an 1x1 rectangle. Similarly, we get 
1x2, 1x3 rectangles for areas 2, 3, units. In 
the case of 4,units we may have either a 1 x 4 
rectangle or a2 x 2 square. Similarly, there can 
be al x Srectangle for area 5 units and 1 x 6or 
2 x3 rectangle for 6 units. Any rectangle with 
area 7 units must be 1 x 7 rectangle, which is 
not possible since the largest side could be 6 
units. And any rectangle with area 8 units 
must be a 2x4 rectangle. If there is any 
dissection of the given 6x 6 square in to 9 
non-congruent' rectangles with areas 
@ $a, <5 A,< A, <a, < AGS, Sag < dg, then we 
observe that a, 2 1, a, > 2, a; 23, a, > 4, a, > 4, 
Ag = 5, A, = 6, ag = 6, ay 2 & and hence the total 
area of all the rectangles is a, + a, +...+ @y 
214+2+34+4+44+5+ 6+ 6+ 8=39>36, 
Which is the area of the given square. Hence if 
a6 x 6 square is dissected in to 9 rectangles as 
stipulated in the problem, there must be two 
congruent rectangles. 


22. Observe that C, Q, F, P are concyclic. 


Ang = 
E 


B PD Cc 


Hence, ZCQP = 2CEP = 90° —- ZFCP = 2B 
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Similarly the concyclicity of F,M,Q,A given 

ZAQN =.90° + ZFQM = 90° + ZFAM 

= 90° + 90° - 2B = 180° - ZB 

Thus we obtain ZCQP + ZAQN = 180°. It 
follows that Q, N, P lie on the same line. 
We can similarly prove that 
4CPQ + <BPM =180°. This implies that 
P,M,Q are collinear. Thus M ,N both lie on 
the line joining P and Q. 
Draw DL A 
perpendicular to 
AB; DK 
perpendicular to 
AC; and DM 
perpendicular to 
BE. Then EM = DK. 
SinceAD bisects 
ZA, we observe 
that ZBAD= ZKAD. Thus in A ALDand A AKD, 
we see that 2 LAD= Z KAD ; Z AKD= 90° = 
ZALD and ADis common. Hence A ALDand A 
AKD are congruent, giving DL=DK. But 
DL> DM, since BE lies inside the triangle (by 
acuteness property). Thus EM> DM. This 
implies that ZEDM > ZDEM = 90° - ZEDM. 


We conclude that ZEDM>45°._ Since 
ZCED = ZEDM, the result follows. 
Aliter 


Let ZCED=0 We have CD=ab/b+c) and 
CE = acos C. Using sine rule in ACED, we have 


CD ___CE 
sin@ sin (C+ 6) 
A 


Dabi(b +c) C 


This reduces to 
(b + c)sin @cos C = bsin Ccos@+ bcosCsin®@. 


Simplification gives 
csin@cos C=bsin Ccos6 


24. 
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bsinC _ sinB 
ccosC cosC 
___sinB 

sin (n/2 - C) 
Since, ABC is acute-angled, we have A < 7/2. 
Hence, B+ C> 7/2 or B>(n/2)- C. Therefore 
sin B> sin (n/2 — C). This implies that tan 6> 1 
and hence 06> 7/4. 


Suppose ZAMB = 60°. Then, AMB and CMD are 
equilateral triangle. Draw OK perpendicular to 
BD. (see Fig. 1). Note that OM bisects ZAMB so 
that ZOMK = 30°. Hence, OK = OM/2=1. It 
follows that KM = (OM? - OK? = 4/3. We also 


observe that 
AB - CD= BM -— MD 

= BK + KM - (DK — KM)+2KM, 
since K is the mid-point of BD. Hence 
AB - CD = 243. 


so that tan @= 


Suppose ZAMD= 60° so that ZAMB=120°. 
Draw PQ through O parallel to AC (with Q on 
AB and P on BD). (see Fig. 2). Again OM bisects 
ZAMB so that ZOPM = ZOMP = 60°. Thus OMP 
is an equilateral triangle. Hence diameter 
perpendicular to BDalso bisects MP. This gives 
DM = PB. In the triangles DMC and BPQ, we 
have BP=DM, ZDMC=120°=ZBPQ and 
ZDCM = ZPBQ (property of cyclic 
quadrilateral). Hence DMC and BPQ are 
congruent so that DC=BQ. Thus 
AB - DC = AQ. Note that AQ = KP since KAQP 
is a parallelogram. But KP is twice the altitude 
of A OPM. Since OM = 2, the altitude of OPM is 
2 x /3/2 = V3. This gives AQ = 2V3. 

Aliter 

Using some trigonometry, we can get 
solutions for both the parts simultaneously. 
Let K,L be the mid points of ABand CD 
respectively. Then L, M, O, K are collinear (see 
Fig. 3 and Fig. 4). Let ZAMK = 0 ZDML) and 


570 


25. 


OM =d. Since AMB and CMD are similar 
triangles, if MD = MC =x, then MA = MB=kx 
for some positive constant k. 


Now MK = kx cos ®@, ML = x cos 8, so that 
OK =[kx cos @ — dJand OL =x cos@+ d. Also 
AK = kx sin @.and DL =x sin @ Using 


AK? + OK? = AO? = DO? = DE + OF, 
we get k°x? sin? 6+ (kx cos @- d) 


=x? sin? + « cos@+ d). 


Fig. 3 


Simplification gives 
«? - 1)x? = 2xdk+ 1)cos@ 
Since, k + 1> 0, we get k-1)x =2d cos@ 
Thus 
AB — CD = 2(AK — LD) = 2(kx sin 6 - x sin 6) 
= 2 -1)x sin@= 4d cos @sin® 
= 2d sin 20 
If ZAMB = 60°, then 26 = 60°. If ZAMD = 60°, 
then 20 = 120°. In either case sin 20 = 3/2. If 
d =2, then AB - CD=2V3, in both the cases. 


Let O be the circumcentre of ABC. Join 
OD, ON and OF. We show that BDON is a 
rectangle. It follows that DN = BO=R, the 
circumradius of ABC. 


Observe that ZNBC= ZNKC=90°. Hence 
BCKN is a cyclic quadrilateral. Thus 
ZKNB = 180°- ZBCA. But ZBOA=22ZBCA 
and OF bisects ZBOA . Hence, ZBOF = ZBCA. 
We thus obtain 


26. 
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ZFNB + ZBOF = ZKNB + ZBCK = 180° 
This implies that B,O,F,N are concyclic. 
Hence, ZBFO=ZBNO. But observe that 
ZBFO = 90° since OF is perpendicular to AB. 
Thus ZBNO=90°. Since NB and OD are 
perpendicular to BC, it follows that BDON is a 
rectangle. 

Aliter We can also get the conclusion using 
trigonometry. Observe that 2NFB = ZAFK 
= 90° — ZA and ZBNF = 180° — 2B since BCKN 
is a cyclic quadrilateral. Using the sine rule in 
the A BFN, 

ee ae 

sin ZNFB_ sin ZBFN 
This reduces to 

NB =o SOSA =RcosA 
2 sinc 
But BD=a@/2 = Rsin A. Thus 
ND? = NB? + BD* = R? 
ND=R 


This gives 


We observe that ZAJB = 90° + (C/2). Extend 
CA to D such that AD= AI. Then, CD = CB by 
the hypothesis. Hence, 
ZCDB = ZCBD = 90° — (C/2) Thus 
Cc 
A B 
D 


ZABB + ZADB = 90° + + 90° - £ = 180° 


Hence, ADBI is a cyclic quadrilateral. This 
implies that 


ZADI = ZABI = 5 


But ADI is isosceles, since AD = AI. This gives 
ZDAI = 180° - 2(ZADI) = 180° - B 

Thus, ZCAI = B and this gives A = 2B. Since 

C = B, we obtain 4B = 180° and hence B = 45°. 

We thus get A = 2B = 90°. 


(i) Let S and T be two points on the boundary 
of I, with S lying on the side AB and T lying on 
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the side PQ of I. (see Fig. 1). Join TA, TB, TS. 
Now ST lies between TA and TB in A TAB. One 
of ZAST and ZBST is at least 90°, say 
ZAST 2 90°. Hence, AT > TS. But AT lies inside 
4 APQ and one of ZATP and ZATQ is at least 
90°, say ZATP> 90°. Then AP> AT. Thus, we 
get TS< AT < AP<1. 


Q F 

p+. os 

: nS P . E 
H ON a : 

: #8 ON ye : 

Se fw sy 

: ay s aN: : 

: / naa X : 

: - 3° me eX 

ie ae} x 

the 8 %\ 

nee ’ . 
A Ss B é Z D 

Fig. 1 Fig. 2 


(ii) Let X and Y be points in the interior I. Join 
XY and produce them on either side to meet 
the sides CDand EF of © at Z,andZ, 
respectively. We have 
(XZ, + YZ,)+ (XZ, + YZ>) 

= (XZ, + XZ)+ WZ, + YZ>)=2Z,Z, <2 
by the first part. Therefore, one of the same 
XZ, + YZ, and XZ, + YZ, is at most 1. We may 
choose Z accordingly as Z, or Z>. 
Let OA=a,OB=b, OC=c, OD=d,OE=e, 
OF=f, [OAB]=x, [OCD]=y, [OEF]=z, 
[ODE]=u, [OFA]=v and [OBC]=w. We are 
given that v? = zx, w* =xy and we have to 


prove that u? = yz. 


Since, ZAOB = ZDOE, we have 
5 de sin ZDOE 


* = 
; absin ZAOB 9 


x|& 


29. 
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Similarly, we obtain 


Multiplying, these three equalities, we get 
UuvW = xyz. 


Hence, x°y?2z? = u*v?w? = u?(zx oy). 
This gives u? = yz, as desired. 


Draw AL | EF and extend it to meet AB in M. 
We show that AL= LM. First we show that 
A, F, I, E are concyclic. We have 


ZBIC = 90° + <= 90° + 30° = 120° 


Hence, ZFIE = ZBIC = 120°. Since ZA = 60°, it 
follows that A, F, J, E are concyclic. 
Hence, 
ZBEF = ZIEF = ZIAF = ZA/2. This gives 
ZB ZA 


Re ee ne Pe 


Since ZALF = 90°, we see that 
<FAM = 90° - ZAFE = 90° - <3 _ <A 
2 
= <0 = ZFCM, 


This implies that F, M,C, A are concyclic. It 
follows that 


Hence, FMA is an isosceles triangle. But 
FL 1 AM. Hence, L is the mid point of AM or 
AL = LM. 
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Let O be the centre of the circle and P be the 
foot of perpendicular from C to MN. 


Then, OM is perpendicular to AB,ON is 
Perpendicular to ADand OM =ON =the 
radius of the circle. So, AMON is a square. 


ZMCN = 5 ZMON = 45° 


ZCMP + ZCNP = 135°= ZCMP + ZCMB 
= ZCNP + ZCND. 


Hence, ZCNP = ZCMB and ZCMP = ZCND. 
Thus we see that the right ACNP and A CMB 
are similar, and ZCMP and ZCNDare similar. 


Aliter Let AB =a, BC=b, BM =x, DN=y 
and r = radius of the circle. Producing MO to 
meet the opposite side we can see that 


x? +y*? 200 =r. 
Thus 
CM? =b? +x? =( + yh +x? =2r? + 2vy =2br 
CN? =a? + y? = +x) + y? =2r? + 2rx = 2ar 
cP... 
Also — =sin ZCNP; 
CN 


CM =2rsin ZCNM. 
Hence, CM -CN =2r-CP=10r. 
Thus Qar)2br) = Q0ry = ab = 25 
The diagonals BC and TH of the quadrilateral 
BTCH are bisected at M. Hence, BTCH is a 


parallelogram. Since CH 1 AB and CH || TB, we 
have TB 1 AB. 
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Similarly TC 1 AC since BH 1 AC . Thus the 
circle on AT as diameter passes through 
Band C. This is the circumcircle of A ABC. If R 
is its radius, then 

AT =2R, BC =2R sin A =2R sin 30°=R 
Hence AT = 2BC. 
Aliter We can assume that A 
the circumcentre of AABC is 
at the origin If R is the 
circumradius, 
BC=2Rsin A=R. mak 
Z,>Z25 are complex 
sae representing Bh hye 
A,B,C respectively than 
Z,+Z,+Z, represents H T 
and M is fe 4 it 
represents T, then 

t+Z,+2Z,+Z,_2Z,+2Z, 


2 2 
= t =-Z, = AT =2T =2BC 
. Since ZBFY = ZBXF and A 


ZFBY = ZXBF we have 
ABFY and ABXF are 
similar, so that 


FY: FX =BF:BX (i) 7 E 
Similarly, we get 

DY : DX = BD: BX ...{ii) 

As BF = BD, we have B D c 
from Eqs. (i) and (ii) 

that 


FY : FX = DY : DX 
Since AX = DX, we get 


FY : FX = DY : AX ..-(iii) 
Since, X, F, Y, Dare concyclic we have 
ZFYD= ZAXF ..-(iv) 


Thus, we get from Eqs. (iii) and (iv) that AFYD 
is similar to AFXA. 

Hence, 2 YFD = ZXFA = ZXDF so that FY || XD. 
Similarly we have EZ || XD. Thus, FY || EZ. 


Therefore, FYZE is an isosceles trapezoid and 
then EY = FZ. 


» Let O,,0,and O denote the centres of the 


circles and let A,, A>, B, and B, denote the 
points of tangency of these circles with the 
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semicircle, as shown in the diagram. Then, 
0,0, = R, + R2,0,A, = R, and O,A2 = R, so 


AyAp = (0,0, - (O,A, - 0,47 
= y(R, + Rp -(R, - Rp? =2/ RR, 

Also OB, = 1, OB, = 1,0,B, = R, and O,B, = R, 
so that OO, =1- R, and OO, =1- Rp. 
Therefore, A,A, = OA, + OA, 

= (00,7 - OA, + Jo, - (0,4, 

= /0-R,- R? + J0-R,? -R? 

= /1-2R, + /1-2R, 
Thus, /1—2R, + /1—2R, =2/R,R, 


Squaring, then dividing each term by 2 and 
rearranging the terms, we get 


J@ —2R,)0 — 2R;) = 2R,R, + Ri + Rp -1. 
Square both sides and simplify. 
8R,R, = 2R,R> + R, + Ro¥ (i) 

So, 2,/2R,)R, =2R,R. +R, + R, 

Thus, R, + R, =2/R,R,W2-JR,R2) — ...(ii) 

<(R, + R,Wv2 - JR,R2) 

and therefore /R,R,</2 -1 

Now consider the function f(x)=2x(/2 - x) 
f(x) is increasing on the interval (0, 1/2) since 
f’ &) = 22 - 4x > 0 for x in the interval. Since 
O< JR,Rz s V2 -1< V2 and 
.R,'+ Ry = f(/R,R)from Eq. (ii), R, + R, attains 
its maximum when ,/R,R, = V2 - 1. Hence 

R, + Rp $ 2W2 - WlV2 - W2 - I= 2W2 - 

‘Equally holds when R, = Rp 

Note that the base angle of T,, is equal to the 
angle opposite the base of T,, , ; (as the figure 
indicates). Therefore if @ is the base angle for 
T,, then the base angle for the next triangle 
f, + ) is 


8 
= 90°--. 
2 


180° -8 
2 
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Suppose now that @ is the base angle for T;. 
Then, the base angle for T,, is 


x 
ey / 
PL et 
> 90°, 90° 90° 
90 5 + 4 r 
bot CUP? SO + Cat SE. 


Note that the limit as n> ~ of the above is 
_ 60° by the formula for the sum of an 


1+V2 
infinite geometric series. Since each T,, is 
isosceles, the angles of T,, do approach 60° as 
n> ~, 


. Let AP, AQ A 


produced meet BC 
in D, E respectively. 


Since MK is parallel M / \ t 
to AE, we have 
ZAEK = ZMKB. 
Since BK = BM, 
both bei 
‘a be KR E Cc 


tangents to the 

circle from 

B, ZMKB = ZBMK. This with the fact that MK is 
parallel to AE gives us ZAEK = ZMAE. This 
shows that MAEK is an isosceles trapezoid. We 
conclude that MA=KE. Similarly, we can 
prove that AL = DK. But AM = AL. We get that 
DK = KE. Since KP is parallel to AE, we get 
DP = PA and similarly EQ = QA. This implies 
that PQ is parallel to DE and hence bisects 
AB, AC when produced. 

[The same argument holds even if one or both 
of P and Q lie outside AABC). 


7. Let denote the area of figure. We have 


cS) 
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[PQRS] = [PQR] + [RSP]= [QRS] + [SPQ]. 


Let us write PQ = p,QR = q, RS =r,SP=s.The 
above relations reduce to 


pq sin ZPQR + rssin ZRSP 
= qr sin ZQRS + spsin ZSPQ 


Using p = r and (V3 + 1)q = s and dividing by 
pq, we get 

sin ZPQR + (V3 + 1)sin ZRSP 

=sin ZQRS + (V3 + 1)sin ZSPQ. 
Therefore, sin ZPQR — sin ZQRS 
= (V3 + 1Xsin ZSPQ - sin ZRSP) 

This can be written in the form 
2 sin £PQR : ZQRS os aa ZQRS 


= 3 + 1p sin SPQ — ZRSP 


ean ZSPQ + ZRSP 


2 
Using the relations 
cos POR + ORS  _ cos <SPQ + £RSP 
ZSPQ-ZRSP __., o._ W3-) 
and (SS sin 15 a 
we obtain ise 
_ ZPQR — ZQRS _ _ WS~Te 1 
or W3 + DL a ] a 
This shows that 
ZPQR — ZQRS _% 
2 4 
3n 
or 7 


Using the convexity of PQRS, we can rule out 
the latter alternative. We obtain 


ZPOQR - ZORS = 5. 


8. (a) A 


B 
C; ’ 


Ay 
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If P=1 is the incentre of A ABC, and r its 
inradius, then it is clear that 
A,I = BI = GJ = 2r. It follows that J is the 
circumcentre of A,B,G. On the otherhand 
if P= 1, is the excentre of ABC opposite 
Aand r, the corresponding exradius, then 
again we see that A,J, = BJ, = GJ, =2n. 
Thus /, is the circumcentre of A,B,C. 


(b) Let P=O be the circumcentre of ABC. By 
definition, it follows that OA, bisects and is 
bisected by BC and so on. Let D, E, F be the 
mid points of BC,CA,AB respectively. 
Then, FE is parallel to BC. ButE, F are also 
mid points of OB,,OCG, and hence FE is 
parallel to B,C, as well. We conclude that 
BC is parallel to BG. Since, OA, is 
perpendicular to BC, it follows that OA, is 
perpendicular to BG. Similarly OB, is 
perpendicular to GA,andOCG is 
perpendicular to A,B,. These imply that O 
is the orthocentre of A,B,C. (This applies 
whether O is inside or outside ABO. 

(c) Let P=H, the orthocentre of ABC. We 
consider two possibilities; H falls inside 
ABC and H falls outside ABC. 

Suppose H is inside ABC; this happens if ABC 

is an acute triangle. It is known that A,, B,, G 

lie on the circumcircle of ABC. Thus 

ZGA\A = ZGCA = 90° - A. Similarly 

2B,A\A = 2B, BA = 90° - A. These show that 

<C,A\A = 2B,A,A. Thus A,A is an internal 
bisector of 2C,A,B,. Similarly we can show 
that B, bisects 2A,BG and GC bisects 
<B,GA\. Since A,A, B,B,GC concur at H, we 
conclude that H is the incentre of A,B,G. 
OR 


If D,E,F are the feet of perpendiculars of 
A, B,C to the sides BC,CA, AB respectively, 
then we see that EF, FD, DE are respectively 
parallel to B,C,,C,A,, A,B. This implies that 
<C,A\H = ZFDH = ZABE = 90° - A, as BDHF 
is a cyclic quadrilateral. Similarly, we can show 
that 2B,A,H = 90° - A. It follows that A,H is 
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the internal bisector of 2C,A,B. We can 
proceed as in the earlier case. 

If H is outside ABC, the same proofs go 
through again, except that two of 
A\H, B,H,C,H are external angle bisectors 
and one of these is an internal angle bisector. 
Thus, H becomes an excentre of A A,B,C. 


. Leto denote the equal angles ZBAD = ZDCA. 
Using sine rule in 


4 DAB and ADAC, we get 
AD _ BD CD AD 


sinB sina'sin15° sina 


Eliminating oa (using BD=DC and 
2a + B+15°=n), we obtain 
1+ cos (B + 15°)=2 sin B sin 15°. But we know 
that 
2 sin B sin 15° =cos (B - 15°) -cos (B+ 15°), 
Putting B=B-15°, we get a _ relation 
1 + 2cos (B + 30)=cos f. We write this in the 
form 

@ - v3)cosB + sinB =1. 
Since sin f < 1, it follows that (1 - ¥3)cos B20. 
We conclude that cos B < 0 and hence that B is 
obtuse. So is angle B and hence ZADC. 
We have the relation (1 - /3)cos + sin B = 1. 
If we set x = tan (f/2) then we get, using 
cos B = (1 -x?)/ 0. + x”), sin B = 2x/(1 + x”) 


(J3 -2)x? + 2x - V3 =0. 


Solving for x, we obtain x = 1 orx = V3 + V3) 
If x =13@+ V3) then 
tan (B/2)> 2 + /3 = tan 75° giving us B> 150°. 
This forces that B>165° and hence 
B+ A>165°+ 15°=180°, a _ contradiction, 
thus x = 1 giving us 8 = 7/2. This gives B = 105° 
and hence a =30°. Thus ZDAO = 60°. Since 
OA = OD, the result follows. 
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OR 
Let m, denote the median AD. Then, we can 
compute 
2 2 i? 
cosa = f+ Ma - @/4) gin = 24 
2cm, cm, 
where A denotes the area of A ABC. These 
two expressions give 


cota = c + mg - @7/4) 
4A 
Similarly, we obtain 
b? + m2 - (a2/4) 
4A 


cos ZCAD = 


Thus, we get 
sis c2 <a? 
cota —cot = 
4A 


Similarly, we can also obtain 


2 ne 
c*-a 
cot B-cota = —_—_. 


giving us the relation 
cot B=2 cota —-cot 15° 
If Bis acute, then 
2cota>cot15°=2+ /3 > 2,3. 
It follows that cota> 3. This implies that 
a < 30° and hence 
B = 180° - 20 —- 15°>105° 
This contradiction forces that Z B is obtuse 
and consequently ZADC is obtuse. 
Since ZBAD = a = ZACD, the line ABis tangent 
to the circumcircle F of ADC at A. Hence, OA is 
Perpendicular to AB. Draw DEand BF 
perpendicular to AC and join OD. Since 
<DAC =15°, we see that ZDOC =30° and 
hence DE=OD/2. But DE is parallel to 
BF and BD= DC shows that BF =2DE. We 
conclude that BF = DO. ButDO = AO , both 
being radii of f. Thus BF = AO. Using right 
ABFO and ABAO, we infer that AB =OF.We 
conclude that ABFO is a rectangle. In 
particular ZAOF = 90°. It follows that 
ZAOD = 90° - ZDOC = 90° - 30° = 60° 
Since, OA =OD, we conclude that AOD is 
equilateral. 
OR 
Note that AABDand ACBA are similar. Thus 
we have the ratios 
AB_ CB 


BD BA 


This reduces to a’ = 2c? giving us a = J2c. 
This is equivalent to sin? @ + 15°)=2sin? a 
We write this in the form 

cos 15° + cota sin 15° = V2. 


Solving for cota, we get cota= 3. We 
conclude that o = 30° and the result follows. 


10. (a)Suppose all the six statements are true. 


Then ABDE, BCEF,CDFA are isosceles 
trapeziums; if K, L, M, P,Q, R are the mid 
points of AB, BC, CD, DE, EF, FA 
respectively, then we see that KP 1 AB, ED; 
LQ 1 BC, EF and MR 1 CD, FA. 
E P D 
Q 


If AD, BE, CF themselves concur at a point 
O, then OA = OB = OC = OD= OE = OF. (Ois 
on the perpendicular bisector of each of 
the sides). Hence, A,B,C,D,E,F are 
concyclic and lie on a circle with centre O. 
Otherwise these lines AD, BE,CF form a 
triangle , say XYZ. (See Fig.) Then, 
KX, MY, QZ, when extended, become the 
internal angle bisectors of the AXYZ and 
hence concur at the incentre O’ of XYZ. As 
earlier O’ lies on the perpendicular bisector 
of each of the sides. Hence, 
O'A=O'B=O'C=O'D=O'E=O'F, 
giving the concyclicity of A, B,C, D, E, F. 
(b) Suppose @,), @2), @), &,) are true. Then, 
we see that AD = BE = CF. Assume that (¢,) 
is true. Then, CDis parallel to AF. It follows 
that AYCDand AYFA are similar. This gives 


We obtain FY =AY and YC=YD. This 
forces that ACYA and ADYE are congruent. 
In particular AC = DF so that (c,) is true. 
The conclusion follows from (a). Now 
assume that (cy) is true; Le., AC = FD. We 
have seen that AD= BE =CF. It follows 
that A FDC and AACD are congruent. In 
particular ZADC = ZFCD. Similarly, we can 
show that ZCFA = ZDAF. We conclude 
that CDis parallel to AF giving (c, } 


11. 


12. 
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It is easy to observe that there is a triangle 
with sides a+>,b+5,c+5- Using Heron’s 


formula, we get 
16[ABCF =@+b+cya+b-c) 
b+c-ayc+a-b) 


and IGA BGP = 5 a+ b+ chat b+ 30) 


(-b+c+3aX¥-c + a+ 3b) 

Since a,b,c are the sides of a triangle, there 
are positive real numbers p,q,r such that 
a=q+r, b=r+p, c=p+q. Using these 
relations we obtain 

[aBcy _ Gyr 

[A,BGP 3p + qX2q+ rier + p) 

Thus it is sufficient to prove that 

Cp + q)@q + r)r + p)227par, 
for positive real numbers p, q, r. Using 
AM-GM inequality, we get 

2p + q23p"q), 

2q + r23Qq*r)?, 2r + p2307p). 
Multiplying these, we obtain the desired 
result. We also observe that equality holds if 
and only p=q=r. This is equivalent to the 
statement that ABC is equilateral. 
Produce AP to meet BC in Q. Join KE and KF. 
Draw perpendiculars from F and E on to BC to 
meet it in M and L respectively. Let us denote 
ZBKF by a and ZCKE by B. We show that a =B 
by proving tana=tanf. This implies that 
ZDKF = ZDKE. (See Figure below). 


Since the cevians AQ, BE and CF the concur, 
we may write 
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However standard computations involving 
bases give 


[AFP] =» _ [ABP], 
y+x 
[AEP] = —2 

Z+xX 


jae Oa al ED 
X+y+zZ 


[ACP] 


and [ABP] = 


[ACP] =—_Y _ [ ABc). 
X+yt+zZ 


Thus, we obtain 


FD _x+z 
DE x+y 
On the other hand 
tang = 7M _ FBsinB j.,,_ FL _ ECsinC 
KM KM KL KL 
Using FB =( - )as.c-( . ) cand 
x+y X+Z 
AB sin B = AC sin C, we obtain 
oe) 
+y)\ FD 


tana _(x+z (=)- x 
tan B x+y j]\ KM x 
1 


_(x+2z)\(x+y)_ 
X+y)(xX4+zZz 


a+b+c 

2 
and A is the area of ABC. Thus, the given 
condition 2R < r, translates to 


a, b,c are the sides of the A ABC, s = 


Putting s—a=p, s—b=q, s-c=r, we get 
a=q+r,b=r+p,c=p+qand the condition 
now is 
pip + qq + rir + p)s 24° 

But Heron’s formula gives, 
A? = s(s - a's — b's —c)= pqr+q+r) . We 
obtain (y+qiha+rr+p) <2qrp+qt+r) 
Expanding and effecting some cancellations, 
we get 

p?q@+r)+pq@?+r?)<sqrq+r) (*) 
Suppose as b. This implies that q+ r<r+p 
and hence q < p. This implies that qr < p’r and 
qr? < pr? giving 


14. 
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ariq+r)sp*r+ pr? <p’r+ pr’ + p’q + pq? 
=p*q+r)+ pq? +r) 

which contradicts (*). Similary, a < cis also not 
possible. This proves (i). Suppose 2R<¥,. As 
above this takes the form 

Qir+p)+aqr?+p*)sprp+r) — (**) 
Since, a> band a> c,we have q> p,r> p. Thus 
q’r > p’r and qr? > pr’. Hence, 

qr + p)+ qr? + p*)> q?r + qr? 
> p*r + pr? =prip+r) 

which contradicts (**). Hence, 2R>h,. 


Similarly, we can prove that 2R>r,. This 
proves (ii). 


Observe that KLMN is a paralellogram,Q is the 
mid point of MK and hence NL also passes 
through Q. Let T be the point of intersection of 
ACand BD, and let S be the point of 
intersection of BDand MN. 


Consider the A MNK. Note that SQ is parallel to 
NK and Q is the mid point of MK. Hence S is 
the mid point of MN. Since MN is parallel to 
AC, it follows that T is the mid point of AC. 
Now Q is the circumcentre of AABC and the 
median BT passes through Q. Here, there are 
two possibilities. 

(i) ABC is a right triangle with ZABC = 90° and 
T =Q; and 

(ii) T + Q in which case BT is perpendicular to 
AC. 

Suppose ZABC = 90° and T = Q. Observe that 
Q is the circumcentre of the ADCB and hence 
ZDCB = 90°. Similarly DAB = 90°. It follows 
that ZADC = 90° and ABCDis a rectangle. This 
implies that KLMN is a rhombus. Hence, 
LK/LM = 1 and this gives CD = CB. Thus, ABCD 
is a square. 

In the second case, observe that BD is 
perpendicular to AC,KL is parallel to 
AC and LM is parallel to BD. Hence, it follows 
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that ML is perpendicular to LK. Similar 
reasoning shows that KLMN is a rectangle. 

Using LM/LM = CD/CB, we get that CBD is 
similar toLMK . In particular, 
<LMK = ZCBD = a (Say). Since LM is parallel to 
DB, , we also get ZBQK =a. Since KLMN is a 
cyclic quadrilateral we also __ get 
<LNK = ZLMK =a. Using the fact that BD is 
parallel to NK, we get ZLQB = ZLNK =«. Since 
“9 bisects ZCBA, we also have ZKBQ =a. 

us 


QK = KB= BL=LQ 
and BL is parallel to QK. This gives QM is 
parallel to LC and 

QM = QL= BL=LC 
It follows that QLCM is a parallelogram. But 
ZLCM = 90°. Hence, ZMQL = 90°. This implies 
that KLMN is a square. Also observe that 
ZLQK = 90° and hence ZCBA = ZLQK = 90°. 
This givesZCDA = 90° and hence ABCD is a 
rectangle. Since BA = BC, it follows that ABCD 
is a square. 


Let JI be the 
incentre of A 
ABC and D be its 
projection on BC. 
Observe that 
AB # AC as 
AB=AC _ implies 
that D= L=M. So, 
assume that 
AC> AB. Let N be the projection of J on KL. 
Then, the perpendicular IN from J to KLis a 
bisector of KL and as AK = LM, it is a bisector 
of AM also. Hence, Al = IM. 
= r _ _rcosec 
But Al in A/D rc (A/2) 
IM? = ID? + DM? =r + (BM - BD) 
2 
oe es) 
=r*+ ( 5 (s b») 


Hence, r? cosec? (A/2)=r? + ((@/2)- (s- bY? 
giving r? cot? (A/2)= (b-c)/2). Since b>c, 
we obtain rcot(A/2)=(@-c)/2). So 
(s - a)=(® - c)/2) This gives a = 2c. 
As KN=NL and AK=KL=LM, we have 
NL = AM/6. We also have AN = NM. 


Now, r? = I? = IN? + NI? = Al? - AN? + NI? 


and 


16. 
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o ding. Loop 
= -—m,+—m 
ae 4° 36°" 


=r? cosec? (A/2)- : m2 
Hence, r? cot? (A/2)= ; m2. From the above, 
we get 
Y 4 


Simplification gives 5b? + 13c? - 18bc = 0. This 
can be written as @ - c)Sb — 13c)= 0. As bec, 


2 
(255) = 2.1 gb? + 2c? a?) 


we get 5b-13c=0Q To _ conclude, 
a = 2c, 5b = 13c yield 

© a2 ok 

10 13 5 


(i) Extend BI to meet the circumcircle in F. 
Then, we know that FA = FI = FC (See Figure). 
Let BI: IF=A:p. Applying Stewart’s theorem 
to A BAF, we get 


XAF? + pAB? = (A+ p)(AI? + BI - IF). 
Similarly, Stewart’s theorem to ABCF gives 
ACF? + pBC? = 0 +pXCI? + BI- IF) 
Since, CF = AF, subtraction gives 
yu (AB? — BC?)= @ + w)(AI? - CI?) 
Using the standard notations AB =c, BC =a, 


CA=b and s=@+bicy2, we get 

AP =r?+(s-aP and Cl? =r2+(s-cF 

where r is the inradius of AABC. 

Thus, 

nc? -a?)=A+pX(s- a)? - (s—cP) 
=Q+pXc-ab 


It follows that either c = aorp(c + a)=A+pD. 
But c = @ implies that a = b = c since a, b,c are 
in arithmetic progression. However, we have 
taken a non-equilateral A ABC. Thus c + a and 
we have pic + a@)=Q+pb. But c+ a =2b and 
we obtain 2h: = (+p. We conclude that 
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4 =. This in turn tells that J is the mid point 
of BF. Since OF = OB, we conclude that OI is 
perpendicular to BF. 
Aliter 
Applying Ptolemy’s theorem to the cyclic 
quadrilateral ABCF, we get 

AB - CF + AF. BC = BF-CA 
Since CF = AF, we get 
CF(C + a)= BF-b= BFC + ay2. This gives 
BF = 2CF = 2IF. Hence, J is the mid point of BF 


and as earlier we conclude that OI! is 
perpendicular to BF. 


Aliter 


Join BO. We have to prove that ZBIO = 90°, 
which is equivalent to BI? + 10% = BO”. Draw 


IL perpendicular toAB. Let R denote the 
circumradius of ABC and let A denote its area. 
Observe that BO = R, IO? = R? - 2Rr, 


po=-— BL _ 
cos (B/2) 
Thus, we obtain 
BI? = ac(s - b)/s = > 


oe 
(s seb 


Since a,b,c are in arithmetic progression. 
Thus, we need to prove that 


& + R?-2Rr=R 


This reduces to proving 2Rr = ac/3. 
=p.abe A abe. abc _ac 
la 4A s 28 atb+c 3° 
using a + c = 2b. This proves the claim. 
(ii) Join ID. Note that ZBIO= ZBDO=90°. 
Hence B,D,I,O are concyclic and hence 
ZBID= ZBOD= A. Since, ZDBI = ZKBA = B/2, 
it follows that A BAK and ABlDare similar. This 
gives 


However, we have seen earlier that BI = ac/3. 
Moreover AK = bc/(a + c) Thus we obtain 


17. 
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Thus, [D = JE = IK and J is the circumcentre of 
DKE. 

Aliter 

Observe that AK = bc/(@ + c)= 6/2 = AE. Since, 
Al bisects Z A, we see that AJE is congruent 
to AIK. This gives JE = IK. Similarly CIDis 
congruent to CIK giving ID = IK. We conclude 
that 


ID= IK = IE 
Applying cosine rule to A ABC, we get 


AC? =a? + b* - 2ab cos 120° = a? + b? + ab 
Observe that 
ZDAC = ZDBC = 120° — 30° = 90°. 
Thus, we get 
is AC? 
cos* 30° 


= 2a? +b? + ab) 
So, c? (a+ bY = 2a? +b? + ab) 


— (a? + b? + 2ab) 
(a-by 
=—_—_ 20 
3 
This proves c > a + b and thus (i) is true. 
For proving (ii), consider the product 
Q=@+B+ a-B-y@+B-ya-B+ x) 
where a = c+ a,B= Jc +b and 
y= /c-a-b. Expanding the product, we get 
Q=€+al+C+ bP +C-a-by¥ 
—2(c + alc + b)- 2(a+ ac -a-b) 
-2(¢ + b\c -a-b) 
=- 3c? + 4a? + 4b? + 4ab=0 
Thus at least one of the factors must be equal 
to 0. Since, a+fh+y>0O anda+B-y>09, it 


follows that the product of the remaining two 
factors is 0. This gives 


Je+a-J/c+b=Jc-a-b 
or jc+a-Jc+b=-Jc-a-b 
We conclude that 
| fe+a-Jfe+bl=fc-a-b 
. Let AD=h, PD=y and BD=DC=a. We 
observe that BP? = qa? + y?. Moreover, 
A 


BaD 4 C 


DC _ ath-y) 

AC b ' 
where b = AC = AB. Using AP/PD = (h - yYy, we 
obtain y = W/(0. + A} 

Thus, 


PE = PA sin ZDAC = (h- y) 


2_ BP? _@’+y*p? 
PE? (h-y/a’ 
But (h- y)=Ay =AW/( + A) and b? =a? +h’. 
Thus, we obtain 
_ @?0 +A? + h?Na? +h?) 
~ a*h? ; 


Using m = ; and z=m7( + A} this simplifies 


Ys 


to 
z?-z@-22 -2)+1=0. 
Dividing by z, this gives 
gp hut ~2 
z 


However z+ (i/z)22 for any positive real 
number z. Thus, ? - 4? - 420. This may be 


written in the form @ - 2)A? + 2+ 2)20. But 
42 + 24+ 2>0. (For example, one may check 
that its discriminant is negative). Hence, A 2 2. 
If 4 = 2, then z + @/z)=2 and hence z = 1. This 
gives m? = 1/3 or tan (A/2)=m = 1/V3. Thus 
A = 60° and hence A ABC is equilateral. 

Conversely, if 4 ABC is equilateral, then 
m = tan (A/2)=/J3 and hence z=(1 + Ay3. 


19. 
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Substituting this in the equation satisfied by z, 
we obtain , 

+a -30 + A0 - a? - 2)+ 9=0. 
This may be written in the form 
( - 232 + 6A + 8+ 8)=0. Here, the second 
factor is positive because A> 0. We conclude 
that A =2. 


(1) Since E is the mid point of AC, we have 
AE = EC =b/2. Since, BDbisects ZABC, we also 
know that CD=ab/(a+c) Since, BE bisects 
ZABD, we also have 


However, BD* = BC? + CD? =a? + ab? 
(a 


+c 
bab) 
DE? = (? pe ) 
2 a+c 
Using these in the above expression and 
simplifying, we get 
a*{a+cy¥ + b*} =c?(c -ay 
Using c? = a? + b? and eliminating b, we obtain 
C -2ac* - a’c - 2a =0 


Introducing t = c/a, this reduces to a cubic 
equation; 


te -2r?-¢-2=0 
Consider the function f(t)= rt - 2¢° - ¢ - 2 for 


t> 0 (as c/a is positive). For 0< t< 2, we see 
that f(t)=¢7(¢ - 2)-t -2< 0. We also observe 


that f(t) = (t - 2Me? - 1)- 4is strictly increasing 
on 2, ~) It is easy to compute 


f6/2)=- ** < Oand fG)= 4>0 


Geometry 


20. 


Hence, there is a unique value of ft in the 
alae (5/2, 3) such that f(t) = 0. We conclude 
t 


Suc 
—<—<3 
2 a 
(2) Let us take £B/4=@ _ Then, 
ZEBC = <DBE=6 and ZCBD=28 Using sine 
rule in A BEA and A BEC, we get 

BE AE BE CE 


sin A 
Since, AE = CE, we obtain sin 3@sin A =sin@ 
However A=90°-4@ Thus, we get 
sin 36 cos 46 = sin @ Note that 

ie : 

a_ cos 46 
This shows that c/a < 3. Using ca = 3 — 4sin? @, 
it is easy to compute cos 30 = ((c/a)— 1)/2. 
a (5 i 
—=cos 44=—]—-1] -1 
c 2\a 


Suppose c/a< 5/2. Then, ((/a)- 1 < 9/4 and 


Hence, 


a/c > 2/5. Thus 
2 
2<4-5(£-1) $6 hae 
5 c 2\a 8 8 


which is absurd. We conclude that c/a > 5/2. 
Here, JA, = IB, = IG = 2r where r is inradius of 
AABC. 


.. Tis the circumcentre of AA, B,G. 
Let K be the point of intersection of 


IB, and AC. 
Then, K=r 
IA =2r and ZIKA = 90° 
ZIAK = 30° 
and ZIAB, = 60° 


Hence, AJB, is an equilateral triangle. 
Similarly, AAIC, is an equilateral, 
..We get, 

AB, = AC, = Al = B, = IC, =2r 


Hence, ZB,IC, = 120° 


21. 
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-.IB, AC, is a rhombus and Z2BA,C, = 120° 
ZA, = 60° (by concyclicity) 
A is mid point of arc BAG ¢: AB, = AG) 


Hence, it follows that A,A bisects 

ZA, and J, lies on line A,A. 

= ZBI, =90°+ “a 90° + 30° = 120° 
B,,1,14,,G are  concyclic. 

[- BIC, = 120° and A is centre] 

Let O,,O, and O, be the centre of the circles 

I,, I, and I, respectively. 

Let P be the circumcentre of the AO,0,0. 

Let x denote the common radius of three 

circles [4,1 ,,T¢ - 


> 
0 


Sa (Oy 
‘i BST AN. 
L SOXK— 7" 


Cc 


P is also the centre of circle I. 

[..O,P, O,P and O,P each exceed the radius of r 
by x] 

Let D,X,K,L and M be respectively the 
projections of J, P,O, O,,O, on BC. 


Now, BL = *8—D) (form _ —) 
r BD DI 
(where ID=r, BD= s - b) 
Similarly, CM =*8=0) 


r 
LM =a-~(s-b+s-c)=2(7-x) 
r r 


PX is perpendicular bisector of LM. 


(.. O,LMO, is a rectangle and PX is 
perpendicular bisector of O,0,) 


Thus, ux =11m=2 ¢-x) 
2 2r 
BX = BL+ LX 
=*(s-b)+ 42 -x) 
r 2r 


_x®-c) 
er 


a _(5-pyab=e 
DK = BK - BD 3 (s - b) 7) 


ait 
2 
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2 2r 2r 
Hence, we get XK LX 
DK r 
.. Sides of AO,0,0, are 
0,0, = LM = - (r-x) 
0,0, =2 ¢-x) 
and 0,0, = . ( -x) 
: Sides of O,0,0, || ABC. 
And J is incentre of 0,0,0,, 
Pas 
IO r 
Hence, PO 4% 
IO r 
We get, XK = PO 
DK IO 
.. I, P, O are collinear. 
Extend CP to D. 
Now, 


Let ZBCP = ZBAP =a, 

BC = BD 

(. BP is perpendicular bisector of CD) 

..BCD is an isosceles triangle. 
Thus, ZBDP =a 
Then, ZBDP = ZBAP =a 
Hence, B, P, A, Dall lie on a circle. 

ZDAB = ZDPB = 90° 
(¢.. P is mid point of CDand M is mid point of 
CA) 
“ PM || DA 
where DA = 2PM = BP 
Thus, DBPA is an isosceles trapezium 


23. 
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and DB\| PA 
Hence, we get 
ZDPA = ZBAP = ZBCP = ZNPC 
Z ZBPC = 90° 
and N is mid point of CB. 
:. NP = NC = NB for right angled ABPC. 
Hence, A, Pand N are collinear. 
Let ZC be the smallest angle. 
So that CA> AB and CB2> AB 
Here, the altitude through Cis the longest one. 
Let the altitude through C meets AB in D. Let H 
be the orthocentre of AABC. 
Let CD extended meet the circumcircle of ABC 
in K. 


We have A 
CD = Aya A 
Using, K 
CD=CH + HD \ 
Which reduced to eS 
AH + BH< CD+ HD : 
But AH = AK 
BH = BK (» ADEK = ADBH) 
DH = DK 


Apply Ptolemy's theorem to the cyclic 
quadrilateral BCAK. 
We get, AB- CK = AC: BK + BC- AK 
2 AB. BK + AB- AK 
=> CK > AK + BK 


Let Dbe the mid point of BC; M that of HK; and 
T that of OH. Then, PM is perpendicular to 
HK and PT is perpendicular to OH. Since, Q is 
the reflection of P in HO, we observe that 
P,T,Q are collinear and PT=TQ. Let 
QL, TN and OS be the perpendiculars drawn 
respectively from Q,T and Oon to the altitude 
AK, (See the figure). 


Geometry 


We have LN = NM, since T is the mid point of 
QP: HN = NS, since T is the mid point of OH; 
and HM = MK , as P is the circumcentre of 
KHO, we obtain 
LH + HN = LN = NM =NS+SM 
which gives LH = SM. We know that, 
AH = 20D 

Thus, AL = AH - LH =20D- LH =2SK - SM 

= SK + (SK - SM)=SK + MK 

= SK + HM = SK + HS + SM 

= SK + HS + LH = SK + LS =LK 
This shows that L is the mid point of AK and 
hence lies on the line joining the mid points of 
AB and AC. We observe that the line joining 
the mid points of ABand AC is also 
perpendicular to AK . Since OL is 
perpendicular to AK, we conclude that Q also 
lies on the line joining the mid points of 
AB and AC. 


Remark 
It may happen that His aboveL asin 4 
the. adjoining figure but the result 
remains .true here as well. We ‘have 
HN =NS,LN=NM - 
and HM=MK <as earlier. Thus, 
HN=HL+LN and NS=SM+NM 
give HL = SM 
Now, AL’ = AH + HL = 20D + SM K D 
= 2SK + SM 
= SK +(SK + SM)=SK + MK 
*=SK +HM=SK+HL+LM 
=SK+SM+LM=LK 
The conclusion that Q lies on the line joining the mid 
points of AB and AC follows as earlier. 


25. Let A = 2a. Then 2A,AC = ZBAA, =a. Thus 
ZA,B,C =0.= ZBB,A, = ZA,\GC = ZBG A, 
We also have ZB,CQ = ZAA,B, =B, say. If 


follows that A MA,B, and A QCB, are similar 
and hence 


OFZ -I 
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QC _ BC 
MA, BA, 


Similarly, A ACM and A C,A,M are similar and 
we get 


PB__GB AB_AB, 


Thus, ac = AG - BC 
PB GB-BA, 
Bas AC _ MB,-GA 
AB A,B,-GM 
= MB, GA, 
GM A,B, 
MA,C,B- QC 
GM PB- BC 


However, AC BM and AB,CM are similar, which 
gives 

BC => MB 

GB MG 
Putting this in the last expression, we get 

AG 


AB PB 
We conclude that PQ is parallel to BC. 


Unit 


Functions 


Definition of Function 


Let A and Bbe two given non-empty sets, then a function (or mapping or map 
or transformation) f from A to Bwritten asf: A > Bor A —L-> B(to be read 
as f is a function from the set A to the set B or A is mapped to B under 
function f ) is a rule which associates every element of A to a unique 
element of B. 
Here f(x)= s, fv) =, f(z)= p, f=", fu) =n. The elements f(x) f) f(z) Ft) 
fu) of B are called images of x,y, z,t and u of A respectively and the 
elements x,y, Z,¢ and u are called the pre-images of the elements s, q, p, r 
and n of B respectively. The element me B has no pre-image in A. 
If f: A > B, then the set A is called the domain of the function f and is generally denoted by D (f) or D, 
and the set Bis called the codomain of the function f, generally denoted by C; or C(f) The set of images 
of the elements of set A is called the range of function, which is generally denoted by R; or R(f)} 
Hence, Domain of f = D, = {x:xe A, &, f(x))e A}, 

Range of f = R, = (ff &):xEe A, fle BR CB 
A function f is said to be integral, rational, irrational, non-negative, real or complex valued function 
according as f(x)e Z,Q, R - Q, R* v {0}, Ror C. We shall discuss the nature of real valued functions only. 
On the basis of images, a function is classified into two groups - one-one and many-one. 
A function f from A to B (i.e., f : A > B) is said to be one-one (injective) iff different elements in A have 
different images in B. 


ie. FO )= fF &2)=X, =X2,VX%,X2E A (0,5) 
For example let us consider a function f defined as y = f (x)=x + 5. 

Here, FR)=f&.) => xX, +5=xX,4+5 (-5,0) 

=> X, =X2 


ie., images under function f are equal iff the pre-images are equal. In other words, different elements in 
the domain of the function have different images. Hence f is one-one or injective. Here we observe that 
any straight line parallel to y-axis intersects the graph of the function in at most one point. Also a 
straight line parallel to x-axis intersects the graph in at most one point, hence the function is one-one or 
equivalently, a straight line parallel to x-axis intersects the graph in not more than one point. 

A function f : A — Bis said to be many-one iff different element in A have same image in B. 

Le., (&%,)= fk2)=>x, #X,, for at least two elements x, and x, of A. 

For example let a function f defined as f(x) = x? 
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We observe that 
£1) = &2) =x? =x3 
= x? -x2 =0 
= &, +X2)& —xX2)=0 
= , X, #X2 always 


Which shows that images are equal even, if pre-images are not equal. Hence, the function under 
consideration is many one. 


On the basis of existence of pre-images, a function is also classified into two groups-onto and into. 
Let f : A B. Then, f is said to be onto (surjective) if every element of B has a pre-image in A. 


ooo ye B=543x€A such that y=f(), Vye B, then f is called onto function or surjective 
ction. 


For example, Let A = {1,2,3, 4,5,— 4}, B={1, 4, 9, 16,25} and f: A > B defined by f(x)=x’, then, we 


omen’ that every element of B has its pre-image in A, which is clear from the arrow diagram given 
ow 


Hence, f is an onto function. 

A function f : A — Bis said to be into iff there exists at least one element in B having no pre-image in A. 
ie., Jat least one y « Bwhich has no pre-imagex in A or equivalently for at least one elements y € B, there 
does not exist x e A such that y = f(x) holds good. 

Let A = {1, 2, 3, 4, 5}, B= {2,1,9, 16, 25, 36} and f : A > B defined by f(x) = x?, 


Here we observe that 2 € B, 36 B have no pre-image in A. Hence, f is into. 


Note 
1. The number of functions from a finite set A containing m elements to a finite set B containing n 
elements is equal ton” =(n(B)y 
"P,; n2m 


2. The number of one-one (injective) functions from A to B = 0 
; n<m 


n . 
3. The number of surjective functions (onto functions) = fi yea; Wisnsm 
0; ifn>m 


4. Number of bijective (one-one and onto) functions =n! if m=n. If. m#n the number of bijective, 
function is 0. The above results can be proved with the help of permutation and combination), 
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Real Valued Function of a Real Variable 


= whose domain an range are subsets of the set R of real numbers is called a real valued 
ction. 


Value of a Function 


Ify = fx)be any function of x andx = ais admissible value of x, then the value of the function is obtained 
simply by replacing x by a in y = f(x) and f(a) 


Equality of Functions 
Two functions f and g are said to be equal, ie. f = 9, if (i) D; = D,, (ii) fx) = 9 &) for all:x € D, (or D,). 


Inverse Image of an Element 


Let f be a function defined from the set A to the set B, then the inverse image of an element b « Bunderf 
is denoted by f-! ) to be read as ‘f inverse b’. 


f @)={a:ae Aandfea)e B} 
ie., f-' &)is the set of all those elements in A which has b as their pre-image. 


Inverse Function 


Let f be a function defined from the set A to the set B, i.e., f: A> Band g be a function defined from the 
set B to the set A i.e., 9: B— A; then the function g is said to be inverse of f, if 


g {f()} =x, Vxe A and the function g is denoted by f~. 


Example 1 /ff(x + y + 1)=(Jf(x) + Vfly))? and f(0) =1, for all x, y € R, then find f(x) 
Solution —_ We have, f(x + y + 1) =(J/f(x) + Jfly))*, V x, y ER, and f(0) =1. 
Putting x = y = 0, we get 
f(1) =(Jf(0) + VA(0))? = (V4 + Vi)? = 4 = (141) 
Forx=1,y=0, f(1+0+1)=(,/f(1) + Jf(0))* 
=(2+1)? =3? 
= f(2) =(2 + 1)* 
and for x =1, y =1 
f(1 +14 1)=(/F(1) + Jf(1))? =(2 + 2)* = 4? 

=> f(3) =(3 + 1)° 
Here we observe that 

f(0) =1=(0+1)* 

f(1) = 2? =(1+1)? 

f(2) = 3? =(2+1)* 

f(3) = 4? =(3 +1)? 
The above observation suggests that f(x) =(x + 1)? 

ther f(x +1)? isti i iti 

— be Park bane Ca) ‘ Bib (x+1)° satisfies the given condition 
We have VIG) + JAY) = X+1tytl=x+yr141 
= (f(x) + Vly)? =(x + y +1412 = f(x + y +1) 
Hence, f(x) =(x +1)* 
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Example 2 fmf(x) + (+) =x -5,menandx 40, findf(x) 
Solution — We have, mf(x) + (+) =x-5,me#nandx #0,xeR vel) 
x 


=> at(x)+mi(+)= 1-5 Ail) 
Lie 5 
On solving Eas. (i) and (ii) by cross-multiplication, we get 


f(x) = (;) 


-n( 1-5) +mx-5) ntx—5)+m(1 5) ™— 


n 
mx -— — + &{n=-m) 


=> f(x)= 
(x) mt ont 
n 
mx - 5 
> f(x)=—4- 
m-n m+n 


Example 3 /ff(x) + 2f(1- x) =x?, Vx eR, findf(x) 
Solution We have, f(x) + 2f(1-x)=x?2,0xER mn ()) 
Putting 1- x, for x, we get 
f(1 — x) + f(x) =(1- x)? .. Ali) 
Thus, given equation reduces to 
f(x) + 21 - x)? - 4f(x) = x? 


= 3f(x) = 2+ 2x? -— 4x — x? 
=> 3f(x) =x? -4x 42 
= | W(x) = 2[x? ~ 4x + 2} 


Algebra of Real Functions 


(i) Addition of two real functions Let f: X + R and g: X > R be any two real functions, 
X cR. Then, we define ( + gk X > R by 
(f + 9) &) =f) + g&) for allx e X 

(ii) Subtraction of a real function from another Let f:X > R and 9:X—R be any two real 
functions, where X c R. Then, we define (f - g); X + R by (f - g) («) = f(x) - gtx) for allx e X. 

(iii) Multiplication by a scalar Let/:X — Rbe areal valued function anda be a scalar. Here, by scalar, 
we mean a real number. Then the product of is a function from X to R defined by 
@f)&)=af &),xEX. 

(iv) Multiplication of two real functions The product (or multiplication) of two real functions 


f:X + R and g:X > R is a function fg: X + R defined by (fg)(x) = fx)g(x), Vx € X. This is also 
called pointwise multiplication. 


where 
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(v) Quotient of two real functions Let f and g be two real functions defined from X — R where 
X cR. The quotient of f by g denoted by / is a function defined by, (£) «= Le provided 
9g 
gx)#0,xEeX 


Example 1 Letf(x) = x? and g(x) = 2x +1 be two real functions. Find 


(F + 9)(x).(F -9)(x), (fa) (0), (E)oo 
Solution We have, 
(f + g)(x) =x? + 2x +1, 
(f —g)(x) =x? - 2x -1 
(fg) (x) = x?(2x +1) = 2x3 + x2, 


( f I x? 1 

— (x)= xX#-— 

g 2x +1 2 

Example 2 Let f(x) =x and g(x)= x be two functions defined over the set of non-negative 
real numbers. Find (f + g)(x), (f —g) (x), (fg) (x) ana(“) (x). 


Solution We have, 
(f + g)(x)=Vx + x,(f —g)(x)=Vx - x, 


3 1 
(fg) x =Vx(x) = x2 and (£) (x)= = x 2x0 


Types of Functions 
(i) Identity function The function f defined by f(x)=x for Vx € Ris called an identity function of R. 
For identity function D, = R, Ry = R. 
(ii) Constant function The function f defined by f(x)=c for all x € R, where c is some real number is 
called a constant function, D; = R, Ry = {c}. F 


(iii) Reciprocal function The function f defined by f(x) = : is called reciprocal function. 


D, = R- {0}, D- = R - {0}. 
(iv) Modulus function (or absolute value function) The function f defined by 


x where x20 
foor=|x|={" where x<0 


is called the modulus or absolute value function 
D; = R; Ry =[0, ~) 
Properties of Modulus Function 
(a)|x |Sa >-a <xsa;@20) 
(b)| x |2a =x s-aorx2a;@20) 
(c)| x+y |=|x|+|y|ex2O0andy2 O0orxs Oandy<0 
(d)| x -y |=|x|-|y |=x 2 Oand|x |2|y |orx< Oand ys Oand|x |2|y| 
(e)|x + |s|x|+|y| 
[x+y 2|[x|-|y]| 


Functions 589 


(v) Greatest Integer or Integral Part of a Real Number : For everyx eR, [x ]is the greatest integers x, Le., 
[x] = x ifx is and integer and [x] equal to integer immediately to the left of x, ifx 1s notan integer. 


Greatest Integer Function The function f defined by f(x) = {x]forall x ¢ R 1s called the greatest integer 
function. 


Properties of Greatest Integer:Function 
(a) If f(x) ={[x + n] where ne J and { . | denotes the greatest integer function, then (x) =n + Ix] 
(b)x =(x]+ {n}, [. ] and {x} denote the integral and fractional part of x respectively, thenx ~ 1 <[x]s x 
[-x]=-[x], ifxe/ 
[-x]=-[x]-L ifxe] 
[x]-[-x]=2n,ifx<n,nel 
[Ix]-[x]=2n4+ 1, fx =n+ {x}, xel 
[x]Jzen=>x2n,nel 
Ix]sn=>x<n+l,nel 
[x]>n=>x2n+l,nel 
Ix]<n=>x<n,nel 
(c)D, = R, Ry = 1 
(vi) Signum function The function f defined by 


is called the signum function 
D, = R; Ry ={- 1,0, 1}. 
(vii) Logarithmic function The function f defined by f(x)= log, x, where x > 0,a>0,x, ae R is called 
the logarithmic function 
D; = (0, oo); Ry =R 
(viii) Exponential function The function f defined f(x)= a", when a> 0 and x € R is called exponential 


function 
D, = R; Ry = 0, ») 
(ix) Square root function The function f defined by f(x) = Vx is called the square root function 
D, =[0, 2); Ry =[0, -) 


(x) Polynomial function The function f defined by f(x)= ay + a,x + a,x? +...+ @,x*,a, # 0, where 
Ap, A, @z,...,@,are real numbers and ne N is called a polynomial function of degree n. 


D = R; R; = R 
(xi) Rational function The function f defined by f(x)= on where g(x) and h(x) are polynomial 


functions and h(x) # 0 is called a rational function. 

The domain of f is the set of all real numbers except those values of x for which h(x) = 0 
(xii) Odd and even functions 

(a) A function is an odd function if f(-x) = - f(x) for all x. 

(b) A function is an even function if f(-x) = f(x) for all x. 
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(xiii) Explicit and implicit functions A function which is expressed directly in terms of independent 
variable is called an explicit function. 
If a function is not expressed directly in terms of independent variable, it is called an implicit 


function. 


(xiv) Single and many valued functions A function y = f(x)is said to be single valued function, if there 
is one and only one value of y corresponding to each value of x. 
A function y = f(x)is said to be many valued, if there are more than one value of y corresponding to 
each value of x. 

(xv) Periodic functions A function f(x)is said to be a periodic function, if there exists a positive real 
function T such that f(x + T) = f(x) for all x € R. If T is the smallest positive real number such that 
f& + T)=f() for all x € R, then T is called the period of f(x). 
If f(x)is a periodic function with period T and a,b < R such that a > 0, then f(ax + b)is periodic with 


period r ‘ 
a 


Example 1 


Solution 


Example 2 


Solution 


Example 3 


Solution 


If 2f( x) + 3f (2) = x? —1, then prove that f(x) is an even function. 
Given, 2f( x) + 3f (2) =x2—1 (i) 
Replacing x by *, we get 
1 1 . 
ar(2)+a0)= 55-1 (ii) 


Solving Eqs. (i) and (ii), we have 


3-2x* - x? 
f(x) =————_,—_ 
(x) axe 


Clearly, f(-x) = f(x) 


f(x) =log(x + fx? +1) 
is an odd function. 
f(x) =log(x + (x? +1) 
_ f(-x) =log(-x + x? +1) 
=> f(x) + f(-x) =log(x + fx? +1) + log(-x + yx? +1) =log1=0 
=> f(-x) =—f(x) 

Hence, f(x) is an odd function. 


Prove that, 


iff: — R is a function satisfying f(2x + 3) + f(2x +7)=2 x ER, then prove that 
f(x) is a periodic function. 


Given, f(2x + 3) + f(2x +7)=2 (i) 
Replacing x by (x + 1) 

f(2x + 5) + f(2x +9)=2 (ii) 
Now replace x by (x + 2) 


f(2x +7) + f(2x +11)=2 ...(iii) 
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Subtracting Eq. (iii) from Eq. (i), we get 
f(2x + 3)-f(2x +11) =0 

= f(2x + 3) =f(2x +11) 

=> f(x) is a periodic function with period 4. 
(xvi) Composite function Let f: A — Randg:8B- R, then the composite map of f and g denoted by 

gof is the map from A to R defined by Gof )x) = gf) 
Example f: R- R defined by f(x) = 2x 
9: R- R defined by g(x) = x2 
Then, gof:R- R defined by 
Gof ix) = gif x) = 92x) = 2x)? = 4x? 
Note gof may not be equal to fog in the above example 
(fog) x) = f(g(x)) = f(x?) = 2x? 


Example 1 /ff(x) =x? +1,9(x)= | then find (fog)(x) and (gof)(x). 


Solution Given, f(x) =x? +1 (i) 
1 . 
Ax) .. (ii) 

Now, (fog)(x) = fg(x)) =f (=) =f(z), 
where Zz = =2 +1 [e f(x) = x? +1] 

2 
-(4) +1= 1 
x-1 (x -1)* 
(gof)( x) = g(f(x)) = g(x? +1) =9(u), where u = x2 +4 
1 1 1 


u-1 x?41-1 x2 


Example 2 /ff(x)=(2-x”)"",n >0, then show that for x > 0 


f(f(x)) +f (! (3)) 22 


Solution _ Given, f(x) =(2- x"). x >0 
Now, f(f(x)) = fly), where y = f(x) 
=(2-y")"", where y =(2— x”) 
(2-(2-x?)]"” =(x")"" =x, x >0 


f(f(x)) +f ( (2)) sasha 4 
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Functional Equations 
Equation which involves an unknown function is called a functional equation. 


Example 1 /ff(x) satisfies the relation f(x + y)=f(x)+ f(y) for allx, y ER and f(1)=5, then find 


Solution 


m 
ne, f(n): Also prove that f(x) is an odd function. 


Now, 


f(x + y)=f(x) + f(y) 

f(r) =f(r -1+1)=f(r -—1) + f(1) 
=f(r-1)+ 5=(f(r -—2)+ 5} +5 
=f(r-2)+ 2-5= {f(r —3)+ 5} + 2-5 
=f(r-3)+3-5 


= f(r -(r -1)] + (r -1)-5 
=f(1)+ Kr -1)=5+ 5r-5=5r 
Efin= 2 sx=5 T+) 


Now, putting x = y = O in given relation we, get 


f(0+ 0)=f(0)+f(0) > f(0)=0 


By putting y =— x, we get 


> 
=> 


f(O) = f(x) + f(-x) 
f(x) + f(-x)=0 
f(-x) =-f(x) 


..f(x) is an odd function. 


Example 2 f(x)=x‘* + ax? + bx*+cx+d, where a,b,c,deR. If f(1)=10 , f(2)=20 and 
f(3) = 30, find the value of f(12) + f(- 8). 


Solution 


Given, 


Given, 
=> 
=> 


=> 


f(x) = x4 + ax? + bx? + ox4 
f(1)=10 
1+a+b+c+d=10 
a+b+c+d=9 
f(2) = 20 
8a + 4b+2c+d=4 
f(3) = 30 
27a + 9b+ 3c+d=-51 


Let y =f(12) + f(- 8) 


Then, 


y =12* + 8° + a(12° - 8°) + (12? + 82) + c(12- 8) + 20 
= 4*(81+16) + 4-304a + 208b + 4c + 2d 
= 256-97 +1216a + 208b + 4c + 2d 


...(v) 
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On adding Eas. (ii) and (iv), we get 


28a +10b+ 4c + 2d =- 42 ...(vi) 
On multiplying by 2 in Eq. (iii) and subtracting from Eq. (vi) 
12a + 2b=-50 
> 6a+b=-25 ..-(vii) 


From Eq. (v), y = 256-97 + 1200a + 200b+ 16a + 8b + 4c + 2d 
= 256-97 + 200(6a + b)+ &8a+ 4b+ 2c +d) 
= 256:97 + 200(-25)+ 2-4 [from Eq. (iii)) 
= 24832 - 5000 + 8 = 19840 
f(12) + f(- 8) _ 
aren etic 


If f(x) is a polynomial function such that 
f(x) +f (2) = f(x): (2) show that f(x) =1+ x”. 


Let f(x) = a + @)X + ax? +...a,x",a, #0 (i) 


1 a. a a 
Then, (2) =20+ 2+ 3 4...+ 
x x x x 


=Lfagx" + ax! + ax" 24... + a) 
R 1 1 
Given, f(x) + (2) =f(x)- (2) 


> QpX + A,X + ox" +...8,_ 91+ a,x"'+ Se (@x” + ax" +..44,) 


=(a +  X +.42 8 + ay XY (agx" + aX +. + a) 


= gx aX + 9x ay _ (XN + ax™ + aQx” + ax" 4+ +4, 
= (Ap + A,X + 2px? +... a,X")(Agx” +.ayx"~' + ...4.a,) 
Equating the coefficient of x””, we get 
By = BpAy =P Aq =1 ba, #0) 
Equating the coefficient of x””~', we get 
© Ap-1 = Ag An_1 + Ay 


=> a,@, = 0 : ; [- a =1] 
=> a,=0 [- a, #0] 
Similarly, equating the coefficients of other powers of x, we get 

€a2 =83=...=a,_,=0 
Equating the coefficient of x”, we get 

2a = a5 + a; 
=» ap =1 [a = 1) 
=> a, =+1 


Thus, f(x) =p + A,X + Ayx? +...4,x" =14 x" 
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Example 4 /ff(x)= r. 


4x 2001 ( 
find © (sas) 
$2 rei | 2002 


Solution Given, hija .- (i) 
4* +2 
i 4 2 i 
- x)= ———— = = ——— mm (() 
AR} 4'-*42 442.4% 244% 
Clearly, f(x) + f(1-x)=1 


vn a) aba) Aaa) aba) 
{aoa} ~*(See) {aa * a) 

+--+ {(Gana)* (aoe) * (202) 
=14+14+1+... centr 


V4 1 
=1000 + =1000 + — =1000.5 
V4+2 2 


100 
Example 5 = /f2f(xy) = (f(x))” + ((y)\* forallx, y, eR, andf(1) = 2, then find the value of E f(r). 


Solution Given, f(xy) = (F(x))” + (f(y))* for allx, y,eR .. Ai) 
aa y =1, we get 2f(x) =f(x) + {f(1)}* 
f(x) = 2* f(r) =2 


100 
Now, E e)= B28 = 2422428 +...4.202 27 —N) _ pap 
f= f= _ 


an 1- 
Example 6 /f a function satisfies 2f(x - 1) - (=*) = x;(x #0), then determine f(x). 


Solution We have, 2f(x —1) - (=) =x,x#0 
- a(x -1)-f(4-1)=x i) 
Replacing x by a! we get a{ + - ' -f(x-1)= “ (ii) 
xo x x os 


Now, the operation 2x(i) + (ii) gives 4f(x -1)- f(x -1)=2x + 1 
x 


= ax -1) = 2t1 

x 
Ax -14+1)? +1 
~ x=141 
Ax +1)? +1 2x27 +4x4+3 
Axe Ax+t) 


> 3f(x -1)= 


=> f(x) = 
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Additional Solved Examples 


Example 1. Letf be a function satisfying, fx + y)= fx) fY) V x,y € R. If FQ) =3, find, the value of zi fr) 


Solution -- fe + y)= fe) FY) 
f(x) =a, where 2 is constant and f(@)=a* =3 
z, w= 5 a =a +a 4a 4...4a™ 
a 
=a - =1)_ 36" —V_3g -1) 


Example 2. Determine all functions f : R-» R such that 
f(x - f(y) = F(F(y)) + xf(y) + FO)-1, VX. VeE R, 


Solution f(x - f(y) = fF) + FY) + F&)-1 i) 
Put x = f(y)=0 
Then, f)=f(0)+ 0+ f)-1 
ro fO)=1 .. (ii) 
Again put x = f(y)= A in Eq. (i), then f (0)=f A)+ #2 +f @)-1 
=> 1=2fA)+ 2-1 
2-4 ? 
fay=<S= =1-> 


2 
Hence, f(x)=1- > is the unique function. 


Example 3. Let n be a positive integer and define f(n)=1!+2!+3!+...+m! where 
n!=n(n—1)(1-2)...3-2:1 find polynomials P(x), Q(x) such that 
f+ 2)= Pm) fit 1)+ QM) fm) Vn21. 


Solution -- f0r=1!4+ 2!4+3!4+...4n! li) 
Fy f(n+1)=1!+ 2!+...+n!+ M+ 1)! (ii) 
Subtract Eq. (i) from Eq. (ii), then 

f+ 1)-fm)=M+ 1)! (iti) 
Now, fn + 2)=1!+ 2!+...+ (+ 1)! + (n+ 2)! 
=fin+1)++2Mn+I)! — 
=f(n+ 1)+ + 2fn+ 1)- fon} 
. fn + 2)=(n+ 3¥ (n+ 1)+ Cn- 2M) .».(iv) 
But given 
f+ 2)= Pryin + 1)+ Qmn¥n) «{v) 


Comparing Eqs. (iv) and (v), we get 
Pirn)=n+3,Qn)=-n-2 
PQx)=x +3,Qh)=-x-2 
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Example 4. A function f defined Yx,y R ts such that f (1) =2;f Q)= 8 and f & + y)— key =f &)+ 2y* 
where k is constant. Find f (x) and show thatf & + y)f (5) =k forx +y #0. 
xX+y 
Solution f & + y)- ky =f &)+ 2y? 
Replace y by - x, we get 
f (0) + kx? =f (x) + 2x? 


=, f &)=f (0) + kx? - 2x? i) 
e f Q)=f O)+k-2=2 ii) 
and f Q)=f (0)+ 4k-8=8 Aili) 
Solve Eqs. (ii) and (iii), we get 
k=4 and f (0)=0 div) 
..from Eq. (i), we get f (x) = 2x? 
2 
Also foe y-t( 2-20 +yF 2/ t ) 
x+y x+y 
=4=k [from Eq. (iv)] 


Example 5. Consider a real valued function f (x) satisfying 
2f (xy)=(F (x) + (fF WK VX vER 
and f (1)= a, where a # 1. Show that 
a-)) z, f@=a"*t!-a 


Solution 2f (y)= (f (x)” + (Ff 
Replace y by 1, we get 
2f &)=f &)+ (Ff MF 


are f &=¢ OX =a* (- f @)=al 
n n 
LHS=@-1) 2 f@=@-) za 
=@-lh@+a@+a+...+a") 
-«- fe (if a>1) 


(a-1) 
=a(a" -1)=(@"*' -a)=RHS 
Example 6. If p and q are +ve integers, f is a function defined for +ve numbers and attains only positive 


values such that f (xf (v))=x?y’. 
2 


Prove that q=p'. 
Solution f &f ())=x’Y4 
or If (xf (HY? =x” 
or X= Uf xf (nt? Ai) 


ye 
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Let =] mae ..(ii) 
ad eat f(y) 
from Eq. (i) bie 
ae (f ay? 
1 
f = ay ay? =f (l)= l 
Then, f (y= (iii) 
Hence, f 694/?) =x? 
put ya =z 
Then, f &z)= &zP 
ian f=” iv) 


from Eqs. (iii) and (iv), we get 
y? =y/? =p=q/p 


Hence, p?=q 
Example 7. Iff « +y)=f (&).f (y)V realx, y andf (0) 0, then prove that the function F x)= jf 
+ 
is an even function. 
Solution fe+y=f &)-fY) wali) 
Put x =y =0, then ¢ (0)? =f () 
= ‘FO)FO)-Y=0 -. fO)=1 
Putting y = — x in Eq. (i), then 
f()= f&)- FCX) 
=> 1=f &)-f Cx) 
a “ 
f Cx) 7% ...(ii) 
f &) 
F s 
Ni 0 IF OOF 
a 
_ fex) _ fe) f &) 
F (x)= ————— = = — EM as 
i 1+(fEXx 14 I 1+ (f &)? nae 
(f @)F 


Hence, F (x) is an even function. 


Example 8. If the function f satisfies the relationf & + y)+ f « —y)=2f (x): f (y)Vx,ye R andf (0)# 0. 
Prove that f (x) is an even function. 


Solution fa+y)+ f &-y)=2f &)-f Y) (i) 
Replace x by y and y by x in Eq. (i) 
Then, f(y +x)+ f(y -x)=2f (y)f &) ««-(ii) 


..From Eqs. (i) and (ii),we get 
fly-x)=f «-y) 
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Put y = 2x, then f &)=f Cx) 
Hence, f &)is an even function. 


Example 9. iff (x)satisfied the relationf x + y)=f &)+ f (v) Vx, y € Randf (1)=7, find value of E, ro 


Solution f&+yl=f &)+ f(y) 
Put x = y =1, then f Q)=2f (1) 
Put x =1, y =2, then 
f B)=f 0)+ f 2)=3f a) 
Similarly, f @=i f W=7i ff Q)=7) 


EfO= Enz bn Ot)) 
i=l {=1 fel 2 
Also f&e+y)=f &) +f) 
Put y=-xX 
then f O)=f &)+f Cx) [for x = y = Of (0)=0) 
. O=f &)+f (x) 
f CxX)=-f &) 


Hence, f &<)is an odd function. 


Example 10. iff @-x)=f @+x) and f @-x)=f &+x)V realx where a,b @> b) are constants, then 
prove that f (x) is a periodic function. 


Solution f 6+x)=f O-x) (given) 
Replace x byx + b 
Then, f & + 2b)=f O-& + b))=f Cx) 


Replace x by - x, then 
f &)=f @b-x)=f Q@b+x) 
[. f @-x)=f @+x)and a> b, Here, a = 2b] 
> f Q@b+x)=f &) 
Hence, f (x) is periodic with period 2b. 


Example 11. If f be a function defined on the set of non-negative integers and taking values in the same 
set. Given that, 


()x -f &)=19 Fa - 90 [| V non-negative integers. 


(i) 1900 < f 1990)< 2000 
Find the possible values of f (1990) can take. 
Solution «- 1900 < f (1990)< 2000 
1900 _ f990) < 2000 
90 90 90 
és [2 }< f eae [on] 
90 90 90 
=> 21< [|< 22 


t-{21.111]= 21 and (22.222]= 22) 
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Case! Suppose ea = 21, then substitute x = 1990 in Eq. (i) 
19 90 


” 1990 - f (1990) = 19.104 - 9021 
= f 1990) = 1904 


Case Il Suppose [eso =22 


then substitute x = 1990 in Eq. (i) 


1990 - f (1990) = 19 [| - oo | £0000) 
19 90 
= 1990 - f (1990) = 19104 - 9022 
= f 0.990) = 1994 


Both the value satisfying given conditions. 
-.f 1.990) can take values 1904 and 1994. 


Example 12. Let f be a real valued function with domain R. Now if for some +ve constant a, the equation. 
f+ a)=1+ 2-3f (x)+3 F &)* - & &)P} holds good forx € R. Prove that f(x) is a periodic function 
Solution f& + a)=1 + [2 -3f&)+ 3 FWP - FOP YM 

=1+ @+0-f &)}4 fi) 


Replace x by & + a) then 
f & +2a)=1+ 1+0-f& +a} 


=1+ -G&+a)-1)}4 

=1+ @-0+0-f &)))}4 

=1- @-f «Py? 

=1-0-f &)=f &) 
Hence, f (x) is periodic with period 2a. 


Example 13. Determine all functions f satisfying the functional relation 


—t_).20-2) 
ree r( 4] aa 


where x is a real numberx # 0, x #1. 


1) 22@-2x)_2_ 2 
Solution f &)+ (4) mows ie 
1 1 . 
Let y=— @x=1-- ..-(i) 
1-x y 
from Eq. (1) F w)+f (== -2y Ati) 
1 2 2 sea 
f Eq. (i), (y)+ f} —— ]|=--—— ...(iii) 
rom Eq. (i) f(y (4) oy 


Let z=_1_ sy=1-+ 
l-y z 
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from Eq. (iii) we have f W)+f (= 2-22 (iv) 
y 
whenever y, z # Oor 1. 
igo fin 
a ee and z = 
Now, ei 
1-z 
> Pee, ae) 
x 
Similarly, f'&)+ fF (z= 2 — 2x ...(V) 


Adding corresponding sides of Eqs. (ii), (iv) and (v) and divide throughout by 2, we get 


ro+rorefir=(L+i+2) ~eae a 
xy 


1-x x-l 


- (224) for real values of xexcept x = 0 or 1. 
x- 


Aliter 


1 y2Q@-2) 2. 2- ; 
iter x(l-x) x l-x -~fi) 


Replace x by rt we get 


= r(A,)+r@-Z)-20-0-2(1-2) 


=-2x+2 wii) 
x 


Replace x by 1 - : in Eq. (i), we get 


Functions 601 


1 2 2 
Dl gegh ey ae 
x dalgnd)| pt) rla-2 
x 
=> f (1-2) + Fer= Pe - 2x ...(iii) 
x x-1 
Subtract Eq. (ii) from Eq. (i), we get 
ff (1-2) =2% - 2 .»-(iV) 
x 1-x 
Adding Eas. (iii) and (iv), we get 
-% __2 
lee I 1-x 
fe)=%t! 


Example 14. Iiff:R— Risa function satisfying the properties Wf -x)=-f &) 


(i) f & + 1)=f &)+ 1 woe (2 j-0 = 1%) |x #0, Prove that f x)=x Vxe R. 


Solution Let us observe that if f (x<)is known V x > 0, then (x)can be found V x < Oby using (i) 
..-(i) 
By putting x = 0 in (1), we find that f - 0)=-f O)i.e.,f O)=0 -»(ii) 
from Eas. (i) and (ii) we find that it enough to find f «)V x > 0. 


We shall take x > 0 and compute f (4) in terms of f (x)in two different ways. By equating 


the two expressions for f es ; us obtained, we shall find f &) ...(iii) 
1 )_j}f&+)) ; 
Now, f Fes i} wlteaat [from Eq. (iii)] 
_|f&)+1 2 
a+ 3 [by Eq. (ii)] ...(A) 
a | _ xX dL -x ; 
asia (A)-( 4) (Ss) [by Ea. (i)] 
--ff - Jn [by Eq. (i)) 
x+1 
ley +1 
= [by Eq. (iii) 


=H [E24i]+1 toya 
iis t)+1- wa +1]+1 [by Eq. (iii)} ...(B) 
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from Eqs. (A) and (B), we have 
Fec)+ 1 x? [A+ a] 


&+1P & HIP Lx? 
i ee 
«+1% & +1)? «+1 
> f &)=x 
Thus we find that f «x)=x Vx>0 
Let ee@ ..(iv) 
Put x =-y so that y>0 
We have f &)=f Cy)=-F(y) [by Eq. (i)) 
=-y ; [by Ea. (iii) 


=x 
~: We have already seen that f (x)= x when x = 0, it follows that f &)=x VxeER. 


Example 15. Let f (x,y) be a periodic function satisfying f &,y=f ex + 2y,2y — 2x)V x,y. Define 
9 &)=f @*, 0) Show that g (x) is a periodic function with period 12. 


Solution f &.y)=f Qx + 2y, 2y —2x) ..(i) 
or fd, 0)=f QI + 20,20 -2n 
f Gx + 2y, 2y - 2x) 
=f 2 Qx.+ 2y)+ 2 @y - 2x), 2 @y - 2x)- Rx + 2y)) 
=f (By, - &) ..ii) 
from Eqs. (i) and (ii), we get 
f & y)=F (8, - &) 21 ...(iii) 
or f WU, =f (0, - 81) 
f &, - &)=f (8 &), - 8 (&y)) 
=f € 64x, - 64y) .=(iV) 
from Eqs. (iii) and (iv), we get, 
f & y)=f © 64x, - 64y) ...{V) 
or f Ud, =f C 641, - 640) 
f ( 64x, - 64y)=f ¢ 64 - 64x), - 64 - 64y)) 
=f @x,2y) Avi) 
f & y)=f 2!x, 2!y) [from Eqs. (v) and (vi)] 
= f &, 0)=f @'?x, 0) 


Replace x by 2*, then f 2*, 0)=f @**"?, 0) 


> 9 &)=g & +12) [9 &) =f 2%, O 
Hence, g (x) is periodic with period 12. 
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Example 16. If for all real values of u and v, 2f (u)cos v =f (u+ v)+ f U-v) 
Prove that V real values of x. 
()f &)+ f Cx)=2acosx (ii) f (n- x) + f Cx) 
(iii) f (n — x) + f &)=2bsin x. ' 
Deduce that f (x)=acos x + bsin x where, a, b are arbitrary constant. 


Solution 2f (u)cos v= f tu + v)+ f tu ain v) (i) 
put u = 0 and v =x in Eq. (i) 
we get, f &)+ f x) =2f ()cos x = 2a cos x --(ii) 
ais arbitrary constant. 


Put u = > -x and v = in Eq. (i), we get 


f (n-x)+ f Cx)=0. ... (iii) 
Again put u = x / 2 and v = (n/ 2)- x in Eq. (i), we get 
fi'(n—x)+ f &)=2f (x / 2)sin x = 2b sin x iV) 


bis arbitrary constant. 
Adding Eas. (ii) and (iv), then 
2f &)+ f (n-x)+ f (x)= 2acosx + 2bsin x 
2f &)+ 0=2acos x + 2bsin x 
f &)=acosx + bsinx 


Example 17. Let fand g be real valued functions such that f(x + y)+ f(x —y)=2f)- g (y) Vx, ye R. Prove 
that if f is not identically zero and|f «)|s 1 Vxe R, then|g Y)|s1VyeR. 


Solution O<If &)Is1 (given) 
Let max|f ®)l=MVO0<Ms1 w.(i) 
o If &+y)ls M and|f «-yIsM 
Then, If &+yl+lF &-y)ls 2M ..(ii) 

af WG (Y)=f & +y)+ f &-y) 
= 2f &)g WI=IF K+ y)+ fF &-y)I 
sIf&+y+IF &-ys2M [from Ea. (ii) 
= 21f Mg (yIs 2M 
> If lg Ws Ms [from Eq. (i)] 
= If HG ONS1 
lf &)Is1 


lg(yislVyeR 


Example 18. Let f be a real valued function defined W real numbers, such that for some a> 0 it satisfies 


Fx +a=2+ Vf 0-6 wF 


Prove that f is periodic i.e., there exists a +ve real b such that f (x + b)=f (x) holds for every x. 
Also gives an example of such a non constant f fora = 1. 
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Solution {@+a)= 5 + Vf ®)- Fw? en(l) 
Note that : <f@)s1 wil) 


holds for all x-. f (x)is the sum of ; and a non negative real and the expression under the square 
root is non negative only, if f (x) (1 - f (&«))2 0 
which according to f (x)2 ; =f )s1 


First Solution 
‘. Eq. (1) provides a relation between f (x + a)and f (x) substitute x > x + ain Eq. (i) 


f & + 2a)= 5+ VP +a) F + AF 
2 
+h + VF o0- ¢ wy - -( - VF %)- ¢ 6 | 


ws 

2 
=5+ B+ Vf &)~ ¢ GF -1-f6)+ ¢ bo? 
- Vf ®)- Fw 


-s ft 
“ae a f &)+ F&F 
wits. 


(too-3) =L+r0-L=F 


It shows that b = 2a is a period of f 

Second Solution 

Consider Eq. (i) as a quadratic equation with f (x)as unknown. 
Taking its square root, we get 


f+ a) =F WF OOF =F we? Fo) (Fe + a)-2) = 


Now use quadratic formula 


st if &+a)- Foes aF, 
So Rw+ a= Fe ay 


Second root is less than ; hence the unique solution for’f (x) is 


f&)= i+ f&+a)-€ &+a)? 
Substitute x > x - a and we get 
fe -a)=5+ VF %)-F oor 


According to Eq. (i) this shows that 

f &-a)=f « +a) 
Hence, finally substitute x +x +a 
= f &)=f & + 2a) 
Consequently b = 2a is a period of f. 
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Example 19. The function f (x, y) satisfies 


fOy=y+1fe +1, 0=f &D 
fe+ lL y+ =f RF e+1Ly)) 
for every integer x andy find f (4,1981) 
Solution Let y be an arbitrary +ve integer. We want to find the values f 0, y), f @,¥), f 6. y) 
f0,0)=f @,1)=2 
fQy+D=f Of y)=fA,y)+1 
=f 0,f d,y-1)+1=f d,y-1)+2 
Thus, fQ,y=fay-D+1 
Again, 
fG@y=f0,0)+y=fO,l+y=y+2 
Now, we determine the value of f (2, y) 
F2w=f.FAy-W=Fey-1W+2 
f @y)=f @,0)+ 2y=f0,1)+ 2y=2y+3 
f G.y)=f @2,f B,y -1))=2f B,y-1)+ 3 
f B,y)=2 Cf B,y —2)+ 3)+3 
=2°FG,y-2)+3+2.3 


=3+234+27.34+....4 2-134 2” fF GB, 0) 
=3.Q@¥ -)+2F2) 
=3 Q” -1)+ 25 

f B,y)='2%*3 =3 


finally we determine value of f (4, y)-f (4,y)=f 6,f (4,y - 1) =2f 4-43 _3 
= 202 4,y-2)+3) _3 


= 24 (4. y - 2)+3) = 


~ faye ais 
and there are y many 
f (4,0)=f 6,1) 
=24 23:2? -3 


f 4, y)=2""? 3 


Example 20. The functionf (x)is defined on the +ve integers and takes on non - ve integers values ¥ n,m 
f n+n)-f ™m)-f m)=0 orl 


f @)=0,f B)>0 
f (9999) = 3333 
find f 1.982). 
Solution f (n+ n)-f (n)-f )=0orl (i) 
f 2)=0,f @)>0 wii) 
f (9999) = 3333 «.iii) 


Let m = n = 1, then from Eq. (i) it follows that f 2) - 2f (1)= 0 or Eq. (ii) implies that 2f (1) = Oor-1 
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Hence, fa)=0. 
Similarly, if m=2,n=1 
f @)-f @)-f Q)=f B)=0o0rl 
and by Eq. (ii), we have f @)=1 
Using induction we show that for every +ve integer k 


f Bk)>k ...(iv) 

Assume that Eq. (iv) holds until some k. Let m = 3k, n =3 then Eq. (i) implies f @ K + 1) 
=f Gk+ 3)2f Bk)+ f B)2k+1 

Hence, Eq. (iv) holds for every k. If in the last step f Gk)> k, then f @ k+ 1))>k+ 1 holds 
i.e. , if for some ky we have f Gk,)> ky in Eq. (iv), then for every k> ky, f Gk)> kholds as well. 
This observation implies that in case k<3333, f Gk)>k cannot hold as, then 
f 83333)> 3333 follows contradicting Eq. (iii) 
& f (3.1982) =.1982. 
Now Eq. (i) implies. 


1982 = f (3.1982)= f (2.1982 + 1982) 
2 f (2.1982) + f 982) 
f 0982 + 1982)> 2f 0.982) 
Combine last two results, we get 19822 3f 0982), 
1982 


f 0982)s — 661 ..(V) 
Using Eq. (i) again f 0.982)=f (980 + 2) 
2f 0980)+ f 2)=f B.660)+ 0 = 660 
from Eqs. (v), 660 < f (1982)< 661 
so f 0.982) = 660 


Example 21. Prove that there is no function f from the set of non - ve integers into itself such that 
f (f @)=n+ 1987 vn. 


Solution f (f (n)=n+ 1987 ...(i) 

Substitute f (n) for n in Eq. (i), we get 

f (Ff (f (n))= f (n)+ 1987 (ii) 
Again f (f (f (n)=f (n+ 1987) ...(iii) 
from Eggs. (ii) and (iii), we get 

fi (n+ 1987) = f (n)+ 1987 ...(iv) 
Let tbe any arbitrary +ve integer let us now use mathematical induction. 

f (n+ 1987 t)=f (n)+ 1987¢t ..(V) 
fort =1 f (n+ 1987 (t -1))=f (n)+ 1987 (t - 1) 


Substitute here n + 1987 for n 
Then from Eq. (iv) 

f (1+ 1987 t)=f (n+ 1987) + 1987 ¢ - 1)=f (1) + 1987 + 1987 ¢ - 1)=f ()+ 1987¢ 
which is equal to Eq. (v) 


Let s be an arbitrary non - ve integer less than 1987 and consider the remainder r when f (s)is 
divided by 1987. 


f (s)=1987k+ r(O< kand 0<r< 1986) 
By condition f (s)is not - ve (Vi) 


at f ¢ (s)= s+ 1987 [By Eq. (i)) 
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from Eqs. (v) and (vi) 
f ¢ (s)=f 0987 k+ r)=f (7) + 1987k 
=> s+ 1987 =f ()+ 1987k .-(Vii) 
‘- 5< 1987 
f 0) + 1987 k< 2.1987 
f ()< 1987 2 -k) 


Now, f 7)20 

either k=1 or k=0 

from Eqs. (vi) and (vii) f (s)=1987+r ape 

f@)=s (09 

= 1987 = 0 which is a contradiction. 

In other case k = 0 

Again from Eggs. (vi) and (vii) implies 
f(s=r =O 
f 7)=1987+s ---(xd) 


So, r = s leads to contradiction. 
Eqs. (ix) and (x) together imply when acting on the numbers 0, 1, ....,1986. 
When fis arranging them into pairs (a, b)in such a way that either 
f @)=b and f &)=a+ 1987 
f)=a and f @=b+ 1987 
We observe that numbers in each pair are different. Which is a contradiction. Since, the number 
of elements of the set 0, 1,...., 1986 is odd. 


Example 22. Find all function f defined on the non -ve reals and taking non -ve real values such that, 
fe-F(Y)-FW=FR+Y) 
for every non - ve x and yf @)=0, 
f &)#0, ifO<x<2 


Solution Let x22 andy=2 (A) 
from f & - f (y))-f (v)=f & + y), we have f (& -2)f Q))-f Q=f & -2+ 2)=f &) 
from f @)=0 ...(B) 
for every x >2 f&)=0 (i) 
and this holds only in case x 2 2 
Now, let Osy<2 
LHS of Eq. (A) is 0 if xf )22i.e., x2 ii) 
RHS equals to 0 ifx + y22 
Thus x22-y .-(iii) 
= Under the given conditions the equality 
2 =2- y .-.(iv) 
fy) 
If Eq. (iv) does not hold for some y, then there is a smaller number on the LHS of Eq. (iv) than 
on RHS. 
Hence there were an x such that 3 <x<2-y (Vv) 


But now from Eq. (ti) it implies there is 0 on LHS of Eq. (A) 
It is given f &)# Oif Osx <2 AC) 
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= RHS + 0 which is a contradiction 
.. for every 0< y < 2 Eq. (iv) holds 


f0)= soy Ose) Avi) 
So only function which satisfies A,B,C, is 
2 
fw=laoxn if O<x<2 
0 if x22 
if y > 2, Eqs. (B) and (C) are true 
-. Both sides of Eq. (A) is 0 
Considering the case O<y<2 
Now, assume that x+y22 
Hence RHS = 0 
then x22-y 
oar f y= 2 2@-Y) <9 
x-f%) ae ee 
2 2@-y)-2 
So, &-f &)-f = 8 BR? a 2 res y) 
a a 3 2-y (4-2y-2x)@-y) 2-k&+y) 
2-y 


So, f (x) satisfies Eq. (A). 


Example 23. Find all functions of defined on the set of all real numbers with real values, such that, 
fe? +f ON=y¥ + (F &)PVX,Y 


Solution fe? +f W=y+t F &)? ...(i) 
Assume that for some real number y 
f(y)<yie,y—-Ff(y)>0 ...(ii) 
Let x be such that x? =y -f (y) 
ie, y=x?+f (y) 
from Eq. (i) 


f)=f &? +f W=y+f? Wey 
which contradicts Eq. (ii) 
Hence for every real number y 
fey .».(iii) 
Set now yp - f to be smaller than - f* (0) denote f(¥))by a 
from Eqs. (i) and (iii), we get 
asf @)=f 0? +f (¥9))=¥0+ f? <0 


ie, asf @)<0 
e a’ > f(a) (iv) 
Let x be now arbitrary 
Using Eqs. (i), (iii) and (iv), we get 
x+a?sa?+f asf a? +f &) 

=x+f?@)sx+a? AV) 
-: The lowest and highest terms are equal there is equality every where in Eq. (v) 
Thus, f &)=x 


for every real number x. 


Let us Fractice 


Let us Practice 


Level 1 
1. If f()= 


as , prove that 
1-x 


Fx): Fx?) 
1+ (fe) 


- If f% + y,x -y)=xy, then find the arithmetic 
mean of 


Ls 
2 


fx, y) and f(y, x) 
1 


. If f(x) = 64x? + — and a,b are roots of 
x 
4x + *=3, then prove that 
fla)=fo) 


. If fx +y)=f)+ f)-1 for all x,ye R and 
f(Q)=1, then find the number of solutions of 
fm)=n,neN. 


. Find the value of natural number a for which 
Z. f(a + k)=16@" - 1) where the function f 
satisfies the relation f(x + y)=f()f() for all 
natural numbers x, y and further f(1) = 2. 


. A real valued function f(x) satisfies the 
functional equation 


Level 2 
1. If fx)= - a. a> 0, then prove that 
fx)+ fQ-x)=1 
"Sof (K)\=2n-1 
and k=l (#)- aa 
2n k 
=2 
saa E(t] " 


. Determine a function f:R—R such that 
fe - Fly) =FE() + xf(y) + f&)-1 for all 
x, yeR. 


f& -y)=fRIF(y)- fa-x¥a+y) 
where a is given constant and f(0)=1, then 
prove that 
fQa-x)=- fx). 


7. If f&x)= a ,X # — 1, then for what value of a 
x+ 


is ff) =x. 
If g&)=1+ vx 
and f(g(x))=3 + 2vx + x, then find f(x). 
. If f is an even function defined on the interval 
[-5, 5], then find real values of x satisfying 
fx)= (: : 7] 


x+2 


10. Determine the function f satisfying 


1 


1 


f&)+ f(**)=1+x,vxeR-10.0 
. Let X be the set of all positive integers greater 
than or equal to 8 and let f:X xX bea 
function such that f(x +y)=f(xy) for all 

x24,y2 4. If f(8)= 9, determine f(9) 
(RMO 2006) 


3. Let f(x) be a polynomial function of degree n 


condition 


satisfying the 
fof (3)- Fox)+ f (?} Find f@). 


4. Let f be a function from the set of natural 


numbers to the set of real numbers i.e., 

f:N-— R such that 

(i) f@)=1 

(ii) £1) + 2F2) + 3fG)+...+ nf(n)= n+ 1}f(n) 
for all n> 2, then find f2008) 


5. Let f be polynomial function such that 


FR)FY) + 2 = FR) + Fly) + Fey); Vx,yeR. 
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Suppose f is one-one. If f@)= 82 and f(9)#2, 
then show that 


fe)=x4* +1, VxeER. 


. Determine all functions f satisfying the 


functional relation 
2f&) + 3f (2+22)- 100x + 80, 


where x is a real number different from 2. 


. For any natural number n, (723) let f(n) 


denote the number of _ non-congruent 
integer-sided triangles with perimeter n (e.g., 
fB)=1, f(4)= 0, f(7) = 2). Show that 

(a) f(@999)> F996); 


(b) f2000) = (0.997). (INMO 2000) 


. Let R denote the set of all real numbers. Find 


all functions f : R > R satisfying the condition 


SOlUtlOns 


10. 


11. 
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fe + y)=FR)F (yy) for all x, y in R. 
(INMO 2001) 


Find all functions f : R > R such that 
fx? + yf(z))= xf) + zf(y) 

for allx, y, zin R. (Here R denotes the set of all 
real numbers). (INMO 2005) 
Let X denote the set of all triples (a, b,c) of 
integers. Define a function f : X — X by 
f@,b,c)=(@+b+c,ab+ be + ca, abc) 
Find all triples (a, b, c)in X such that 

f(a, b,c))= @, b,c) (INMO 2006) 
Prove that for every positive integer n there 


exists a unique ordered pair (a, b) of positive 
integers such that 


n=3@+b-la+b-2)+a 


(INMO 2006) 


Solutions 


Level 1 
a fx) = +k 
—X 
se. tne! 
1-x? 


Now, LHS = £&): Fx?) _ ate tee 
1+(feOr 142 “J 


1+x? 
a-x/} 

~ G-xF + xp 
(l-x/? 

_ ee 8 

20+x2) 2 


2. Let X =x+y,Y =x - 
X+ yoX-¥ 


2” 2 
Given functional relation becomes 


a sei ¥’ 


y? 
and fly, x)= 


=> x= 


x? - 2 
fe,y)=~ hier 


.. Arithmetic mean = fix, y)+ Fly.x) 


3 
3. 64x? + 5 =(4x+ 2) -3-4x.<(4x+2) 
x x x x 
=27-12%3=27-36«-—9 
fe)=-9 = fa@=fb)=-9 


4. Since, f(x + y)=fx)+ F(y)-xXyY-1Vx,yeR 


Putting y = 1 
f& + 1)=f)+ fQ)-x-1 
> fe + 1)=fx)-x 


“ fin+ 1)=f)-n< fm) 

So, fin)< fn -1)< fin-2)<.. 
<f@)<f@)<fa)=1 

.f() =n holds only for n= 1. 


5S. £& + y)=FRFY) 


Putting x = y = 1, fQ)=f()- f@)=2? 
Putting x = 2, y = 1, f@)=fey¥a)=2° 


fk) =2* 
Now, from given 2 fla+ k)=16@" - 1) 
on 2, flayk)=162" - 1) 
= fla) , 2* - 162" -1) 
20" -1 “y_ n 
> fla)- a = 162” -1) 
=> fla)=8=27>a=3 
. Given, f& - y)=f&(y)- fa-x¥@+y) 
Putting x =y=0 
> f) = (FO)? - (f@)? 
= 1=1-(fa@)P 
= fa@)=0 


fa -x)=fl@—& -a)) 
= fay - a)- fla-af) 
= 0-f()-1=- ft) 


- Fee) = At “xe 


Fix)+1 Ox 


a ae 
@+1)x+1 
which holds only when « = - 1 


~ £0 + Vx)=3 4+ 2VK +x=0 + VRP 42 


=> fx)=x? +2 
| for=r (S25) 
x+2 
x+l1 
=> = 
x+2 
=> x + 2)-& + L=0 
x? +x-1=0 
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ea lt f1-4-1-E)) _ -12-5 
2 2 


Replacing x by -x 
reo=t(2 + | 


-x+2 
= ro=r( 223) [- F(x) is even] 
-xX+2 d 
=> xarktl 
—X+2 
=> -x? +2x4+x-1=0 
> x? -3x+1=0 
329-432 iy 
2 2 


.. All real values of x satisfying given relation 
is given by Eas. (i) and (ii). 


10. Let f be a given real valued function satisfying 
the condition, 


fx) + f(**)-1+xvx6 R-{0,)} ...@) 


Let us put —! in place of x so that 
x 
x-1_ 
x-1 mes Pe 
r( x jer x-1 a 
x 


oi (S)( Ses (ii) 


Subtracting Eq. (ii) from Eq. (i), = get 
fe)-f - hex iii) 
Level 2 
1. We have f)= 2 
feos (0a a 
a* +a 
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Replacing x by - a in Eq. (i), we get 


oe 
x-l a -l 
eed en 
x-1 
3 (- 1 J+ for=1- 5 (iv) 
me - 


x- 1 
ge eT 
_ xd x2 -x?2 + 2x —-14x?-X-x 
7 x& - 1) 
x? -x?-1 
x -1) , 
x3 -x?-1 
=> f= eo) 
which is the required function. 


11. We observe that, 
fQ9)=f(4+ 5)=f(4-5)=FR0) 
=f06+ 4)=f(6- 4)=f(64) 
= f(8- 8)=f(8+ 8) =f06) 
=f(4-4)=f(4+ 4)=f() 
Hence, if f(8)=9, then f(9)=9. (This is one 
string. There maybe other different ways of 
approaching /f(8) from f(9)} The important 
thing to be observed is the fact that the rule 
f& + y)= f(xy) applies only when x and y are at 
least 4. One may get strings using numbers 
x and y which are smaller then 4 but that is 
not valid. For example f(9)=f@ - 3)=f@ + 3)= 


f(6)=f(4+ 2)=f(4-2)=f(®, is not a valid 
string.) 


Putting the terms equidistant from ends 
together, we get 


-2(r(za)*#00-2a))* (CS) 0-2) 
+(r(Z)+r-Z))++ 
( (a) 0a) e(B) 
aloo) 
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1 
=2n-2+2 eo =2n-242-=2n-1 
a? +Ja 


Also, arts) 
2n+1 


a? 1 2 J 3 

Ge i) (a2 i}+ (a2 :} 
4 2n-1 n 

+t lat z}+ ee (2 ahd een] 


Putting terms equidistant from the ends 
together, we get 


-2l((aa}+C-ats)) 
ae ek: 
+((2a)*t(-aa) 
~+(t(ata}+*(-ath)] 

} ata 

{(ata)*/ (a 

"(aba)" (ada 

vrata) tata] 


= 2f1+1+1+...upton term] =2n 


. First Method 
Let f: R- R such that f(& - f(y)) 
=f (f(y) + xf(y)+ FR)- 1, Vx,yeER 
Let a, be R such that f(b)=a. 
Let us putx =a, y = bin the given equation, we 
get 
fla -fb))=F(fb))+ af&)+ f@)-1 
= f@-a)=f@)+a*+fa)-1 
2 f(0)=2f(a)+ a*-1 
_f@)+1_a* 
fa= a on i) 


ol 


> 


Again let y, « R such that f(y,)=c 
Let us put x = a, y = y, in the given equation, 
we get 


fa - f(y) = FCF) + af(y,) + fa@)-1 
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=> fa-c)=f(c)+ ac + fa)-1 
2 

~ fla-c)=FO*1¢ + ac 
+ fO+1_a* | 
2 2 


2,,2 aye 
= fla -¢)= f(0)- 4 +5 = 24€ = poo) G@= 


As f is defined from R to R and a,ce R so 
3x € R such that x = a -c and hence 


2 
Fe)= FO) ~~ 
pay O41 aw 

[from Eq. (i)] 

=> 2f(0) = f()+ 1 
=> fO)=1 

2 
Hence, f&)=1 7 


It can be easily verified that the function 
fee)=1-% satisfies the given functional 
relation. 


Second Method 
According to the given condition 


f& - Fly) = FCF Y)) + xf(y) + FR)- 1, Vx,yeER 
Let us put x = f(y) = 0 so that 


FO) = f(0)+ OF O)+ FO)-1 = FO)=1 
Again putting x = f(y) =kso that 
fO)=fk)+ k? + fk)-1=1 


2 kK? 
=~ 2Fk)=2-kK2 = F0)=1 - — 
2 
=> fx)=1- > is the required function 
satisfying the given condition. 


. We have reer (2) =r ¢(+) 


= 1-fw)-£(2)+ Feo ¢(2)- 
=~ a-foor-F(2)a-re=1 


= a-ren(1-r(2)}= 


Since, f(x)is a polynomial function of degree n 
and (1 =ry(1 - r(+))- 1, constant, such 


that 1 - f(x) and 1 - (+) are reciprocal in 
magnitude which will be possible when 


1-f&)=x" or 1-f(&)=-x" 


1-F(2)=5 or 1-f(2)=-5 
x x x x 
Whence f(x) = + x" +1 


Let f : N— R be such that f(1)=1 and 
fQ)+ 2FQ)+ 3fG)+...+ nfm) 
=n(n+ lfm), Vn22 (i) 
= f(f)+ 2fQ)+ 3fG)+...+ nfm) 
+ (n+ lf+ L= (+ 1+ 2 + 1)...(ii) 
On subtraction Eq. (i) from Eq. (ii) 
(n+ 11+ 1)= (1+ I+ 2+ 1) 
—nin + 1 (1) 
=> N+ 1+ 2-1fM+ Ll)=nh+ 1¥M™ 
=> nf(n)= (1 + 1 (n+ 1) 
= 2f@)=3fG)=4f(4)=5f6)=...=nfin) 
Thus, the given result reduces to 
fQ)+ M- Unf) =n + 1X) 
=> fQ)=nn+1-n+1¥ ()=2nfin) 


-f@_1 ee =] 
=> fm a, f-f@=) 
a ee 

= — £2008)= ~~ 008 * 4016 


. We have, f(y) + 2 =f)+ Fly)+ fey) 
Putting x = y = 0, we get 
FOO) + 2 = fO)+ F(O)+ FO) 


= (fO)F -3f()+ 2=0 
=> (f()-2¥(f)-1)=0 
=> f()=2 or fO)=1 


But f (0) # 2 (given) hence f(0)=1 
Again putting x = y = 1, we get 
(fO)P + 2=f0)+ f0)+ FO) 
= (fQ)- 2X f0)-1)=0 
=> fQ)=1orfQ)=2 
But f is given to be injective (one-one) and 
f()=1, hence fQ)# 1 
= fQ)=2 


Now, putting y = ~ in the given relation, we get 
uy (2)+2=r00+F(t)+F0 

= reer (2)=re+r(2); 

= f&)=+x" +1 


From the given condition we have 
fG)= 82=+3" +1 


Te FQ) = 2] 
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=> 3" = 81 = 34 (neglecting -ve sign) 
> n=4 
Hence, fx)=xt4+1 


2x + 


6. We have, 2f()+ 3f (222) = 100x + 80 


x- 


Let us put ** = in place of x, we get 
x- 
2. *+ 2 + 29 
2x + 29 x- 
: 3f| 429, 
r 4 r AWE 9 
x-2 
=100-% +294 gp 
x- 
2x + 29 4x + 58+ 29x - 58 
= (Bets ] +3 (ase 


x 


a: -2F (222) 3f (=) 


-100(% +22). 80 


x-2 
= 100(% +22). a0 
x-2 


= f 2+ 29) = ros 50 2x +29). 49 
2 x-2 


x-2 


With this result, the given functional relation 
reduces to 


oft) — $f e)+ 150 (233) + 120 = 100x + 80 


x-2 
— 120x + 1740 + 16x — 40x? - 32 + 80x 
Bn > sane 
_ 1708+ 216x — 40x? 
a = 


= fx)= 00 (+2). 16 — 40x 


7. (a) Let a,b,c be the sides of a triangle with 


a+ b+c=1996, and each being a positive 
integer. Then, a+ 1,b+1,c+1 are also 
sides of a triangle with perimeter 1999 
because 

a<b+c = a+1<b+1)+(€+1) 


and so on. Moreover (999, 999, 1) form the 
sides of a triangle with perimeter 1999, 
which is not obtainable in the form 
(a+1,b+1,c+1) where a,b,c are the 
integers and the sides of a triangle with 
a+b+c=199% We conclude _ that 
f0.999)> £0996) 
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(b) As in the case (a) we conclude that 
f2000)> 0997) On the other hand, if 
x,y,z are the integer sides of a triangle 
with x + y + z= 2000, and Sayx2y2zZz21, 
then we cannot have z = 1; for otherwise 
we would get x + y = 1999 forcing x,y to 
have Opposite parity so that x - yel=z 
violating triangle inequality for x,y, z. 
Hence, x2>y2>z2>1. This implies that 
x-l2y-12>z-1>0. We already have 
X<y+ Zz. Ifx2y+ z-1, then we see that 


¥+Z-l1sx<y+z, showing that 
y+z-l=x. Hence, we obtain 
2000=x + y+ z=2x4+] which is 


impossible. We conclude that x < y+z-l. 
This shows that x - 1<(y -1)+ (z- 1)and 
hence x -1,y-1,z-1 are the sides of a 
triangle with perimeter 1997. This gives 
f2000)< £0997) Thus, we obtain the 
desired result. 


8. Putting x = 0, y = 0, we get f(0)=f() so that 
f(0)= 0, 1 or -1. 
If f(0)=0, then taking y=0 in, the given 
equation, we obtain f(x) = f(x f(0)* = O for all x. 
Suppose f(0) = 1. Taking y = — x, we obtain 

1 = FO) =f - x)= RF EX¥ EX’) 
This shows that f(x) 0 for any x € R. Taking 
x=1,y =x - 1, we obtain 


Fx) = fOK& - 1Y = FOF EF OOF 


Using f(x)#0, we conclude _ that 
1=kf@Xf-x)P where k=faX fC). 
Changing x to -x here, we also infer that 


1 =kf(-x)( f(x)’. Comparing these expression 
we see that f(-x) = f(x) It follows that 1 = kf (x). 


Thus, f(x) is constant for all x. Since, f(0)=1. 
We conclude that f(x) = 1 for all real x. 


If f()=-1, a similar analysis. shows that 
f(x) =- 1 for all x e R. We can verify that each 
of these functions satisfies the given 
functional equation. Thus, there are three 


solutions, all of them being constant 
functions. 
fx? + yf(z))=xf)+ zf(y) li) 


Taking x = y = Oin Eq. (i), we get zf(0) = f(0)for 
all ze R. Hence, we obtain f(0) = 0. Taking y = 0 
in Eq. (i), we get 
x?) = xf) ii) 
Similarly, x = 0 in Eq. (i) gives 
f( yf (2) = zf(y) 
Putting y = 1 in Eq. (iii), we get 


. (iii) 


10. 


615 
f(f@) = zf0), 7zE R _ iv) 
Now, using Eqps. (ii) and (iv), we obtain 
FOXP 0) = (10?) = xf) AW 
Put y = z =x in Eq, (fil) also given 
fOXP&)) = xf &) _- Avi) 


Comparing Eqs. (v) and (vi), it follows that 
xf) = xf) If x # 0, then f)=cx, for some 
constant c. Since, f(0) = 0, we have f(x) = c for 
x = 0as well. Substituting this in Eq. (i), we see 
that ; 

cx? + cyz)=cx* +z 
or c’yz=cyz, Vy,zeR 
This implies that c* = c. Hence, c= 0 or 1. We 
obtain f (x)= 0 for all x or f(x) =x for all x. It is 
easy to verify that these two are solutions of 
the given equation. 
We show that the solution set consists of 
{(¢, 0, 0);te Z} U{C-1,-1,1)}. Let us put 
a+b+c=d,ab+ bc + ca=eand abc =f. The 


given condition f(f@, b,c))=@,b,c) implies 


that 
d+e+f=a,de+ ef + fd=b,def =c 


Thus, abcdef = fc and hence either cf =0 or 
abde = 1. 


Case! Suppose cf = 0. Then, either c = 0 or 
f=0. However c=0 implies f=0 and 
vice-versa. Thus, we obtain 
a+b=d,d+e=a,ab=eand de =b The first 
two relations give b =~ e. Thus, e = ab = — ae 
and de=b=-e. We get either e=0 or 
a=d=-1. 

Ife = 0, then b = Oanda =d =t, say. We get the 
triple (@,b,c)=(t, 0,0), where teZ. If e+Q 
then a = d = — 1. But thend + e + f =a implies 
that -1 + e + 0=- 1 forcinge = 0. Thus, we get 
the solution family (a@,b,c)=(t,0,0) where 
teZ. 


Case Il Suppose cf # 0. In this case abde = 1. 
Hence, either all are equal to 1; or two equal to 
1 and the other two equal to -1; or all equal to 
-1. 

Suppose a= b=d=e=1. Then, a+b+c=d 
shows that c=- 1. Similarly, f = - 1. Hence, 
e=ab+bce+ca=1-1-1=-1 contradicting 
e=1, 

Suppose a=b=1 and d=e=-1. Then, 
a+b+c=d gives c=-3 and d+e+f=a 
gives f = 3. But, then f = abe = 1-1-(-3)=-3,a 
contradiction. Similarly a=b=-1 and 
d =e =1 is not possible. 
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Ifa=1,b=-1,d=l,e=-1,thena+b+c=d 
gives c=1. Similarly f=1. But then 
f =abc =1-1-(-1)=-1 a contradiction. If 
a=1,b=-1,d=-l,e=1, then c=-1 and 
e=ab+be+ca=-1l+1-l=-1 and a 
contradiction to e = 1. The symmetry between 
(a,b,c) and (d,e,f) shows that 
a=-1,b=1l,d=1l,e=-1 is not possible. 
Finally, if a=-1,b=1,d =-1 and e=1, then 
c=-1 and f =-1. But then f =abc is not 
satisfied, 

The only case left is that of a, b, d, e being all 
equal to -1. Then, c = 1 and f = 1. It is easy to 
check that (-1, - 1, 1) is indeed a solution. 
Aliter cf #0 implies that |c|>1 and |f|21. 
Observe that 

d*? -2e=a? +b? 4+0*, a? -2b=d? +e? +f? 


Adding these two, we get 
-2b+e)=b? +c? +e2+f%. This may be 
written in the form 

b+1P + e+ P+ ce? +f? -2=0. 


We conclude that c* + f* < 2. Using|c|21 and 
\fl21, we obtain |c|=1 and|f|=1,b+1=0 
and e+1=0 Thus, b=e=-1. Now 
a+d=d+e+f+a+b+c and this gives 
b+c+e+f=0. It follows that c=f=1 and 
finally a=d=-1. 
We have to prove that f: N x N—- N defined 
by 
fla,b)= 5 a+ b-1Na+ b-2)+a,Va,bEN, 
is a bijection. (Note that the right side is a 
natural number). To this end define 

Tan)= 2 *) ne N UiO. 
An idea of the proof can be obtained by 


looking at the following table of values of 
f(a, b) for some small values of a, b. 


We observe that the nth diagonal runs from 
(1,n)th position to (n,1)th position and the 
entries are n consecutive integers; the first 
entry in the nth diagonal is one more than 
the last entry of the (-1)th diagonal. 
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For example the first entry in Sth diagonal is 
11 which is one more than the last entry of 4th 
diagonal which is 10. Observe that 5th 
diagonal starts from 11 and ends with 15 
which accounts for 5 consecutive natura] 
numbers. Thus, we see that 
fin-1,1)+ 1=f0,n) We also observe that the 
first n diagonals exhaust all the natural 
numbers from 1 to T() (This a kind of visual 
bijection is already there. We formally prove 
the property.) 
We first observe that 
fla,b)-T@+b-2)=a> 0, 
and Tia+b-1)-fa,b)= a+b” 
4+ b- Mar P-?_a=b-120 
Thus, we have 


Ta+b-2)<fla,b)=@+P- Vas P-® 


+asT@+b-1) 

Suppose f(a@,, b,)= f(@2, b,) Then, the previous 
observation shows that 

T(a, + b, -2)<f@,,b)<sT@, +b -), 

T@, + b, -2)< far, b,)< T@, + b, -1) 
Since, the sequence (I(n))7_,) is strictly 
increasing, it follows that a, + b, = a, + b,.But 
then the relation f(@,,b,)=f(@,,b,) implies 
that a, = a, and b, = b,. Hence, f is one-one. 
Let n be any natural number. Since, the 
sequence (T(n));_ is strictly increasing we 
can find a natural number k such that 


Tk-l)<n<T& 
Equivalently, 
eoK ns SO Ai) 


Now, set a=n-“-)) and b=k-a+l. 


Observe that a> 0. Now Eq. (i) shows that 
a=n-Kk-D. kk+ 1) 
2 2 2 
Hence, b = k- a+ 12> 1. Thus, aand bare both 
positive integers and 


fa, b)= > a+ b-1Na+b-2+a 


This shows that every natural number is in the 
range of f. Thus, f is also onto. We conclude 
that f is a bijection. 
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selected for Stage 2 (Indian National Mathematics Olympiad). Atmost 6 Class XII students from 
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1. Let ABC be a right-angled triangle with 2B=90°. Let I be the incentre of AABC. Draw a line 
perpendicular to AJ at J. Let it intersect the line CB gt D. Prove that CI is perpendicular to AD and 
prove that ID = b(b - a), where BC = a and CA=b. 

2. Let a, band cbe positive real numbers such that 

a b c 


i | 


l+a 1+6 +c 


Prove that abc < ; 


3. For any natural number n, expressed in base 10, let S(m) denotes the sum of all digits of n. Find all 
natural numbers n such that n° = 8(S(n))* + 6n S(n) + 1. 


4. How many 6-digit natural numbers containing only the digits 1, 2, 3 are there in which 3 occurs 
exactly twice and the number is divisible by 9? 


5. Let ABC be a right-angled triangle with 2B = 90°. Let AD be the bisector of Z A with Don BC. Let the 


circumcircle of AACD intersect AB again in E and let the circumcircle of AABD intersect AC again in 
F. Let K be reflection of E in the line BC. Prove that FK = BC. 


6. Show that the infinite arithmetic progression (1,4, 7,10,...... ) has infinitely many 3-term 


subsequences in harmonic progression such that for any two such triples ( a,,@,,a,) and (0, , b,, b,) in 
harmonic progression, one has : 

% 9 a 
bb by 


Detailed Solutions 


. Letus draw the following diagram according to 
the question. 


A 


v) 


(—Th 


D B Cc 
Since, ZAID = ZABD = 90° 
:. ADBI is a cyclic quadrilateral. 
ZADI = ZABI = 45° 
=> ZDAI = 45° 
We also have, 
ZADB = ZADI+ ZIDB=45° + ZIAB 
= ZDAI+ ZIAC = ZDAC 


-ACDAis an isosceles triangle. 


% CD=CA 
Since, C/ bisects ZC. 
= CiL AD Hence proved. 


This shows that DB =CA -CB=b-a 
‘ AD? =c? + (b-ay 
=c? + b? + a? -2ba 
=c? + a’ +b? —2ba 
= b* + b® —2ba 
= 2b? — 2ba =2b(b - a) 


. 2 oe ID = ° 
Again, 21D? = AD’ : in =cos45 | 
=> 21D? =2b(b — a) 
=> ID? = b (b-a) 
=> ID = /b(/—a) Hence proved. 
. We have, —2— + eee 
j+a 1+b 1+C 


= a(i+ b)(1+Cc)+ b(1+ a)(1+C) 
+c(1+ a) (1+ b) 
= (1+ a)(1+ b)(1+C) 
> a(l+ b+c + bc)+b(1+a+c + ac) 
+c(1+ a+b + ab) 
=(1+ a)(1+ b+c + bc) 


3. 


= at+ab+ca+abc+b+ab+ be + abc 
+c +ca+ be + abc 
=14+4b+ce+bce+atab+ac+ abc 
= ab+bce+cat 2abc =1 
Now, we know that 
AM2 GM 


1 
= Sb + be + 08+ FADE 2 (ab be .ca- 2abc)* 


1 

=> 12 4(2a*b’c°)* 
4 
= (3) > 2a°b’c* 
4 
a a’bic? s 
512 

> abc < ; Hence proved. 
We have, 


n® = 8 (S(n))? + 6 S(n) + 1 
=> m-8(S(n))-1=.6nS(n) 
=(n) + (-2 Sn)? + HY 
=3xnx (-2 S(n))(-1) 
=> n+ (-2S(n)) + (-1)=90 
[Ilfx? + y+ 2 =8xyz>x+ y+ Z=0 
=> n-2S(n)-1=0 
> n—-S(n)=S(n)+1 (i) 


Again, we know that for every number n — S(n)is 
always divisible by 9. 


.S(n) + 1is also divisible by 9. [from Eq. (i)] 


Now, for a three digit number maximum value of 
S(n) can be 27. 


wre 2 S(n)+ 1=2x27+1=55 
2 S(n) + 1< 55 


Hence, nis either a 1-digit number or a two digit 
number. 


Hence, S(n)< 18 Since, S(n) + 1must be divisible 
by 9. 


S(n) = 8orS(n) = 17 
o n=170r35 [from Eq. (i)) 
Among these n = 17 works but not 35, 
as §(35) = 8 
and 2S(n)+1=17#35 
Hence, the only solution is n = 17. 
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4. Let the number be n and sum of its digit be S(n). 
Since, nis divisible by 9. 
= n=S(n)(mod9) 
We have, ncontains 1, 2, 3 and 3 can occurs 
exactly twice. 
. 10<Si(n)<14 


Since, there is no value of S(n) that is a multiple 
of 9. 


Thus, no such n exists. 
5. Consider the AFBD and ACFD. 
ZCFD = 90° 
[-ZAFD = 90°, ZCFD + ZAFD = 180°] 
Ss ZCFD = ZEBD 
Since, ACDE is a cyclic quadnilateral. 
: ZCDE = 180° — ZA 


Similarty, AFDBis a cyclic quadrilateral and 
therefore, ZFDB=180°- ZA 

é ZCDE = ZFDB 

=> ZFDC = ZBDE 

AEBD ~ ACFD 


Also, AF = ABas AABD = AAFD 
=> FB\|| CK 
Since, FC = BK, we can say that CKDF is an 
isosceles trapezium. 
Ee FK = BC Hence proved. 
. Consider the triplet< 4, 7, 28> 
1 1 7+1 
Then, — + — =——_ 
4 28 28 
= 8 
28 
m3 
7 
24,7, 28 are in HP. 


Thus, we can Say that a, b, ab are in HP and 
required condition is 


1 1_2 

—_-+ — = — 

a ab b 

b+1_ 2 

= —=_ 

ab b 

= b+1=2a 
or 2a=b+1 

Given, AP is 1, 4, 7, 10, ...... 

a, =3k+1 


If we take a = 3k + 1, then 
b=2a-1=2 (3k + 1)-1 
= 6k+1 
We observe that b is also a term of the given AP 
Again, ab = (3k + 1) (6k + 1) 
= 18k* + 9k +1 
= 3 (6k? + 3k) 41 
which is again a term of the given AP 
Thus, 3k + 1, 6k + 1, (3k + 1) (6k + 1)are in HP 
Also, we have, 
Sm+1, 6n+ 1, Bm+ 1) (6n+ 1) 
3n+1 EG +1  (3n+ 1)(6n+ 1) 
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1. In the given figure, ABCD is a square paper. It is folded along EF such that A goes to a point A’+C, B 


on the side BC and D goes to D’. The line’ A’D’ cuts CD in G. Show that the inradius of the AGCA’ is the 
sum of the inradii of the AGD’ F and AA’ BE. 


2. Suppose n >0 is an integer and all the roots of x* + ax+ 4- (2 x 2016") =0 are integers. Find all 
possible values of a. 
3. Find the number of triples (x, a, b) where xis a real number and a,b belong to the set {1, 2, 3, 4, 5, 6, 7. 
8, 9} such that 
» x -a{x}+b=0, 
where {x} denotes the fractional part of the real number x (For example {1.1} = 0.1 ={- 09}.) 
4. Let ABCDE be a convex pentagon in which ZA = ZB = ZC = ZD = 120° and whose side lengths are 5 


consecutive integers in some order. Find all possible values of AB + BC + CD. 
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5. Let ABC be a triangle with ZA =90° and AB < AC. Let AD be the altitude from A on BC. Let P,Q and 
I denote respectively the incentres of A’s ABD, ACD and ABC. Prove that AJ is perpendicular to PQ 


and Al = PQ. 


6. Let n 21 be an integer and consider the sum 


n n n . n -4 92 
= or- 4g =| 12" + Je “3+ Je B+... 
Xe) () (; 4 


Show that 2x — 1, 2x, 2x + 1 form the sides of a triangle whose area and inradius are also integers. 


Detailed Solutions 


1. From the figure drawn below, 


21+ 2=90° 
and 22+ 23=90° 
= AN=LS3 


Also, 23+ 24=90° 
and 22+ 23=90° 
> 2=24 
Again, 24= Z6and Z3= 246 


.AGCA’ and AA’BE are similar to the AGD’F. 
IfGF =u, GD’ = v and D’F =w, 


then we have 
A’G = pu, CG = pv, A’C = pw 
and A’E =qu, BE =qw, A’B=qv 


Let be the inradius of AGD’F, then pr andqr will 


be the inradius of AGCA’ and AA’BE respectively. 


Now, AE = EA’ and DF = FD’ 

Again, AB = BC = CD =AD 

. PW+qv =qw+qu=W+U + pv=V + pu 
k pw+qv =qw+qu 

> (p-q)w=qlu-v) 


=. p=9 44-¥ ...(i) 
q w 

 W+U+ pyv=V+pu 

=> Ww=V-U+ pu - pv 

=> w= plu -v)-(-v) 

=U -v)(p- 1) 

* mi 1 -. (ii) 

w p-1 


Now, P-G_ 1 


=> (p-q)(p-1)=q 
= pl(p-q-1)=0 


But p#0 
p-q-1=0 

> p=q+1 

> pr=qr+r 


. Let u,v, wbe the roots of 


x? +ax + 4-(2 x 2016")=0 
..Sum of the zero's=u +v+w=0 


Sum of the product of zero's taken two at a line 
=uv + Ww+ wu =a 


and product of the zero's 
= uw = - (4-2 x 2016") 


=2 x 2016" - 4 
Now, u+v+w=0 
> w=-(U+v) 
i uvw = — uv (u + v) =2 x 2016" - 4 
= uwv(u + v)= 4-2 x 2016" 


Let ; n21 
Then, uv + v) = 4(mod 2016”) 
uv(u + v) = 1(mod3) or 1(mod9) 
> u =2 (mod3)and v = 2 (mod3) 
(u, v)can have values 
(2, 2), (2, 5), (2, 8), (5, 2), (5, 5), (5, 8), (8,2), 
(8, 5), (8, 8) 
But in each case uv (u + v) #4(mod 9) 
*. Nmust be equal to 0. 
. wU+v)=4-(2x2016°)=4-2x1=2 ,. 
Hence, (u, v) = (1, 1), (1, — 2), (— 2, 1) 
By @ =UV + W+ wuU=uV + WU + V) 
=uw-(U+v/y 
= — 3for (1, 1), (1, - 2), (-2,1) 
. Let us write x =n + f, where n=[xJandf = {x}. - 
Then, f? + (@n-a)f+n?+b=0 ...(i) 


The product of the roots of above equation is 
n’ + bwhich is greater than or equal to 1. 
> r’+b>1 
For solution of Eq. (i), O< f <1, the larger root 
must be greater than 1. The Eq. (i) has a real root 
less than 1 only if 
1+ 2n-a+n’?+2b<0 
=> (n+ 1 +b<a 


* Ifn22, then(n+ 1)? + b>10>a. Hence, n< 1. 
Ifn< — 4, then again (n+ 1)? + b> 10> a. Thus, 
we have the range forn: — 3, -2,-1,0,1. 

¢ Ifn=—30rn=1, we have(n + 1)° = 4. Thus, we 
must have 4+ b<a. lfa=9, we must have 
b = 4, 3,2, 1giving 4 values. For a = 8, we must 
have b = 3,2, 1giving 3 values. 

Similarly, for a = 7 we get 2 values of banda = 6 

leads to 1 value of b. In each case we get a real 

value of f < 1and this leads to a solution for x. 

Thus, we get totally2(4+ 3+ 2 + 1) =20values of 

the triple (x, a, b). 

For n =—2,n=0, we have (n + 1)’ = 1. Hence, we . 

require 1+ 6 <a. We again count pairs (a,b) such 

that a - b> 1. For a = 9, we get 7 values of b; for 

a = 8we get 6 values of b and so on. 

Thus, we get 

277+ 6+ 5+ 4+ 3+2 + 1) = 56values for the 

triple (x, a, b). 

Suppose n = -1so that (n + 1)? = 0. In this case 

we require b < a. 

We get8+7+6+5+4+34+2+1=36 

values for the triple (x, a, b). 


Thus, total triples = 20 + 56+ 36 =112 
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4. Let AB=a, BC =bandCD =c. By symmetry, we | 


may assume that c < a. We have, DE = a + band 
EA=b+c 


Bbc 


Draw a line parallel to BC through D. Extend EA to 
meet this line at F. Draw a line parallel to CD 
through B and let it intersect DF atG. Let AB 
intersect DF at H. Now, we have ZFDE =60° and 
ZE=60°. Hence, EFDis an equilateral triangle. 
Similarly, AFH and BGH are also equilateral 
triangles. Hence, HG = GB =c. Moreover, DG = b, 
therefore, HD = b + c. But HD = AE, since 

FH = FAand FD =FE. 


Also, AH=a-BH=a-c 
Hence, ED = EF = EA+ AF=b+c+ AH 
=(b+c)+(a-c)=bt+a 

Now, we have five possibilities 
(i)b<c<a<b+c<a+b; 
(2)0e<b<a<b+c<at+b,; 
(3)c<a<b<b+c<a+b; 
(4)b<c<b+c<a<aib, 
(5)c<b<b+c<a<a+b; 


In case (1) Ifb =2, thenc<a<b+care three 
consecutive integers. 


c=3anda=4 
b+c=5a+b=6 


Hence, we have five consecutive integers 2, 3, 4, 
5, 6 as side lengths. 


In case (2) Ifc =2, thenb<a<b+c form three 
consecutive integers. 


b=3a=4 
But b+c=Sanda+b=7 
Thus, sides will be 2, 3, 4, 6, 7 which are not 
consecutive integers. 
In case (3) We have b< b + care two 
consecutive integers so thatc = 1. 
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ami a=2andb=3 
Also,.b+c =4anda+b=5 
Thus, sides will be 1, 2, 3, 4, 5. 


In case (4) We havec < b + c are two consecutive 
integers and b = 1, 


“C=2,b+c=3a=4anda+b=5 
Thus, sides will be 1, 2, 3, 4,5 


In case (5) We have b< b +c are two consecutive 
integers, so thatc = 1 


b=2,b+c=3,a=4a+b=6 


Thus, sides will be 1, 2, 3, 4, 6 which are not 
consecutive integers. 


Therefore, the possible values of (a,b,c) are (4, 2, 3), 
(2, 3, 1), (4, 1, 2). 


% a+b+c=9,60r7 
Thus, possible sum AB + BC + CA=6,70r9 
. Draw PS||BC andQs|| AD 


«The APSQ is right-angled triangle with ZPSQ = 90°. 


CATN 
B U DEV Cc 
From figure, we have 

PS =r, + , andSQ =F, — f,, wheres, andr, are the 
inradii of AABD and AACD respectively. 

By AA similarity, ADAB ~ AACB and ADCA ~ AACB 
4 = c and 2 
roa roa 
where, ris the inradius of AABC. Thus, we get 


Hence, 


Also, AD = h=—~ and BE = —_ 
+C 
2n2 2: fe 
Now, 80% =0? ~ 1? =o? - BE" noi 2 | 
_n2 ce .6f 
ea 


[“ ABC is right-angled triangle] 


Solved Paper 20/7 RMO 


’ 7 
Cc? 
BD == 
a 
2 
Now, DE = BE - BD = 3 -& 
b+c a 
_ cb(b-c) 
a(b+C) 
Thus, we get 
AD_b+c_PS 
DE b-c SQ 
Since, ZADE = 90° = ZPSQ, we can have 
AADE ~ APSQ 
Again, AD1 PS 
=> AE 1 PQ 
We also observe that 
PQ? = PS? + SQ? = (1, + 5) + (- 4) 
=2(° + &) 
2 
But fread 5 P=Pr [ca®?=b? +c?) 
a 
yF PQ = 2r 
Also, we have, 
Al =r cosec (A/2) = rcosec 45°= J2r 
; PQ=Al Hence proved. 
. Consider the binomial expansion of (2+ /3)’ 
Let (2+ J3y =x + yV3 ...(i) 
and (2 -V3Y =x - yV3° ... (ii) 
On multiplying Eqs. (i) and (ii), we get 
=> (4-3 =x? -3/ 
=> x? - 3/7 =1 


Since, in the expansion of (2 + V3)’, all the 
terms will be positive. 


2x =(2+ V3" +2 - V3 


=2(2 + (pert: 3 fe 4 


Thus, x22 
2x + 1<2x + (2x -1) 
(2x — 1), 2x, (2x + 1)will form a triangle. 
By Heron's formula, we have 
A’ = 3x(x + 1)(x) (x - 1)= Bx? (x? - 1) 


= 9x"? (wx? - 39 =1) 
=> A = 3xy, which is an integer. 
area _ Say 


Again, inradius = —— . 
? perimeter 3x 


= y, which is also an integer. 
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Regional Mathematical Olympiad 


Conducted by: Homi Bhabha Centre for Science Education, India 
(Exam Held on 08-10-2017) 


Regional Mathematics Olympiad is the first stage of 5 Stages of Mathematics Olympiad Program. 
On the basis of the performance in RMO, a certain number of students from each region is 
selected for Stage 2 (indian National Mathematics Olympiad). Atmost 6 Class X\| students from 
each region will be selected to appear for Stage 2 (INMO). 


1. Let AOB be a given angle less than 180° and let P be an interior point of the angular region 
determined by Z AOB. Show, with proof, has to construct, using only ruler and compasses, a line 
segment CD passing through P such that C lies on the ray OA and D lies on the ray OB and 
CP: PD =1:2: 

2. Show that the equation 
a’ + (a+1) + (@+2) + (a +3) + (a +4) + (+5) + (@ +6) = 64 + (6+1)* has no solutions in 
integers a, b. 

3. Let P= x'+ att b and Q(x)=x' + cx+d be two polynomials with real coefficients such that 
P(x) Q(x) = Q (P(x) for all real x Find all the real roots of P(Q(x)) =0. 


4. Consider n* unit squares in the xy-plane centred at point (i, ;) with integer coordinates, 1<i<n, 


1<j<n. It is required to colour each unit square in such a way that when ever 1<i< jJ<nand 
1 <k</<n, the three squares with centres at (i, k), (j,k), (j, ) have distinct colours. What is the least 
possible number of colours needed? 


5. Let Qbe a circle with chord AB which is not a diameter. Let T, be a circle on one side of ABsuch that it 
is tangent to ABat C internally tangent to Q at D. Likewise. Let T, be a circle on the other side of AB 
such that it is tangent to ABat E and internally tangent to Q at F. Suppose the lines DC intersects Q 
at X + Dand the line FE intersects Q at Y # F. Prove that XY is a diameter of Q. 

6. Let x, y,zbe real numbers, each greater than 1. Prove that 

et]. gel  2rl oxeel yx 21 
-_-——— + --+ + - < = anne 
y+) 24+] xt+l y-1 2-1 wx-l 


Detailed Solutions 


. Wehave, 


ZAOBis less than 180° and P be an any interior 
point. 
Therefore 


OP _2 ...(i) 


Draw a line through Q parallel toOB which meets 
OAatC. 


Join CP and extend to meet OB at D. CDis 
required line. 
In ACPQ and ADPO 
ZCQP = ZPOD 
[-- alternate interior angles as CQ\|OD] 
ZQCP = ZPDO 
[-- alternate interior angles as CQ\|OD] 
ZDPO = ZCPQ [vertically opposite angles] 
ACPQ ~ ADPO [by AAA similarity criterion] 


cP = PQ = 4 [from eq. (i)] 
DP OP 2 
PG? PD =132 
. Wehave, 


a? +(a+ 1° + (a+ 2) + (at 3) + (at 4) 
+ (a+ 5) + (a+ 6) =b* + (b+ 1) 
Since, 7 consecutive number appears on left 
side, therefore apply modulo of 
423 4 334 434 59+ 6%4+79 
=1+ 8+ 27 + 64+ 125+ 216+ 343 
When divide by 7, we get 
1(mod 7)+ 1(mod 7) + (- 1) (mod 7) 
+ 1(mod 7)-1(mod 7) —1(mod 7) + 0 (mod 7) 
=(1+ 1-14 1-—1-1+ 0)(mod 7) 
= 0(mod 7) 


So, LHS is always divisible by 7. 


Or 
7 

a? +(a+ 1) +...(a+ 6) = }P (mod 7) 

r= 
2 

_ aS : ) (mod 7) 
= (28)? (mod 7) 
= 0(mod 7) 


Now, RHS =b* + (b + 1)* for any integral b. 
b=r(mod7), where OS 1 <7 
b* + (b+ 1)* =r + (r+ 1)* # 0(mod 7) 
for anyr = 0, 1, 2, 3, 4, 5,6 
:. b* + (b + 1) is not divisible by 7 


Hence, no solution for any integral value of aand b. 


. We have, P)=x? + D+ b (i) 


and Q(x)=x? +cex+d (ii) 
Let P(x) = 0 
P(x) Q(x) = Q(P(x)) 
0-Q(x) = Q(0) 
= Q(0)=0 
=> d=0 
Q(x) = x? +.cx [from eq. (ii) andd = 0] 


Now, P(x). Q(x) = Q(P(x)) = (P(x))? + cP(x) 


[.d = 0] 
= Q(x)=P(x)+c [dividing both sides by P(x)] 
> Ptorex?+ le4 bee 
=> Cx = 1, +b+c 
2 


On comparing the coefficient of x and constant 
terms both sides, we get 


=> onl beont 
2 
b=- 


Hence, P(x) =x? + se ; [from eq (ii)] 


and = Q(x) = x? + 3x di) 
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Now, since P(Q(x)) = 0, Q(x)is root of P(x) = 0 


i.e, x24% lig 
2 2 
= @+1(x-2)-0 
2 
eee, 
2 


-. Q(x) has to be either -1 or > 
Case1. Q(x)=+1 

1 
=> x24 5% 1=0 [from eq. (iii)) 


= 2x* + x +2 =0 [multiplying both sides by 2] 


= Pet 
4 
(by quadrotic formula] 

Case 2. Q(x)=1 

2 
a5 ate 5 ‘ ; =0 [from eq (i) 
=> «e+ 1(2-3)=0 

ze 

=> x= 1 -1 

2 


So total 4 roots, 2 real and 2 imaginary. 


Real roots are * -1. 


. We have n? unit squares in the x y- plane. 


Here, 1si<jsn 
isk</sn 
According to problems 


(i,k), (i,k), (i, ) are of distinct colours in the 

kK” row no two square will be same colour as (i, k) 
and (/, k) are of distinct colours similarly in 

i column no two square of same colour as (i!) 
and (/, k) are of distinct colour. 


ta 


Therefore:, all square of type in Ist column 

i.e. (x, 1)forx = 1,2, 3,..., nase of distinct colour 
= total n distinct colours. 

Similarly all square of type (x, y)iory=123-..9 
are of distinct colours, also no square of (x, I)anc 
(x, y) with same colour otherwise take square 

(x, x) with (x, 1)and (x, y). we will get contracicaon 
to given condition. 

There will be atleast (2n — 1) colours. 

Now, let us prove 2n — 1 colours are suficient 


x x41 x+y=c=(i+*) 


We can see that (x, y)and (x + 1 y— 1)can have 
same colours. So, point all squares with same 
colour for which x + yis same. 

Here, minimum x + ywill be 2(for x = 1, y= T)anc 
maximum x + y=2n 

As from 2 to 2n three 2n — 1 values. 

So, 2n — 1 colours will be sufficient 


- LetO,,OandO, be the centres of circles T,, Q anc 


T, respectively. 
Join OY it to meet AB at M. Join OO, it will passes 
through F (as both circles are tangent) 


Nowlet © ZAEF=6 
ZO,EF = 90° — Z AEF 
=> ZO,EF = 90° -@ 


Since, O,£ and O,F are radius of circle T, 
4O,EF = ZO,FE = 90° -6 
[. angles opposite to equal 
sides are equal] 
Also ZOFY = ZOYF 
[OY = OF radii of same circle O] 
ZFOX =2 ZOYF 


[.- angle subtended by an arc at the 
centre of the circle is thrice the angle 
subtended by the same arc at 

any point on the remaining part 

of the circle] 


Z FOX =2(90° - 8) 
= 180° - 20 
In AOFX 
ZOFX + ZOXF + ZFOX = 180° 
[by angle sum property of triangle] 
= ZOFX+ ZOFX = 180°—ZFOX 
[.- ZOFX = ZOXF as OF = OX, 
radii of same circle] 
=> 2 ZOFX = 180°— 180° + 20 
=> ZOFX =8 
ZXFY = ZOFX + ZOFY 
=6+ 90°-6@= 90° 
[.: ZOFY = ZO,FE = 90°-8] 
ZXFY = 90° 
..XY is a diameter of circle O. 
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. We have x, y,.zare real numbers and each 


greater than 1 

Letx2 y2z>1 

> x? -12y -12277-1>0 

On taking reciprocal of each term except zero, we 
get 
=> 


1 1 s 1 
2-1 y=1 x? =1 

[: sign of inequalities change due to reciprocal] 

Also,x -y20, y-220 


>0 


y-1 x?-1 
and SI aa 3 
2-1 x? -1 
earnc ue) Aare ¥= 255 ¥-Y 5 Y= Zz 


sa x-1_ x+1] ily-1_ y+1] 
2ty-1 y+} 2)z-1 724+1 
ma. 2-1 2 >0 
2|x-1 x+1 
wre _xt+ y-1_y+1 
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Solved Paper 2018 


MIO 


Indian National Mathematical Olympiad 


Conducted by: Homi Bhabha Centre for Science Education, India 
(Exam Held on 21-01-2018): 


Indian National Mathematics Olympiad is organised by HBCSE (Homi Bhabha Centre for Science 
Education). On the basis of performance in INMO, top 35 students are selected from which final 
5 students are selected to participate in International Mathematics Olympiad. 


1. Let ABC be a non-equilateral triangle with integer sides. Let Dand E be respectively the mid-points 
of BC and CA; let G be the centroid of triangle ABC. Suppose D, C, E, G are concyclic. Find the least 
possible perimeter of triangle ABC. 

2. For any natural number n, consider a 1 x n rectangular board made up of n unit squares. This is 
covered by three types of tiles; 1 x 1 red tile, 1 x 1 green tile and 1 x 2 blue domino. Let t, denote the 
number of ways of covering 1 x n rectangular board by these three types of tiles. Prove that t,, divides 


ton+1+ 


3. Let! , and! , be two circles with respective centres O, and O, intersecting in two distinct points A and 


B such that ZO,AO, in an obtuse angle. Let the circumcircle of triangle O, AO, intersect [, andl, 
respectively in points C and D. Let the line CBintersect [,in E; let the line DBintersect! , in F. Prove 
that the points C, D, E, F are concyclic. 


4. Find all polynomials with real coefficients P(x) such that P(x" + x+ 1) divides P(? -1). 


5. There are n >3 girls in a class sitting around a circular table, each having some apples with her. Every 


time the teacher notices a girl having more apples than both of her neighbours combined, the teacher 
takes away one apple from that girl and gives one apple each to her neighbours. Prove that this 
process stops after a finite number of steps. (Assume that the teacher has an abundant supply of 


apples.) 
6. Let N denote the set of all natural numbers and let f : N > N be a function such that 
(a) f(mn) = f(m) f(r) for all m, nin N 
(b) (m + n) divides f(m) + f(n); for allm,nin N 
Prove that there exists an odd natural number k such that f(n) = n* for all nin N. 


Detailed Solutions 


1. We have, 
ABC is non-equilateral triangle. 


Dand E are mid-point of BC and AC 
respectively. 


A 


B D Cc 


DCEG are concyclic 
AG: AD = AE x AC 


= 2,ap.aD=1AC. AC 
3 2 


[- Gis centroid of A ABC, AG = = AD 
Also E is mid-point of AC] 
= 2AD? = 3a? 


In A ABC by Appolonius theorem, we get 


2 
AB? + AC? = 2b? + Fo 


a 2 
- AB? + AC? = Sac? + SE 


2 

> AC? + BC? =2AB? 

- 2 2 

=(“ ec) ie (* + =) = AB? 

2 2 

Thus (=. He. AB)are 
pythagorean triplet. Consider the first triplet (3, 
4, 5) this gives AC =7, BC = 1, AB= 5. But 
AC, BC and AB are not forming a triangle. 
The next triplet is (5, 12, 13), we get 

AC = 17, BC =7 and AB = 13. In this case we 
get a triangle and its perimeter is 
17+7+13= 37. 

Since 2AB < AB + BC + CA< 3AB. Itis 
sufficient to verify upto AB = 19. 


2. Consider a1 x (2n + 1)board and imagine the board 


to be placed horizontally. 

Let us label the squares of the board as 

G5, Cn -1)'° iis Cy Co, C;, Cz, a C,_ 1 C, 

from left to right. The 1 x 1 tiles will be referred to as 

red and green tiles, and the blue 1 x 2 tile will be 
referred to as a domino. 

Let us consider the different ways in which the 

centre square C, can be covered. 

There are four different ways in which this can be 

done. 

(i) Let blue domino covering the square C_,, Co. In 
this case there is 1 x (n— 1) board remaining on 
left side which can be covered int, _, ways and 
1x nboard remaining on right side which can be 
covered int, ways. 

(ii) If blue domino covering the square Cy, C,, then 
1x (n — 1)board remaining on right side which 
can be covered int, _, ways and (1 x n) board 
remaining on left side which can be covered in 
t, ways. 

(iii)' If red tile covering the square C,. In this case 
there is 1 x n board remaining on both sides of 
this tile, each can be covered injt,, ways. 

If green tile covering the square Cy. In this case, 

there is 1 x n board remaining on both sides of 

this tile each can be covered int, ways. 

Now, putting all the possibilities mentioned 

above together, we get 

loner =tn-vitn ttyiaith +t7 +t7 


=2¢,_,t, +t?) 


(iv 


=> 


= longs =2tn tn + th) 
which implies thatt, dividest,, , ; 
3. We will first prove thatC, B,O,, E are collinear and 
this line is bisector of ZACD 
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Let ZABO, =x 
Then, 2AO,B = 180° - 2x 
0,0, is angle bisector of 2 AO,B. 


ZAO,O, = 5 A0;B =90°- x 


Since A, O,,C, O, are concylic. 
ZAO,0, = ZACO, = 90° - x 
=> ZAOC = 180° — 2(90° - x) =2x 
From this 
1 Vigey 
ZAFC = -ZAOC =—(2x) = 
2 ; 3P) : 


and 4£ABC =180°-x 


Thus 2 ABC and 2 ABO, are supplementary. 
Hence C, B, O,,E are collinear. Now, O,A = 0,D 
implies that O, is the mid-point of arc AO,D. 
Hence, CO, is the bisector of Z ACD. Similarly we 
obtain that D, B, O,,F are collinear. Thus, BE and 
BF are diameters of the respective circles. 


= ZBAE =Z BAF = 90°, 
= FAE are collinear. 
Finally, we get ZECD = ZBCD 
= ZACB = ZAFB = ZEFD 
Therefore C, D, E, F are concylic. 

4. If P(x)is constant, sayC, then P(x? +x4+1)= Cc 
and P(x? — 1) =C, whereC +O. Thus, in this case 
P(x? + x + 1)divides P(x? -1). 

If P(x) is non-constant polynomial, then 
P(x? —1) = P(x? + x + 1)-Q(x), where Q(x) is some 
polynomial in x. 
=> P((x—1)(x? + x +1))= Px? + x + 1): Q(x) 
= Whenever x* + x + 1is a root of P(x), then 
(x —1)(x? + x + 1)is also a root. 
We prove that the only root of p(x)=0is O 
Suppose that there is a root ‘a’ with jo|>0 
Now, take x? + x + 1=a 
Let B and yare root of x? +x+1-a=0 
Then, B+ y=-1 
Since, P(x? + x + 1) divides P(x° -1) 
PB? -1)=0, P(y*-1)=0 

We also see that 

B*-1+y°-1=8- -1)8? +B + 1)+(y-1)¢7? +f 
=P? -14+ y°-1= B-1)(@)+ (y-1a=a B+ y-2) 

[B? +B+1=7? + y+ 1=0] 


Thus we have _ 
Cia i ai 


= |a||B+ ¥-2|=3Ia 
[-B+y=-1 
This show that the absolute value of atleast one of 
B® -1and y° -1 is not less than 3|a.|/2 


It we take this as o,, we have |x, |>|a| 

Now, at, is a root of P(x) = Oand we repeat the 
argument with a,, in place of a. We get infinite 
sequence of distinct roots of P(x)= 0, which is not 
possible for any polynomial. This contradiction 
proves that all the roots of non-constant 
polynamial must be 'O'. 

=> P(x)=ax",aeR, nen. 

or P(x)=C,ce R-{0} 


. We have n23girls in a class sitting around a 


circular table, each having some apples with her. 
Let i'" girl have a, apples at any given time. 
Consider two quantities with this distribution. 

S=a,+a)+a3+...+a, and 

t=a? +a24a2+..+a? 
Using Cauchy - Schwartz inequality, we get 
(@, + ay + a5+...a,)° 

n 


a? +a3+a2+...a2 > 


=> ise 
n 


2 
Therefore, t >5 at any stage of the above 
n 


process. Whenever teacher makes a move, s 
increases by 1. Suppose the girl with a,, apples 
has more than the sum of her neighbours. Then 
the change int equals to 


(@m —1) + (Qs +1) + (An, 1 + 1) -a2, -a?,_, -a?,,, 
= (a,—-1)° -a2, +(a,,+ 1° - 
at (Amat - am 
= (Ag —1+ An )(@nm — 1-8 yp) 
+(Apy_y + 1+ Ay )(@m—1 + 1-81) 
+m t 14 Ama Amar t 1-841) 
=-2a,, + 1+2a,,_,+1+2a,,,,+1 
= 2(8m41 t+ m1 Am) +3 
= 34+ 2(Any 1 tm) Am) $342 (-1N=1 
[Qn > 81 + Ame 1 


If s; andt, denote the corresponding sums after 
one move, we observe that 


S,;=S+landt,<t+1 
Thus after teacher performs k moves, if the 
corresponding sums and s, andt x» we get 
S, =S+k,t,<t+k 
t,2 Sk wy t+k2 (s+ kP 
n n 
=> nt +nk>s? +k? +2sk 
=> k? +2sk—nk+s? —nt<0 
=> k?+(2s—nk+s? —nt<so 
Since this cannot hold for large k, we see that the 
process must stop.at some stage. 
. We have, 
f(mn) = f(m) f(r), m,ne N 
Putting m=n=1, we get 
f(1) = f(1) f(1) 

=> (1)? -f1)=0 
= f()(f1)-1)=0 
=> f(1)=1,f0)#0 
Now, put m = 2 and n =n, we get 

f(2n) = f(2) f(r) 
Also given (m + n) divides (f(m) + f(n)) 

Putting m = 2nand n = 1, we get 
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2n + 1divides f(2n) + f(1) 
=> (2n + 1) divides f(2) f(n) + 1 
[-- f(2n) = f(2) f(n) and f(1) = 7] 

This shows that : 
HCF of f(2) and (2n + 1)is 1 for all n. 
Since, 2n + 1is an odd number. 
..f(2) must be even number i.e. f(2) = 2“ for some 
natural number k. : 
Since 3 = 1+ 2 divides f(1) + f(2)=1+ 2*, kis odd 
Now take any arbitrary power of 2, say2”, and an 
arbitrary integer n. 

2” + ndivides f(2”) + f(n) 


=> 2” + ndivides (f(2))” + f(n) 
[- f(mn) = f(r) (n) (2) = (2) - (2) ...mtimes] 
[-f(2) =2*] 
Thus 2” + ndivides 2” + f(n) 


But 2" + f(n)=2"" + nk + Fn) — nk 
=M(2” + n)+ f(n)—n*, kis odd 
This means 2” + ndivides f(n) — n* 


By varying mover N, we conclude that 
f(n)- nk =0 


f(n) = nk from allne N. 
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Solved Paper 2018 


Regional Mathematical Olympiad 


Conducted by: Homi Bhabha Centre for Science Education, India 


Max Marks : 102 (Exam Held on 07-10-2018) Time : 3 hours 


Regional Mathematics Olympiad is the first stage of 5 Stages of Mathematics Olympiad Program. 
On the basis of the performance in RMO, a certain number of students from each region is 
selected for Stage 2 (Indian National Mathematics Olympiad). Atmost 6 Class XII students from 
each region will be selected to appear for Stage 2 (INMO). 


Let ABC be a triangle with integer sides in which AB < AC. Let the tangent to the circumcircle of 
triangle ABC at A intersect the line BC at D. Suppose, AD is also an integer. Prove that 
ged (AB, AC) >1 
Let n be a natural number. Find all real numbers x satisfying the equation 
y kx _ n(n+1) 


S14 x 4 


For a rational number 7, its period is the length of the smallest repeating block in its decimal 
expansion. For example, the number r =0.123123123.... has period 3. If S denotes the set of all 
rational number r of the form r = 0- abcdefgh having period 8, find the sum of all the elements of S. 


Let E denote the set of 25 points (m,n) in the xy-plane, where m, n are natural numbers, 1 <m <5, 
1 <n <5. Suppose the points of FE are arbitrarily coloured using two colours, red and blue. Show that 
there always exist four points in the set E of the form (a, b), (a + k, b), (a+ k,b+ k),(a,b + k) for some 
positive integer k such that at least three of these four points have the same colour (i.e. there always 


exist four points in the set E which form the vertices of a square with sides parallel to axes and having 
at least three points of the same colour.) . 


Find all natural number n such that 1+ [V2n] divides 2n. (For any real number x, [x] denotes the 
largest integer not exceeding x.) 


Let ABC be an acute-angled triangle with AB < AC. Let I be the incentre of triangle ABC, and let 
D,E and F be the points at which its incircle touches the sides BC.CA and AB respectively. Let BJ,C/ 


meet the line EF at Y ,X, respectively. Further assume that both X and Y are outside the triangle 
ABC. Prove that 


(i) B,C,Y,X are concyclic, and 
(ii) J is also the incentre of triangle DYX, 


Detailed Solutions 


We know that, 


21=22C 


[Angle subtended at the centre by a chord is double 
the angle subtended by it at remaining part] 


Now, OA =OB 
> 2=243 
2=23 = -ZC — [ "OAL AD] 
Again , 24=90° - 22 
=> 24 = 90° -(90° - ZC)= ZC 
Also, 25 = 180° - 2B 
In AABD, 
24+ 25+ Z6=180° 
=> Z6 = 180° — [ZC + 180° - 2B) 
=> Z6= ZB-ZC 
In AABD, 
Using sine formula, 
DB _ AB 
sinc sinD 
= DB ___© __[.-In AABC, AB=c] 
sinC  sin(B-C) 
ae B = csinC 
sinBcosC — cosBsinC 
= c-Ke 


> 
Kb-cosC -—cosB- Kc 


[In AABC, by sine formula . 
sinA _ sinB _ sinC 
Seen (SEE seers ees (let) 
a b c 
c? 


: bcosC -ccosB 
By cosine formula, in AABC 
a? + b? -c? 
2ab 


cosC = 


c’a 


~ b? -c? 
Also, we know that 
DA? = DBx DC 


[DC = DB + BC] 
PAs abc _ abc 
b?-c? (b+c)(b-c) 

Since, DAis integer and let us assume b andc are 
coprime, then_—30¢_ EZ, if(b-c) 
(b +c)(b -—c) 
and (b + c) both are divisible by a, which is not 
possible.as b +c > a (triangle inequality). 


“. bandc can't be coprime. 


Hence, GCD(AB, AC) > 1 [by contradiction] 
. We have 
$ kx" _ n(n+ 1) 
A+ x 4 
2 3 a 
= —* st 2x z+ a hiscveaesi hate 
lez" 1+" 1428 14x” 
nn + 1) 
4 
1 2 3 n 
=> + + eo 
x'+x xt 4x? x34 x3 x’ 4+x" 
nn + 1) ‘ 
(i 
; (i) 


Case | When x > 0 
We know that, AM > GM 


x +x >2Vx-*x* >2 (ii) 


From Eqs. (i) and (ii), we get 
lio te EK nn + 1) 


—-+—+=—+ a 
a8) 2 a 
is k 
3 kx ; = 0+ l)is only possible when, 
M11 +x" 4 
x* =1WkEN 


x=1 


RMO - Solved Paper 2018 


Case Il When x = 0 


ae eo 
LHS = 5s = 0 but 


RHS = me # Ofor any natural number n. 


So, x = Ois not a solution. 

Case Ill When x <0 ° 

from the case |, it is clear that LHS is less than 
mn+1) . ; : 

aa if x < Q Since, the odd indexed terms 


would becomes negative. 
~. No negative solution x exists. 
Hence, x = 1is only solution. 
. We have, 
r = Qabcdefgh 
=> 10°r = abcdefgh. abcdefgh 
= (10° - 1) = abcdefgh 
_ abcdefgh 
~ et 


Teed aun 1 x. 2 Fs + 999.....(8times) 


10°-1 10°-1 10° -1 
142+34+...+ 99...99 
= (8 umes) 
10° -1 
_ (10° - 110° 
2(10° —1) 
This sum contains all the numbers having period 
1,2, 4 and 8. 
Now, period = 4 


aS | ree 
If unit digit is 1, then the next three pfaces can be 
filled in 10° ways. 
-. Sum of all the digits at unit places 
(142 +3.....+ 910° _ 45x 10° 
10° - 1 ir =4 
Hence, sum of all such numbers 
_ (14+ 10+ ... + 10’)(45x 10°) 
a: ~ 
It jnclude numbers with period 1 and period 2. 
. Required sum = 5x 10’ -5x 10? 
= 49995000. 
- 5 vertices of each row has to be coloured using 
exactly two colours. We shall start with first row in 


which 3 vertices have one colour say blue and 
rest 2 vertices have other colour, red. If this initial 


=> r 


= 5x10’ 


=5x10° 


condition ensures at least one square with at least 
3 red vertices, then obviourly, the other two 
starting conditions for first row (i.e. 4 vertices 
coloured in blue or all 5 vertices coloured in blue) 
would automatically ensure at least one square 
with at least 3 red vertices. 


j Yj | 
Y 


Then the vertices marked with (x) can not be 
coloured by blue, so they has to be coloured in 
red, marking at least one square with at least 

» 3 red vertices (as shown in marked). In figure 3, 
position pcan either be red or blue. If Pis red, 
then we have upper left| x] square with 3 red and if 
Pis blue, then either Q or S is red, making another 
|x| square with 3 red. 


5. Let 2? = x 


=> 2n=x (I) 


4 Regional Mathematical Olympiad 


We know that, We have, AAIF = AAIE 
a-1<|s]sa , LAF = Zale = 90°- 4 
V2n -1< J2n 2 
=> x[V2n -1])<x<xV2n ZEIF = 180° -A 
= x [V2n -1)<2n-x< xan [from eq (i)] a ZIEF = ZIFE =4 
Let V2n =t 2 
wat —x <t® —xandt? —x < xt “ ZFEC = ZFEI+ ZIEC 
=> xt <t®?andt? -xt<x ~A 499° 
2 2 
x x * -_ 
=> = <tand{t 5] ats [-t = V2n > 0] Now, in AXEC, 
ey fe: ZEXC + ZXEC + ZECX = 180° 
=> x <tand(t -2) <(5 +1} A C 
=>  ZEXC+—+90° += =180° 
x % 2 2 
=> x<tandt-—<—+1 AC 
22 7" ZEXC =90° -2 -¥ 
=> x<tandt<x+1 2 2 
= t-1<x<t [-t = V2n] = 180° - (A +C) 
2 
= =x F (ll) : : 
from Eqs. (i) and (ii), we get = 180° - (180° - B) _B 


2 2 
ZEXC = ZEBC = 8 


2n=x+x? 


Le) 


. BCYX are concyclic . 

IDCE is a cyclic quadrilateral. 

. ICYE is also a cyclic quadrilateral: 

Hence /, D,C, E,Y lie on same circle. 
ZICD = ZIYD 


sa Zyp = 
2 


Similarly, Z/XO -5 


.. IX,lY,ID are angle bisector. 
. lis also incentre of ADYX, 
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1. Let ABC bea triangle with ZBAC > 90°, let Dbe a point on the segment BC and E£ be a point on the 
line AD such that ABis tangent to the circumcircle of triangle ACD at A and BE is perpendicular to 
AD. Given that CA=CD and AE = CE, determine ZBCA in degrees. 


2. Let A,B,C, D,E, be a regular pentagon. For2 <n < 11, let A,B,C,,D,,E,, be the pentagon whose vertices 


are the midpoints of the sides of A,_,B,_,C,_,D,_,E,_,. All the 5 vertices of each of the 11 pentagons 
are arbitrarily coloured red ‘or blue. Prove that four points among these 55 points have the same 
colour and form the vertices of a cyclic quadrilateral. 


3. Let m,n be distinct positive integers. Prove that, 
gcd(m,n) + gcd(m + 1,n +1) + ged(m + 2,n +2) <2|m—-n| +1, 
Further, determine when equality holds. 


4. Let n and M be positive integers such that M>n"-'. Prove that there are n distinct primes 
P,» Po) P3,----P, Such that p, divides M + jforl<j<n. 


5. Let ABbe a diameter of a circle and let C bea point on l different from A and B. Let Dbe the foot of 
perpendicular from C on to AB. Let K be a point of the segment CD such that AC is equal to the 
semiperimeter of the triangle ADK. Show that the excircle of triangle ADK opposite A is tangent tol’. 


6. Let / be a function defined from the set {(x, y) :x, y real, xy # 0} to the set of all positive real numbers 
such that 
(i) f(xy, z) = f(x, z) f(y, 2), for all x, y #0 
(ii) f(x, 1 — %) = 1, for all x #0, 1. 
Prove that 
(a) {(x,x) = f(x, -x) =1, for all x #0; 
(b) f(x, y) f(y, x) = 1, for all x, y #0. 


Detailed Solutions 


Let ZC =2a Then, ZCAD = ZCDA = 90 - a. 
Moreover ZBAD = 2aas BAis tangent to the 
circumcircle of ACAD. Since AE = CE. It gives 
ZAEC = 2a. Thus AAEC is similar to AACD. 
Hence, : 


But the condition that BE 1 AD gives AE = ABcos2a 
=ccos2a. It is easy to see that ZB = 90° - 3a. 
Using sine rule in triangle ADC, we get 

AD. AC 


sin2a _sin(90 -a) 

This gives AD = 2bsina. Thus we get, 

b? = AC? =AE- AD = €cos2a):2bsina. 
Using, b = 2RsinBandc =2AsinC, this leads to 

cos 3a = 2sin2acos 2a sina =sin4a sina 

Writing cos 3a = cos(4a — a) and expanding, we 
get, cos 4a. cos a=0. Therefore, a = 90° or 
4a =90°. But a = 90° is not possible as ZC =2a. 
Therefore 4a =90°, which gives ZC = 20 =45°. 


A; Ao By 


We first observe that all the eleven pentagons are 
regular. Moreover, there are 5 fixed directions and 
all the 55 sides are in one of these directions. 


3. 


= m-n=By 


If we consider any two sides which are parallel, 
they are the parallel sides of an isosceles 
trapezium, which is cyclic. 
If we consider any pentagon, its two adjacent 
vertices have the same colour. Consider all such 
11 sides whose end points are of the same 
colour. These are in 5 fixed directions. By 
Pigeon-hole principle, there are 3 sides which are 
in the same directions and therefore parallel to 
each other. Among these three sides, two must 
have end points having one colour (again by P-H 
principle). Thus, there are two parallel sides 
among the 55 and the end points of these have 
one fixed colour. But these two sides are parallel 
sides of an isosceles trapezium. Hence the four 
end points are concyclic. 
We know that, fora > b 
gcd(a,b) =gcd(a, a — b). 

. let gced(m.n) =gcd(m,m — n) = x 
> mM-n=oOx ...(i) 

ged(m+ 1,n+ 1)=gcd(m+ 1,m — n) = y 
...(ii) 
and gcd(m+ 2,n+ 2) =gcd(m+ 2,m— n)=z 
= m-N=¥zZ ; ...(iii) 
“. ged(x.y)=1, gcd(y,z) =1and ged(x,z) = 10r 2. 
Eq. (i) Now, let gcd of (x, y)=1,9cd (y,z) =1 


and gcd(x,z)=1 

= m-—nis divisible by xyz 

= M—-N2 xz 

= 2(m—n) +12 2Qxyz+1 ... (iv) 


Ifx=y=z=1,then 
2xyzZ+1=3=x+ y+ z 
Again, mand nare two consecutive integers. 
aAm-n)+1=3 
x+ y+ Z=2(m-n)+1 
If atleast one of x,y,z #1, letz>1 


=> z22 
2xyzZ+1=4xyzt+1>x+yt+z 

=> x+Y+Z<2(m-n)+1 

Eq. (ii) Now, gcd (x, y) =1,gcd(y,z) = 1 

and gcd(z,x)=2 

= Z=2p, x =2q for relative prime pandq 
m-n22pay 
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= 2m-n)+12> 4pqy+1 
Again, equality satisfy only when p=q = y=1. 
\f x =2 = zand y = 1only when m and nare two 
consecutive even integers. 

Ify>1= y22,then 

4pqy+ 1>2p+2q+y=x+yr+z 

~ AM-n)+1>x+ yrz 
=> x+t+y+2<2(m-n)+1. 
- If some number M + k,1< k <n, has at leastn 
distinct prime factors, then we can associate a 


Prime factor of M + kwith the number M +k 


which is not associated with any of the remaining 
n—1numbeis. 


Suppose, M + j has less than n distinct prime 
factors. Write 

M + j = pps... p™r<n. 
But M + j >n"~'. Hence, there exist t,i<t <r 
such that 9™ > 1. Associate q with this M + j. 
Suppose 9 is associated with some M + /. Let a 
be the largest power of A dividing M + /. Then, 
pf >. LetT = gcd(q* ,.A*). ThenT > n. Since 
T| (M + j)andT| (M + J), it follows that T|(j - )|. 


But] / —i|<nandT > n,and we get a contradiction. 


This shows that Q cannot be associated with any 
other M + /. Thus each M + j is associated with 
different primes. 


Let AD = a, KD = b, AK =c, AC = x, El=r, 
AB=2R 
Now, we have 

AC =,-2tb +C 


Again, Ex-radius of 
AADK =, =KO+ AK - AD 


,-b+C-a_b+c+a-2a 
2 2 


7 
pp At OPS gong 
2 
Again, AC*=ADx AB 
>= x? =ax2R (i) 
Also, OE =|AD+ DE - AO|=|a+r-Rl 
=|x- Al 
Now, in AOIE 


Ol =OE? + El’ 

OF =(x -RY +7 

OF =x? +R? -2xR+ 7° 
OF =R? +7 +2aR -2xR 
OF =R?.+r -2A(x -a) 
OF = R? + -2:R 
OF =(R -r? 

Ol=R-r. 
.. The two circles touch each other internally. 


(From Eq. (i)] 


VuUeUUUYA 


. We have, 


f(xy, Z) = f(x, 2): fly, 2) 
Put x = y = 1, we get 
F(1, 2) = £(1,2)- f(1,2) 
> f(1,2) = (f(, 2) 
=> f(,z)=1Vz40. (i) 
Again, put x = y = — 1,we get 
f(1, 2) =f(-1,2)- f(-1, 2) 


=> 1=(f(-1,2)7 
=> f(-1,.2)=1Vz#0 (ii) 
from Eq. (i) 


f(,x)=1V x40 
= lim f(x", x)=1 


= lim f(x?" x) =4 


=> f(x? x)=1 

=> f(x, x)=1V x €(0, &) 

Similarly from Eq. (ii) 
f-x)=1V x40 

=> limf(x"? -x)=14 


=> f(x,-x)=1V x €(0, 2) 
f(x,x) =f(x,-—x)=1V x40 
Again, * 
1=f(xy, ay) = f(x, xy) fly.ay) 
=f(x,x)f(x, y)(yx)f(yy) 
=f(x,y)-fy.x)=1V xy #0. 


